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REIDEMEISTER TORSION AND ORIENTABLE
PUNCTURED SURFACES

EsMA DIRICAN AND YASAR SOZEN

ABSTRACT. Let X, , 5 denote the orientable surface obtained from the
closed orientable surface ¥4 of genus g > 2 by deleting the interior of
n > 1 distinct topological disks and b > 1 points. Using the notion of
symplectic chain complex, the present paper establishes a formula for
computing Reidemeister torsion of the surface ¥, in terms of Reide-
meister torsion of the closed surface ¥4, Reidemeister torsion of disk, and
Reidemeister torsion of punctured disk.

1. Introduction

Reidemeister torsion is not only a topological invariant but also an invariant
of the basis of the homology of a manifold [2]. It was first introduced by K.
Reidemeister [5], where he classified 3-dimensional lens spaces with the help of
this invariant. In 1935, W. Franz was able to classify higher dimensional lens
spaces [1] by extending the notion of Reidmeister torsion. For more information
about Reidemeister torsion, we refer the reader [4,11].

In the present article, we consider the homologies of the surfaces with un-
twisted coefficients. Using the definition of Reidemeister torsion and homo-
logical algebraic computations, we prove formulas for computing Reidemeister
torsion of unit disk (Proposition 3.4) and once punctured unit disk (Proposi-
tion 3.5). Moreover, with the help of these formulas, we establish a new formula
to compute Reidemeister torsion of orientable surfaces ¥ ,, 5 (Theorem 3.10).
The techniques to prove these results are similar therefore one of them will be
proved completely and others will be stated.
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2. Preliminaries

This section provides the required definitions and the basic facts about Rei-
demeister torsion and symplectic chain complex. Further information and the
detailed proofs can be found in [2,4,6,10-12] and the references therein.

Assume that C, : 0 — C, O Ch1 — - = Ch L Co — 0 is a chain
complex of finite dimensional vector spaces over the field of real numbers R.
For p = 0,...,n, let B,(C,), Z,(C,), and H,(C\) = Z,(C.)/B,(C,) denote
ImOp41, Kerd,, and p-th homology of the chain complex, respectively. Using
the definition of Z,(C.), B,(Cy), and H,(C\), we have the following short-exact
sequences

(1) 0= Z,(C) % C, B B, 1(C.) =0,
(2) 0 — B,(C.) = Z,(C.) B H,(C,) — 0.

Here, ¢ and ¢, are the inclusion and the natural projection, respectively.

Throughout the paper, we denote by s, : Bp—1(Cy) = Cp and ¢, : H,(C,) —
Zp(Cy) section of 9y, : Cp = Bp—1(Cy) and ¢, : Z,(Cy) = Hy(C,), respectively.
By the Splitting Lemma for the sequences (1) and (2), we get

(3) Cp = By ® {p(Hp(Cy)) ® sp(Bp-1(Cy)).

If cp, bp, and hy are bases of C,, B,(Cy), and Hy(C.), respectively, then by

equation (3), we obtain the basis b, U ¢,(h,) U s,(b,_1) for Cp, p=0,...,n.
Reidemeister torsion of the chain complex C, with respect to bases {c,}{,

{h,}§ is defined by

n
—1)(p+D)

H [bp L€y (hy) U sp(by—1), Cp]( 3

p=0

where [b, LI ¢, (h,) U s,(bp_1), ¢p] is the determinant of the change-base-matrix
from basis ¢, to b, U ¢,(h,) U sy(by—1) of Cp.

In [2], J. Milnor proved that Reidemeister torsion is independent of the bases
b, and sections s,, £p,.

Remark 2.1. Let c;,, h), be also bases of C},, Hy(C.), respectively. Then, the
following change-base formula holds [2]

n [C/ c] (=n)*
T (oot 3) =TT (G2) Ttk ()

p=0

Consider the short-exact sequence of chain complexes 0 — A, = B, =
D, — 0, and the corresponding long-exact sequence obtained by the Snake
Lemma

7 T s

Cytoor— Hy(A) S Hy(B,) ™ Hy(D,) %S Hy 1 (A) — -
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Here, Cs, = H,(D.), Cspy1 = H,(As), and Cspr9 = Hp(B,). Clearly, the
bases h;? , h;f‘, and hf serve as bases for Csp,, C3p41, and Cspy 9, respectively.

Theorem 2.2 ([2]). Let cﬁ, cf, cz?, h;f‘, hf, and hlj,D be bases of Ay, B,
D,, Hy(A.), H,(B.), and H,(D.), respectively. Suppose c;f‘, cf,

compatible in the sense that [cf, c? U 6?] = +1, where m, (g?) = clj?. Then,

T(B.,{c)}5,{h}5) = T(A. {cy}5, {hy'}5) T(D., {c])}5, {hy }§)
X T(C*7{C3p}gn+2)'

and c}? are

Clearly, Theorem 2.2 immediately yields the following result:

Lemma 2.3. Suppose that A,, D, are chain complezes, and c;f‘, cf, h;f‘, hf

are bases of A,, Dy, Hy(A.), Hy(D.), respectively. Then, the formula is valid
T(A. ® D, {c; LD}, {h2 LhD}E)
= T(A.,{¢;'}5, {h) }§)T(D., {c; }5, {1y }5).

A detailed proof of Lemma 2.3 can also be found in [8].

A symplectic chain complex (Cy, Oy, {ws q—«}) of length ¢ is a chain complex
C. with the following properties: ¢ = 2(mod 4) and for p =0,...,¢q/2, there is
a non-degenerate bilinear form wy g—p : Cp X Cyq—p — R such that

o O-compatible: wy q—p(Opy1a,b) = (—1)P W, o (pi1)(a; Onpb),

e anti-symmetric: wy 4 p(a,b) = (=1)PAPly, (b a).

Note that by ¢ = 2 (mod 4), we easily have wy 4—p(a,b) = (—1)Pwy—p »(b, a).
Clearly, it follows from 0-compatibility that the non-degenerate anti-symmetric
bilinear maps wp q—p : Cp X Cq—p — R can be extended to homologies [6].

Let C, be a symplectic chain complex. Let c,, c;—p, be bases of C, and C;;_,
respectively. We say these bases are w-compatible, if the matrix of wy, 4—p, in

bases ¢, ¢q—p equals to Iy« when p # ¢/2 and it equals to (fﬁx’z éﬁif} ) when
p = q/2. Here, Ogx¢ and Iy, are respectively zero and the identity matrix, and
also k = dim C), = dim Cy_, 20 = dim Cy 5.

Using the fact that every symplectic chain complex has a w-compatible basis,

the following result was proved in [6].

Theorem 2.4. Let (Cy, 0s, {ws,q—x}) be a symplectic chain complex and cp,
Cq—p be w-compatible bases of Cp,, Cy_p, respectively. For p =0,...,q, let h,
be a basis of H,(C\). Then,

((1/2)_1 o (71)q/2
T(Co {ephd i} = [ (detlwpgp)) ™" \/detlw, .., .]
p=0

Here, det[wy, q—p] is the determinant of the matriz of the non-degenerate pairing
[Wp,g—p) 1 Hp(Cy) x Hy—p(Cy) = R in the bases h,, hy_,p.
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Suppose M is a smooth m-manifold with a cell decomposition K. Let ¢; be
the geometric basis for the i-cells C;(K), i = 0,...,m. Associated to M there
is the chain-complex 0 — Cpy (K) 25 o1 (K) — -+ — C1(K) & Co(K) — 0,
where 0; is the usual boundary operator. T(C.(K),{c;}7", {h:}§") is called
Reidemeister torsion of M. Here, h; is a basis of H;(M) = H;(M;R), i =
0,...,m.

Following the arguments introduced in [6, Lemma 2.0.5], one can also con-
clude that Reidemeister torsion of a manifold M is independent of the cell-
decomposition K of M. Hence, instead of T(C.(K),{c;}§", {h:}§"), we write

It was proved in [8] that Theorem 2.4 yields the following formula for com-
puting Reidemeister torsion of even dimensional smooth manifolds in terms of
the intersection number pairings:

Theorem 2.5. Assume that M is an orientable closed connected 2m-manifold
(m > 1). Assume also that h; is a basis of H;(M), i = 0,...,2m. Then, the
following formula holds

m—1 .
T (032 = [ |det AM,,_i(hy, hops)] ™

i,2m—i
i=0

(4) x /I det A (B, b))

Here, A%m%(hi,hgm_i) is the matriz of intersection pairing (-,-)iam—i :

HP(M) X Hmel(M) — R in bases hl‘, hgm,i.

Remark 2.6. In the case of odd dimensional smooth manifolds it was proved in
[8] that |T'(M, {h;}2™1)| = 1, where h; is a basis of H;(M),i=0,...,2m+1.
Thus, in particular for the circle S, we have |T(S', {h;},)| = 1, where h; is a
basis of H;(S'), i =0, 1.

For further applications of Theorem 2.4, we refer the reader to [3,6-10] and
the references therein.

(=™

3. Main result

In this section, we first improve the formula (4) in Theorem 2.5, where the
absolute values are removed. By the notion of symplectic chain complex, we
establish novel formulas to compute Reidemeister torsion of disk and punctured
disk. Then applying these formulas, we also prove a formula for computing Rei-
demeister torsion of orientable surface X, 5 in terms of Reidemeister torsion
of orientable closed surface 3,, Reidemeister torsion of disk, and Reidemeister
torsion of punctured disk.

Lemma 3.1. Let M be an orientable closed connected 2m-manifold. Then,
there exists a basis hﬁw’o of Hi(M), i=0,...,2m such that

T(M, {h}°}2m) = 1.
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Proof. Let M be an orientable closed connected 2m-manifold. Let us first
consider the case, where m is odd. By the non-degeneracy of the intersection
number pairings, there is a basis th’O of Hi(M), i = 0,...,2m so that for

i # m the matrix of A%m_i(hfw’o, h)" .} is the identity matrix, for i = m the

matrix of AM  (h)le h)]) equals to ( Odxa Id”) . Here, d = dimg H,,(M).

m —Iaxa Oaxa

By Theorem 2.5, we have |T(M, {h,}"°}2™)| = 1. Without loss of gener-
ality, we can assume T (M, {hfw’o 2m) is 1. Otherwise, we can rearrange the
basis hZM i =0,...,2m so that Reidemeister torsion of M in the new basis
is 1. More precisely, if T(M, {h}"°}2™) is (—1), we can rearrange the bases
{n}o32m as follows: let i € {0,...,2m} be the first index such that the
space H;, (M) is non-zero. If dimension of H;, (M) is 1, then replace h%’o with
—hf\f’o. Otherwise, switch the first two basis elements in hﬁ:f’o. We denote the
new basis again by h{ . Thus, by Remark 2.1, Reidemeister torsion of M in
the new bases is 1.

Let us now consider the case, where M is an orientable closed connected 2m-
manifold with m even. There exists a basis hfw’o of H(M),i=0,...,2m so
that for ¢ # m, the matrix of A%m_i(hfw’o, h)’? ) equals to identity matrix,
and for i = m, the matrix of A} | (h3° h)!?) equals to the diagonal matrix

Pp np
D = Diag(1,...,1,—1,...,—1)kxk, where k is dimH,,,(M), pp is the number
of positive elements, and np is the number of negative elements. By using the
arguments as stated in the odd case, we obtain the required result. O

To alleviate the cumbersome, we introduce the following notation. Let M
and th"o be as in Lemma 3.1. If hM is a basis of H;(M), i =0,...,2m, then
we set

5(hM hM’o) _ 1 ;if hM hiw’o are in the same orientation class,
] s M M,o . . .
—1 ;if h¥ ,h;"” are not in the same orientation class.

Let us denote by ny = na ({hM}2™) the cardinality of the set

. M . . .
{i: hM h)"° are not in the same orientation class}.

Proposition 3.2. Let M be an orientable closed connected 2m-manifold. As-
sume that hM is a basis of H;(M), i =0,...,2m. Assume also that th’O s a

basis of H;(M) as in Lemma 3.1. Then, we have the following formulas:
(i) for m odd,

m—1
T(M, {h}}5™) = o(uylo b)) [T (det AN, (0} b3l )Y
=0

(-um

X \Jdet AM (A AT
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(ii) for m even,

m—1
T(M, {h}}5™) = (=1)" 5(hp 2 hyl) T (det A, —i(BM By, )Y
=0

{ —_1)ym

X \/H)no det AM  (hM hM)

Here, np is the number of negative elements of the matriz of AN | (h)-2 hl)-)
which equals to k x k diagonal matriz D = Diag(1,...,1,—1,...,—1).

Proof. First, we consider the case, where m is odd. By using Lemma 3.1 and
Remark 2.1, we get
2m
(5) T (M, (b)) = [0 w0
i=0
Moreover, from Theorem 2.5 and the fact that m is odd it follows that

—1)¢
IT(M, {h}M}2m H |det AM, (02 13!

-1nm
(6) \/det AM (WM .

From equation (5) it follows that

(7) IT(M, {h}"}5™)| = (=1)™ T(M, {h}'}§™).

By the property of the basis hZM’O7 i =0,...,2m, we have for i #m
(8) det AM, (0™ hd! ) =[hM° hM] e n!

i,2m—i 2m—i» Do ]
for ¢« = m, we get
(9) det Ay, (b hyy) = [y bl
Considering equations (8) and (9), we obtain the following equalities

|det AM, (M b )| = 6(h}"* M) 6(hyh? b

2m—i 2m—1i’ 1 2m— z)

(10) x [nM° hM] ). ndt

2m—1’ T 2m— z]

(11) \/detA (hM hM) = §(hM-o, hM) [pMo hM].

Furthermore, it follows from equation (11) that

(12) (b0 hM] = §(hM, hM) \/detA (hM, hM).
By equations (6), (10), and (11), we obtain

2m
(M, {35 = Tom} ni™) =0 gl ng 0"
=0
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m—1
(13) x [T (det AY (M 13l )"
=0

Combining equations (12) and (13), we get

m—1
IT(M, {h}35™)| = (=)™ s(hpt h) [ (det AY,, (0} byl )
p=0
(-1)™
(14) \/detA (hM hM)

Hence, from equations (7) and (14) it follows
m—1
(M {hM}2m) - 6 hMO hM H det Az 2m— z hM hé\;[nfi))(_l)%
i=0

(15) \/detA (hM hM)

(=)™

Now, we consider the case, where M is an orientable closed connected 2m-
manifold with even m. By using Lemma 3.1, we get T(M, {h}"?}2m) = 1.

Recall that the number of negative elementb of D denoted by np. Then, we
obtain the following formula

T(M, {h}M}2™) = (—1)™ §(h2e, nM) H (det AM, (WM B3 _ )Y

1)771,

(16) < D det A3, (bl BY)
This finishes the proof of Proposition 3.2. (I
Applying Proposition 3.2 yields following;:

Proposition 3.3. Let ¥, be an orientable closed surface with genus g > 0.
Fori=0,1,2 let hiz" be a basis of H;(2,) and h?"’o be the basis of H;(X,) as

in Lemma 3.1. Then, we have

(=1

T(S,, {(h7}3) = (b5, h}7) det AV (h5, h3?)y/det AT (b7, b))

Note that by Proposition 3.3, Reidemeister torsion of sphere S? satisfies the
formula T'(S2, {h$’,0,h5"}) = (h$", b’ ) 5. Here, 6(h$”, hS") = 6(0,0) = 1 and
we use the convention that 1-0 = 0.

3.1. Reidemeister torsion of unit disk

In this subsection, we establish a formula for computing Reidemeister torsion
of closed unit disk D.
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Proposition 3.4. Let D be the closed unit disk in the plane and d(D) be the
double of D. Let h be a basis of Hy(D) and b’ be an arbitrary basis of Hy(S).
Assume that f : Ha(d(D)) — Hi(S') is the isomorphism obtained by Mayer-
Vietoris long-exact sequence associated to the short-exact sequence

0 — C.(SY) — C.(D) & C.(D) — C.(d(D)) — 0,
and h¥®) = f=Y(0S") is the basis of Hy(d(D)). If h2 is a basis of Ho(D) so

that T(D, {hy°}) is 1, then there is a basis hi' of Ho(S') and a basis hg(D) of
Hy(d(D)) so that Reidemeister torsion of D satisfies the following equality

D,o S2,0 S2,0

T(D, {hg}) = 6(h5, h§) \/5(05" ") 505" ") (5 h")o

Here, hS’ is the basis of H;(S?) associated to h?(D) of H;(d(D)) by a fized home-
omorphism o : D — S? and (-, )2 : Ho(S?) x Ha(S?) — R is the intersection
number pairing, and h§2’0 is the basis of H;(S?), i = 0,2 such that

T(S2, {82, 0,05 °}) = 1.
Proof. Let us consider the natural short-exact sequence of chain complexes
(17) 0 — C.(S') — C.(D) & C,(D) — C.(d(D)) =0
and corresponding long-exact sequence obtained by the Snake Lemma
H, 0 — Ha(d(D)) L Hy(SY) % 05 Hy(SY) - Ho(D) @ Ho(D)

(18) 2y Ho(d(D)) % 0.
Note that from exactness of the sequence (18), f and j become isomorphism.
By using the bases hy of Hy(D), hS' of H(SY), hg(D) of Hy(d(D)), and the
isomorphisms f and j, we will obtain bases of Hy(d(D)) and Hy(S') so that
Reidemeister torsion of H, in the corresponding bases is 1.

Let us first denote the vector spaces in the long-exact sequence (18) by

Cp(H4), p=10,...,5. Clearly, for all p, we have the following short-exact se-
quence

(19) 0 — Bp(H+) = Cp(Hy) - Bp—1(H+) — 0.

For each p, let us consider the isomorphism s, : By_1(H.) — $p(Bp—1(Hs)) ob-
tained by the First Isomorphism Theorem as a section of Cp,(H.) — Bp—1(Hs).
Then, we obtain

(20) Cp(Hy) = Bp(H) ® sp(Bp-1(Hx)).
Consider the space Co(H.) = Hop(d(D)) in (20). The fact that Imk = 0 yields
(21) Co(H«) =Imj @ so(Imk) = Im j.

Note that there is a non-zero vector (a7, as) in the plane such that hg(D) =

a15(hg,0) + a25(0,hd) is a basis of Co(H.). Let us consider the initial basis
hy of Cy(H.) as hg(D). As Im j is equal to Hyo(d(D)), hg can be chosen as the
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basis of Im j. From equation (21) it follows that hy is also the obtained basis
h{ of Cy(H.). Thus, we get

(22) [h)), he] = 1.
Using (20) for the space Ci(H.) = Ho(D) & Hy(ID), we have
(23) Ci(Hy) = Imi @ s1(Im j).

As Imi is a 1-dimensional subspace of C(H.), there exists a non-zero vector
(a11,a12) in the plane so that {a;;(hD,0)+a12(0,hD)} is a basis of Imi. Let us
take the basis h!™ of Imi as {Kj[a11(hg,0)+a12(0,hg)]}, where the non-zero
constant K will be determined later.

Since 1-dimensional space s1(Im j) is also a subspace of C}(H.), there is a
non-zero vector (az;,asz) in the plane such that {as;(hg,0) + az2(0,hd)} is a
basis of s1(Im j). Recall that h, = a;j(h5,0) + a25(0,hY) was chosen as the
basis of Im j in the previous step. Then, s;(h{) becomes a basis of s;(Im j)
and hence s;(h}) = ufaz1(hg,0) + a2(0, hY)] for some real number u # 0.

Note that {(hZ,0), (0,hP)} is the initial basis h; of C;(#.). From equation
(23), it follows that {K;[a1;(hY,0) + a12(0,hd)], u[az1 (hY,0) + az2(0, h2)]} be-
comes the obtained basis h) of C;(H.) and determinant of the 2 x 2 matrix
A = [a;;] is non-zero. Therefore, the choice of Ky as (pdet A)~! yields

We now consider the space Ca(H.) = Ho(S') in (20). By the fact that Im h = 0,
we get

(25) Co(Hi) =Imh @ s2(Imi) = so(Imi).

Taking the initial basis hy of Co(H.) as sa(h!™?) and using equation (25), the
obtained basis h) of Ca(H.) becomes s3(h™?). Hence, we have

Next, let us consider the case of C3(H,) = 0. Clearly, the initial basis hz and
the obtained basis hj of C5(H.) are equal to zero. Therefore, the equality holds

(27) [hé7 h3] = 17

where we use the convention that 0 =1 -0.
Consider now (20) for Cy(H.) = Hy(S'). Since Im g is zero, we obtain

(28) Ca(H.) = Tm f @ 54(Im g) = I f.

Recall that the initial basis hy of Cy(H,) is hsi“l. If the basis of Im f is chosen
as h?l, then hy? becomes the obtained basis h of Cy(#,). Thus,

(29) [}, hy] = 1.

Finally, let us consider the case of C5(H.) = H2(d(D)) in (20). For Bs(H.)
being zero, we get
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Furthermore, hg(D) = f~1(hS") is the initial basis hs of C5(H,), and hS was
chosen basis of Im f in the previous step. Hence, from equation (30) and the
fact that s5 = f~1, it follows that s5(h$") = f~1(h$") becomes the obtained
basis hi of C5(#H.). Clearly, the equality holds

o . hs] = 1.
Combining equations (22), (24), (26), (27), (29), (31), we have
> i+1
(32) T (K., {hi}5, {0}5) = ] I, B g
=0

From compatibility of the natural bases in the sequence (17), Theorem 2.2,
Lemma 2.3 and equation (32) it follows that

(83)  T(D.{hg})* =T(S", {hF b }) T(d(D), {hy™.0.037}).

Since d(D) is homeomorphic to unit sphere S?, let us fix a homeomorphism
a : d(D) — S2. Considering the isomorphism H;[a] : H;(d(D)) — H;(S?),
let h§2 = H, [a](h?(D)) be the corresponding basis of H;(S?). The fact that
Reidemeister torsion is a topological invariant yields

(34) T(d(D), {hg™,0.h5”}) = T(S*, {h",0,h3}).

From equations (33) and (34) it follows

(35) T(D, {hg})* = T(S", (b, h{'}) T(S”, {hi",0,h3}).

Considering equation (35) and Remark 2.6, we have

(36) IT(D, {h3})] = /TS, {b§, 0, h5"})!.
Note that |T(D, {hD})| = d(hg°,hB) T(D, {hB}), where hy is the basis of
Hy(D) such that T(D, {h]IOD’O}) = 1. By equation (14) in Proposition 3.2, we
get |T(S?, {hﬁz,O7 h’})| = (1) (h%z, h§2)072. Here, ng: is the cardinality of
the set {i; h§2 and h?z’o are not in the same orientation class } and h§2’0 is a
basis of H;(S?) for which T(S2, {h°},) = 1.

Thus, combining these formulas, we finish the proof of Proposition 3.4. O

3.2. Reidemeister torsion of once punctured unit disk

[e]
Let D denote the punctured unit disk D\ {p}, where p is an interior point
of D. Consider the natural chain complex

(37) 0— C?— C,(D) —» Cy(D) — 0,
corresponding Mayer-Vietoris long-exact sequence. Here, C¥ : 0 — (p) — 0

and C, (D) = C.(D)/CY.
Following the similar arguments given in Proposition 3.4, we have the follow-
ing formula for computing Reidemeister torsion of once-punctured unit disk.
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Proposition 3.5. Let ID) be the punctured unit disk D\ {p} where p is an
interior point of D. For i = 0,1, let hD be a basis ofH( ). Let us consider
the chain compler C¥ : 0 — (p) — 0. Assume that f : H{(D) — Hy(C¥)

[e]
and h : Ho(D) — Hy(D) are the isomorphisms obtained by Mayer-Vietoris
long-exact sequence associated to the short-exact sequence of chain complexes

(37). Let hY and hgf be the basis h~1(h2) and f(h?) of Ho(D) and Hy(CY),
respectively. Then, the following formula holds
T(D, {h;"}g) = p~* (T(D, {hg})).
Here, u is equal to T(CY, {hgf})
3.3. Reidemeister torsion of orientable surface X, ,, 4

Throughout this subsection, X4, is the orientable surface obtained from
the orientable closed surface 3, of genus g > 2 by deleting the interior of n > 1
distinct topological disks D, ..., D) C 3, and b > 1 the points {p1,...,pp} C
¥, points. Let us denote by S the boundary circle D). For ¢ = 1,...,b, let

D; C ¥, with dD; = S; be a sufficiently small open disk around p; and let lo)l
be the corresponding once punctured disk with puncture p;.

By using the similar arguments given in Proposition 3.4, we obtain a formula
to compute Reidemeister torsion of orientable surface X, p.

Proposition 3.6. Consider the surface ¥4, obtained by gluing the surfaces

[e]
Ygmn+1b—1 and Dy along the common boundary circle Sy. Consider also the
natural short-exact sequence of chain complexes

(38) 0= Cu(Sy) = Cu(Symrrp1) @ Cu(Dy) = Cu(Syms) — 0
and the corresponding Mayer-Vietoris long-exact sequence
Hy : 0 — Hi(Sp) ER Hi(Xgnt1,-1) @ Hl(lo)b) % Hy(Sgn)
B Ho(Sh) 2 Ho(Sgmi1p-1) & Ho(Dy) 2 Ho(Sgns) 0.
Let hiEg’"'b be a basis of Hi(Xg,) and let hfb be an arbitrary basis of H;(Sp),

i=0,1. Then, forv = 0,1, there are bases ho o gnd h2 of H, (g nt10-1)

and H,(Dy), respectively such that Reidemeister torsion of H. in these bases
is 1 and the following formula is valid

T(Dy, {hy"})—o)
T(Sy, {h"}o)

Applying Proposition 3.6 inductively, we have the following result:

T(Sgmp {07 1) = T(Sgnap-1, {7701 1)
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Proposition 3.7. Let ¥, 1 be the surface obtained by Xy, 0 punctured the
points {p1,...,pb} C Lgno. Forv=1,...,b,let D, C ¥4, with 0D, = S,
]

be a sufficiently small open disk around p, and let D, be the corresponding once
punctured disk with puncture p,. Let h?‘q’"’b and h;?“ be a basis of Hy(Xgnp)
and Hy(S,), v = 1,...,b, n = 0,1. Assume that h,?g‘"“'”_l and h,’?“ are

o]

respectively bases of Hy(Xg nt1,0—-1) and H,(D,) obtained by using the method
in Proposition 3.6. Then, the formula holds

b

5 o T(D,, (hP*}1_,)
T(Sgns, {7 ) = T(Z,., {hZontronl A ri=o0)
( g,m,b { i }O) ( g,n+b,0 { i }0) y|:|1 ']I‘(Sw{hfv 11:0)

Remark 3.8. Let X4 5, Dy, S, be as in Proposition 3.7, for v = 1,...,b. Let

o
D, be the corresponding once punctured disk with puncture p,. Consider the

homeomorphisms ¢, : D, — D, and ¢, : S, — S. obtained by the local
patch of ¥, ., o around the point p,, v = 1,...,b, where D, is the punctured
unit disk D\ {0} in the plane and S} = 9D, is the unit circle. Clearly, at

(o)

the level of homology there are isomorphisms H,[y,] : H,(D,) — H,(D,) and

o o L
Hy[¢u] © Hy(Sy) = Hy(Sy). Let hnD" = Hn[‘Pu}(hHr?”) and h;?" = H,,[qb,,](h?,”)
be respectively basis of H,(D?) and H,(S;), n = 0,1, v = 1,...,b. Using the
fact that Reidemeister torsion is a topological invariant, applying Proposition
3.7, we obtain

b - D, 1
T(Eg,n,ba {hggnb}(l)) = T(E!]m-&-b,ov {h%g,nﬁ»b,ﬂ}(l)) H T(DW {hgl }77:0)'
v=1 T(Szln{hn"}},:o)

Recall that X, is the orientable surface obtained from the closed ori-
entable surface X, of genus g > 2 by deleting the interior of n > 1 distinct
topological disks D} with 0D = S., i = 1,...,n. Considering the natural exact
sequences obtained by gluing the surfaces X, ,_; o and D] along the boundary
circle S, i = 1,...,n and applying the arguments as in Proposition 3.6, we
prove:

Proposition 3.9. Let X, ,, ¢ be the orientable surface obtained from the closed
orientable surface ¥, with genus g > 2 by deleting the the interior of n > 1
distinct topological disks D) with 0D} = S, ¢ = 1,...,n. Let h,zfg’", héji be
a basis of Hy(X4,), Ho(Dj), n = 0,1. Then, there exist bases h?g, h}gl" of
H,(%y), H,(S)),n=0,1,i=1,...,n, and the following formula is valid

D’
T T(Dj, {hy"})

T(Sgn, {hy? " }8) = T(S, {h;*13) [ o
3 T(S) {hy )

Proposition 3.3-Proposition 3.9 and Remark 3.8 yield our main result:
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Theorem 3.10. Let ¥y, 4, Dy, By, S,,v=1,...,b be as in Theorem 3.7. Let
D,, ]]o)l,, St,v=1,...,b be as in Remark 3.8. Let D}, D}, S!, (S})', i=1,...,n
be as in Theorem 3.9. Let h%g'"’b be basis of Hy(Xgnp) and let hlg);‘, hﬂz)" be
respectively bases of Ho(D}), H,,(}]%),,)7 n=0,1,i=1,...,n. Forv=1,...,b,
let h%” be an arbitrary basis of Hy(S,), n = 0,1. Then, there exist bases hfg,
Wt of Hu(S,), Ho((SY)), k=0,1,2, €=0,1,i=1,...,n and the following
formula holds

Xg.n, Xy
T(Zg,n,ba {hn b}(l)) = T(Em {hk‘ }g)
n D’ b ° 3
% H T(D, {hy'}) H T(D,, {hIB’“ }L:o)
sty st )
21 T((SY), (b ) oo T(SL, {hy }iy)

Considering Remark 2.6 and Theorem 3.10, we have:

Corollary 3.11. Let 4,4, 8y, Dy, Dy, D,, Sy, Dy, D,, S}, D}, D, S,
/ o 1y\/
(S})/, h?g’"’b, hizg, hlgi, hﬂg)" hi”, hfg’o, th )i be as in Theorem 3.10. Then,

DS, e (057 1) = [0y, (07 32)| LT [0 65 I ]T(ﬂ"»y, {m3}h)
=1 v=1
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