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In this study, the design of a smooth robust velocity observer for a
class of uncertain nonlinear mechatronic systems is presented.
The proposed velocity observer does not require a priori knowl-
edge of the upper bounds of the uncertain system dynamics and
introduces time-varying observer gains for uncertainty compensa-
tion. Practical stability of the velocity observation error is
ensured via Lyapunov-type stability analysis. Experimental results
obtained from Phantom Omni haptic device are presented to illus-
trate the performance of the proposed velocity observer.
[DOI: 10.1115/1.4038373]

1 Introduction

Most commercially available mechatronic systems including
industrial robot manipulators are not equipped with a sensor for
measuring velocities of the system. In the lack of velocity sensing,
in the literature, the two common ways to obtain the velocity data
are either by filtering the position data [1] or by designing an
observer [2–4]. In filter-based approaches, usually a filter is
designed to approximate the behavior of a differentiator over a
range of frequencies which in most cases results in extra numeri-
cal noise insertion to the overall system. On the other hand, utiliz-
ing observers for velocity estimation as in Refs. [2–4] avoids the
aforementioned drawback of filter-based techniques. While most
of these velocity observers require the dynamical model of the
mechatronic system to be partially or exactly known [5–7], there
are robust observers [3,4] that require only the upper bounds of
the uncertain functions in the dynamical model. These robust
observers can roughly be grouped as the ones that utilize signum
function in their designs (i.e., sliding mode observers or their

modifications) [3,4,8–15], and the ones that require higher
observer gains (i.e., high-gain observers) [16–18]. While the dis-
continuous nature of the signum function is considered to be use-
ful in the stability analysis, the researchers seeked for alternatives
to replace them especially for some implementations where
smoothness is required (such as telerobotic applications). Another
important issue in designing nonlinear observers is the gain tun-
ing, which is usually not a straightforward task. In most robust
observers in the literature, a priori knowledge of the bounds of the
dynamic modeling functions are required for gain tuning.

In response to the above design questions, a novel continuous
velocity observer for nonlinear mechatronic systems is aimed. In a
seemingly novel departure from the existing results in the litera-
ture, in this paper, hyperbolic tangent function is utilized in the
observer design and its associated analysis is presented. The use
of hyperbolic tangent function ensures continuity of the velocity
observer when compared with the variable structure observers.
The proposed observer design includes time-varying observer
gains to avoid the need of a priori knowledge of the upper bounds
of the uncertain mechatronic system dynamics. This is the main
novelty of the proposed velocity observer. Lyapunov-type stabil-
ity analysis techniques are utilized to demonstrate practical track-
ing. The performance of the proposed observer is demonstrated by
experiments performed on Phantom Omni haptic device.

2 Dynamic Model and Properties

The following general form of mechatronic system dynamic
model is considered in this work:

€x ¼ hþ Gu (1)

where xðtÞ 2 Rn is the position with _xðtÞ; €xðtÞ 2 Rn being veloc-
ity and acceleration of the mechatronic system, respectively,
uðtÞ 2 Rn is the control input, hðx; _x; tÞ 2 Rn and Gðx; _x; tÞ 2
Rn�n are uncertain nonlinear functions of position and velocity of
the mechatronic system, respectively. The position vector x(t) is
the output of the mechatronic system which is denoted by yðtÞ 2
Rn (i.e., y¼ x).

Remark 1. It is noted that the n degree-of-freedom robot manip-

ulator model MðhÞ€h þ Vmðh; _hÞ _h þ Fdð _hÞ þ GðhÞ þ sdðtÞ ¼ sðtÞ
with x¢h; G¢M�1; u¢s and h¢�M�1ðVm

_h þ Fd þ Gþ sdÞ
can be represented as in the general mechatronic system model in
Eq. (1).

The subsequent observer development requires the dynamic
model in Eq. (1) to satisfy the following standard assumptions:

ASSUMPTION 1. The nonlinear functions are hðx; _xÞ; Gðx; _xÞ, and
the control input u(t) are C1. The control input and its time deriva-
tive are bounded functions of time (i.e., u(t), _uðtÞ 2 L1). The
system output x(t) and its time derivative _xðtÞ remain bounded for
all time (i.e., x(t), _xðtÞ 2 L1).

3 Observer Design

The objective is to design a continuous observer to estimate the
velocity of a mechatronic system. A velocity observer signal,

denoted by _̂xðtÞ 2 Rn, will be designed to observe _xðtÞ while

ensuring the velocity observation error, defined as _~xðtÞ¢ _xðtÞ
� _̂xðtÞ, approach to a finite and acceptable small region around the
origin. The design problem is restricted by the constraint that the
right-hand side of the system model in Eq. (1) being uncertain
thus the observer design should be model free. In addition, we
want to design update rules for the gains of the velocity observer
thus the observer gains will be auto-tuned.

To achieve these objective, based on the subsequent stability
analysis, the velocity observer is designed as

_̂x ¼ pþ ðK þ InÞ~x (2)

where KðtÞ 2 Rn�n is a positive definite, diagonal, time-varying
observer gain matrix, In 2 Rn�n is the standard identity
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matrix, and ~xðtÞ 2 Rn is the position observation error defined
as

~x¢x� x̂ (3)

The term pðtÞ 2 Rn in Eq. (2) denotes an auxiliary signal updated
according to

_p ¼ K~x þ b̂ tanhð~xÞ (4)

where b̂ðtÞ 2 Rn�n is a positive definite, diagonal, time-varying
observer gain matrix and tanhð~xÞ 2 Rn is the vector form of the
hyperbolic tangent function defined as

tanhð~xÞ¢½tanhð~x1Þ;…; tanhð~xnÞ�T (5)

for ~x¢½~x1;…; ~xn�T. The entries of the time-varying observer gain

matrices KðtÞ and b̂ðtÞ are updated according to

Ki tð Þ ¼ kc þ
1

2
~x2

i tð Þ � 1

2
~x2

i 0ð Þ þ
ðt

0

~x2
i rð Þdr (6)

b̂iðtÞ ¼ lnðcoshð~xiðtÞÞÞ þ
ðt

0

~xiðrÞtanhð~xiðrÞÞdr (7)

where subscript i denotes the entries of a vector or a diagonal
matrix which is 8i ¼ 1;…; n with kc being a positive constant.

Remark 2. The velocity observer in Ref. [15] is given as

_̂x ¼ pþ ðK2 þ InÞ~x with _p ¼ K1sgnð~xÞ þ K2~x

where K1 and K2 are constant observation gain matrices and
sgnð�Þ is the vector signum function. The main difference between
the velocity observer in this paper and the velocity observer in
Ref. [15] is that, as opposed to the constant observer gain matrices
K1 and K2 of Ref. [15], we designed time-varying observer gains

(i.e., KðtÞ in Eq. (6) and b̂ðtÞ in Eq. (7)). From Eq. (52) of Ref.
[15], it is required that the entries of the matrix K1 be selected
larger than the upper bounds of model uncertainties which is not
the case for the proposed time-varying gains. Another important
difference of the proposed velocity observer when compared to
that of Ref. [15] is that we used hyperbolic tangent function as
opposed to the signum function.

To ease the presentation of subsequent Lyapunov analysis, an
auxiliary error signal, denoted by rðtÞ 2 Rn, is introduced as
follows:

r¢ _~x þ ~x (8)

Taking the time derivative of Eq. (2) and substituting Eq. (4)
yields

€̂x ¼ Kr þ _~x þ b̂ tanhð~xÞ þ _K ~x (9)

where Eq. (8) was also utilized. Substituting Eqs. (1) and (9) into
the time derivative of Eq. (8) results in

_r ¼ �Kr þ N � b̂ tanhð~xÞ � _K~x (10)

where the auxiliary signal NðtÞ 2 Rn is defined as

N¢hþ Gu (11)

It is highlighted that, in view of assumption 1, it is clear that N(t)
and _NðtÞ are bounded functions of time.

4 Stability Analysis

Lyapunov-based methods will be utilized in investigating the
stability of the proposed observer. In the design of the Lyapunov

function, in addition to quadratic terms, an auxiliary function will
be utilized. The auxiliary function VLðtÞ 2 R is defined as

VL¢fL � L (12)

where LðtÞ 2 R is defined as

L¢

ðt

0

rTðrÞ½NðrÞ � b tanhð~xðrÞÞ�dr (13)

with b 2 Rn�n being a positive definite diagonal constant matrix,
and fL 2 R is a positive constant defined as

fL¢
Xn

i¼1

biðln½coshð~xið0ÞÞ� þ 1Þ � ~xTð0ÞNð0Þ (14)

LEMMA 1. When ~xðtÞ is outside of a hyperball around the origin
denoted by dðeÞ with e being a positive design parameter specify-
ing the radius of the hyperball, the auxiliary function VLðtÞ can be
lower bounded in the sense that

VLðtÞ � 0 (15)

provided that the entries of b satisfy

bi >
1

e
kNik1 þ k _Nik1
� �

(16)

where the notation k � k1 denotes the supremum of a time-varying
signal.

Proof. The proof of this Lemma is similar to the one in
Ref. [19].

Remark 3. As can be seen from the proof of Lemma 1 in Ref.
[19], if e ¼ 0, then, it would be possible to drive the velocity
observer error to zero. But as e! 0 then, from Eq. (16), it is clear
that b! þ1. As this would constitute a problem, from Eqs.
(2)–(7), b is not utilized in the observer design and instead the

time-varying observer gain b̂ðtÞ was introduced and utilized.
THEOREM 1. The velocity observer design in Eqs. (2)–(7) ensures

ultimate asymptotic convergence of velocity observation error
_~xðtÞ to a hyperball around the origin with an adjustable radius.

Proof. The following novel Lyapunov function, denoted by
VðtÞ 2 R, is introduced:

V¢VL þ
1

2
rTr þ 1

2

Xn

i¼1

~b
2

i (17)

where

~bi¢bi � b̂i (18)

and VLðtÞ was previously defined in Eq. (12). Note that the expres-
sion in Eq. (17) is positive and lower bounded provided that
VLðtÞ � 0 (i.e., when jj~xjj � dðeÞ from Lemma 1) and thus on the
same region satisfies

1

2
kwk2 � V t;wð Þ � kwk2 8kwk � k~xk � d eð Þ (19)

where w¢½ rT ~b1 … ~bn

ffiffiffiffiffiffi
VL

p �T 2 Rð2nþ1Þ�1.

Taking the time derivative of Eq. (17), and utilizing the time
derivative of VLðtÞ in Eq. (12) along with the time derivative of
L(t) in Eq. (13), and substituting Eq. (10) and time derivative of
Eq. (6), we obtain

_V ¼ rTð�N þ b tanhð~xÞÞ

þ rTð�Kr þ N � b̂ tanhð~xÞÞ�
Xn

i¼1

r2
i ~x2

i �
Xn

i¼1

~bi
_̂b i (20)
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where the time derivative of Eq. (18) was also utilized. After
utilizing the time derivative of Eq. (7) along with Eq. (20), the fol-
lowing expression is obtained:

_V ¼ rTðb� b̂Þ tanhð~xÞ � rTKr �
Xn

i¼1

r2
i ~x2

i �
Xn

i¼1

~biritanhð~xiÞ

(21)

and after considering the fact

rTðb� b̂Þ tanhð~xÞ ¼
Xn

i¼1

ri
~bitanhð~xiÞ (22)

the following upper bound is reached:

_V � �kc � krk2 8kwk � k~xk � dðeÞ (23)

From the structures of Eqs. (17) and (23), it is clear that VðtÞ 2
L1 and thus r(t), VLðtÞ; ~bðtÞ 2 L1. From the definition of r(t),

observation errors ~xðtÞ; _~xðtÞ 2 L1 [20]. From the structures of
Eqs. (17) and (23), it can be stated that the observation errors will
approach into the hyperball shown with dðeÞ as time increases
provided that Eq. (16) is satisfied.

Remark 4. While the convergence proof of the velocity
observer formulation proposed in this work is inspired from the
analysis presented in Ref. [19], we would like to emphasize that
Dasdemir and Zergeroglu [19] did not propose an observer formu-
lation but a high-gain controller with constant control gains. In
this work, a velocity observer with time-varying gains has been
designed. We have extended the controller design presented in
Ref. [19] by applying it to an observer design and fusing a time-
varying gain formulation. We would also want to point out that
the aforementioned task is not straightforward as the correspond-
ing design with the stability analysis requires significant rework
and modifications.

5 Experiment Results

In this section, the performance of the proposed velocity
observer is demonstrated by experiment results obtained from
Phantom Omni haptic device. The experimental studies run on
MATLAB SIMULINK with a data rate of 100 Hz. Time-varying
observer gain includes a positive constant gain which was chosen
as 0:4� diagð½0:12; 0:2; 0:2�Þ. The initial position of Phantom

omni haptic device was chosen as ½0; 0:26; 0:5�T radians, and x̂ð0Þ
was chosen as ½�0:2; 0:16; 0:16�T radians.

The results of experimental studies are shown in Figs. 1–4.

Figure 1 represents the observed velocities _̂xðtÞ for each joint. In

Fig. 1 Velocity observer _̂x (t)

Fig. 2 Position observation error ~x (t)

Fig. 3 Time-varying observer gain b̂(t)

Fig. 4 Time-varying observer gain K(t)
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Fig. 2, the position observation error ~xðtÞ is presented. In Figs. 3

and 4, time-varying observer gains b̂ðtÞ and KðtÞ are presented.
From Fig. 2, it is seen that the position observation error is driven
to the vicinity of zero and thus the objective is achieved.

6 Conclusions

In this work, a new model-free continuous velocity observer
was designed for a class of uncertain nonlinear mechatronic sys-
tems. The smoothness of the velocity observer was ensured via
the use of hyperbolic tangent functions in the design. The design
of the velocity observer differs from the similar observer techni-
ques in the literature in the sense that the proposed observer uti-
lizes time-varying observer gains with only one scalar constant
gain (i.e., kc in Eq. (6)) which being positive suffices. Ultimate
asymptotic stability of the observer error was ensured via
Lyapunov-type stability analysis. Experimental results performed
on a robot manipulator were presented to illustrate the perform-
ance of the proposed observer.
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