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Abstract— We present a low complexity approximate
method for semi-blind best linear unbiased estimation (BLUE)
of a channel impulse response vector (CIR) for a commu-
nication system which utilizes a periodically transmitted
training sequence, within a continuous stream of informa-
tion symbols. The algorithm achieves slightly degraded re-
sults at a much lower complexity than directly computing
the BLUE CIR estimate. In addition, the inverse matrix
required to invert the weighted normal equations to solve
the general least squares problem may be precomputed and
stored at the receiver. The BLUE estimate is obtained by
solving the general linear model, y = Ah+w+ n, for h, where
w is correlated noise and the vector n is an AWGN process,
which is uncorrelated with w. The solution is given by the
Gauss-Markoff Theorem as h = (ATC'(h)*lA)71 ATC(h)~ly. In
the present work we propose a Taylor series approximation
for the function F(h) = (ATC’(h)_lA)flATC(h)_ly where,
F : Rl — RL for each fixed vector of received symbols,
y, and each fixed convolution matrix of known transmitted
training symbols, A. We describe the full Taylor formula for
this function, F (h) = F (ki) + 3 |a)>1 (h — hia)™ (8/0h)* F (hia)
and describe algorithms using, respectively, first, second and
third order approximations. The algorithms give better per-
formance than correlation channel estimates and previous
approximations used, [15], at only a slight increase in com-
plexity. The linearization procedure used is similar to that
used in the linearization to obtain the extended Kalman
filter, and the higher order approximations are similar to
those used in obtaining higher order Kalman filter approxi-
mations, [7]

Keywords— Channel estimation, BLUE, best linear unbi-
ased estimation, general linear model, Taylor series approx-
imation, linearization, Gauss Markoff Theorem.

I. INTRODUCTION

Reliable communication often requires accurate estima-
tion of the channel impulse response (CIR) to facilitate
channel equalization. Semi-blind algorithms exploit infor-
mation used by blind methods (for example, the statistics
of the unknown data symbols) as well as information from
known training symbols. For general references on blind
and semiblind channel estimation, see [§]. Several recent
papers consider different aspects of semi-blind channel es-
timation. Notably [6], [13], [12], and [4]. In [17] and [18]
we devised a semi-blind iterative algorithm to construct
the best linear unbiased estimate (BLUE) of the channel,
which is given by the Gauss-Markoff Theorem ([10] or [14])
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as

hproe = (ATC(R)™14) " ATC () 'y (1)
in the case where we have the general linear model for the
received data, i.e. where the noise is not white, since we
consider correlated noise due to unknown data, where, in
our case, the noise is correlated due to convolution with the
CIR. For each fixed matrix of training data, A, and each
vector of received values, y, we define the function

F(h) = Fya(h) = (ATC()A) L ATC() 'y (2)

In [15] and [16] an approximate version of the iterative
algorithm of [17] and [18] is described. In the present work
we propose a more general framework, within which the
approximation given in [15] and [16], would be the zeroeth
order Taylor series approximation of the function F (h), i.e.
a constant approximation, F' (h;q), to the function F (h).
We consider the real part of the received data, denoted
as vector y, and the real part of the CIR vector, denoted
as h. We use the vector-valued function of a real vector
variable version of the Taylor series, [3], to develop a series
approximation to the function F' (h) which gives the BLUE
estimate for h, as given in (1). Note that although our
proposed algorithm does not fit within a Kalman filtering
framework the process of linearization used in deriving the
extended Kalman filter (EKF) is similar to that which we
propose here, and the higher order approximations which
we use are similar to those used in obtaining higher order
Kalman filter approximations, [7]. In fact, the use of the
Taylor series is a standard tool of approximation, see, for
example, [5], [9], and [19] to see instances of its use. We
describe the full Taylor formula for this function, (where

h = [hi,.hp )T, hig = [hi4, . h¥)T and o is a multi-
index, where for a = [0,...,0, 1 ,0,...,0]T, (h — hy)" =
N
ith
(hi = hi®))
F(h) = F(hia)+ Y (h—=hia)* (9/0h)* F (hia) (3)

|21

and use either a first (denoted V' F (h;4)) or second (de-

noted V2F (hi4)) order approximation,

F (h) =~ V'F (hig) = F (hia) + (hi — hi®) (8/0h;) F (hiq)
(4)
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F(h) =~ V?F (hi)=F (hia)+ (5)
(hi — hi*) (0/0h;) F' (hia) + (6)
(hi — hit)* (8% Oh2) F (hiq) (7)

II. BASEBAND DATA TRANSMISSION MODEL

The baseband symbol rate sampled receiver pulse-
matched filter output is given by

yln] = y®)limar = > Lhln — k] + v[n),  (8)
k

= D Lhln— K+ nlklg [-n+k  (9)
k k

where I € {a1,..,anm} C C is the M-ary complex valued
training sequence; {ay } denotes the first N known (train-
ing) symbols within a frame of length N’ and {dj} denotes
the remaining N’ — N random data within the frame;
v(t) = n(t) * ¢*(—t) denotes the complex (colored) noise
process at the output of the receiver (pulse) matched filter,
with 7n(¢) being a zero-mean white Gaussian noise process
with spectral density 0727 per real and imaginary part; h(t)
is the complex valued impulse response of the composite
dynamic channel, including the pulse shaping transmit fil-
ter ¢(t), the physical channel impulse response ¢(t), and
the receive filter ¢*(—t) and is given by

L

Z Ckp(t - Tk))

k=—K

(10)

and p(t) = q(t) * ¢*(—t) is the convolution of the trans-
mit and receive filters, where ¢(¢) has a finite support
of [-T,/2,T,/2], and the span of the transmit and re-
ceive filters, Tj, is an integer multiple of the symbol pe-
riod, T; that is T, = N,T7 = 2L,, N, € Z*. {c;} C
C denote the complex valued physical channel gains,
and {74} denote the multipath delays, or the Time-Of-
Arrivals (TOA). We also note that for the 8-VSB sys-
tem, the transmitter pulse shape is the Hermitian sym-
metric root raised cosine pulse, which implies that ¢(t) =
g¢*(—t). In the sequel, we will denote both the trans-
mit and receive filters by ¢[n] = ¢(t)|t=n7r. Also the sam-
pled matched filter output signal, y[n], will be used ex-
tensively in vector form, and so we introduce the nota-

tion Ypnyim, = [y, .., yne]]t € R™7 ™ Similarly
Mnyng] = [77[”1]7-"777[”2“T € Rr2=mt and Viniina] =
[vni], ..., v[no]]T € R~

Without loss of generality, the symbol rate sampled,
complex valued composite CIR, h[n], can be written as
a finite dimensional vector

h = [h[~N,],...,h[=1], 0], A[1], ..., h[N.]| T

where N, and N, denote the number of anticausal and
causal taps respectively. Based on (8), and assuming that
N > (N, + N.+ 1), we can write the pulse matched filter

output corresponding only to the known training symbols
compactly, in vector notation, as,

YIN.N-N,-1] = Ah+vN.N-N, -1

Al 4+ QNN L :N= Na—1+ Lq)

where A = T{[aNn+Na, s aN,l}T y[an, + N, ...,ao]} is
the (N — N, — N.) x (Ny + N, 4+ 1) Toeplitz convolution
matrix with first column [an, 1N, - aN_l]T and first row

[N, +Na s - Q0] and VINe:N—=Ng—1] = QU[NC—LQ:N—NG—H—LQ]
is the colored noise at the receiver matched filter
output, where Q = T{[q0,07...,0}T,[qT,O,...70}} €
RN =Na=Ne)x(N=Na=Net+Na) and

qT = [Q[+Lq]7 ) Q[O]a RS Q[_ Lq” € R*hatt
where ¢ denotes the symbol rate sampled receiver pulse
matched filter.

Similarly, we can write the pulse matched filter output
which includes all the contributions from the known train-
ing symbols (including output which includes contributions
from adjacent unknown random data) as

Y[-NaN+N.—1] = (A+D)h+ VN, N+N.—1) (11)
= Ah+Dh+ QU N, [, :N4Ne—1+L,]

where A = T{[ag,...,an_1,0,...,0]T,[ao,0,...,0]} is the
e o

Na+Nc Na+ Nec

(N + N, + N.) x (Ng + N. + 1) Toeplitz matrix with first

column [ag, ...,an_1,0,...,0]7 and first row [ag, 0, ..., 0] and

D =T{[0,...,0,dn,....dNy+No+N-1]",[0,d_1, ... d_Nn,— N.]
\-v-/ \—— —

1

N previous frame data

is a Toeplitz matrix which includes adjacent random in-
frormation symbols only, both prior to the training se-
quence and after the training sequence. We shall only
use the statistics of this random data, (since the ac-
tual values are unknown) and use these statistics to com-
pute the covariance matrix of the correlated noise, to be
used in the solution for the BLUE estimate of h. The
data symbols d_1,...,d_n,— n, denote the unknown infor-
mation symbols transmitted at the end of the previous
frame. v _n,.NyN.1] = Qn[—Na—Lq:N+Nc—1+Lq] is the
colored noise at the receiver matched filter output, where
Q € RN+ Nat+Ne) x(N+Na+NetNa) ig defined similarly to Q.
To compute the covariance matrix for the noise contribu-
tion, Dh + Qn[_Na_Lq:N+NC_1+L(I], to the received vector
Y[—Na:N+N.—1]» 1t is advantageous to rewrite the term Dh.

We define d € RNV T2(Ne+Na) by
d=1[d-n,-N,ssd-1,01xn,dN, oy dNi N +N, 1]

and H = H(h) = T{[h[-N,],0,...0, [ ,0,...,0]7} €
RANa+Ne)x(N+2(Net+Na))is the Toeplitz channel convo-
lution matrix where

7 = (R[N, o, B[1], B[0], A[=1], ., B[—N,]] € RNeHNet1
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is the time-reversal of the channel vector, hT. Then, we
note that Dh = Hdand B [Hd(Hd)" | = o3HSHT where
E [ddT] = ¢3S and S € RINF2NetNa))x(N+2(Net Na)) g
given by

Iineing  Overnvaxn Ovet o)
S = ON><(Nc+N@) On ON><(NC,+NQ) (12)
L 0NNy  OwetN)xN  L(N+N,) J

Since Dh = Hd, then we may rewrite (11) as

Y-NN+N—1] = Ah+ Hd+Qnin,—p N 4n,— 141, (13)

Hence,
Cc = C(h) (14)
= V‘”"(Hd+QW[—NQ—LQ:N+NC—1+LQ]) (15)
= o3HSHT +52QQ7 (16)

III. PROBLEM DESCRIPTION AND PREVIOUS WORK

The solution of the general linear model, (13), is given

by the Gauss-Markoff Theorem as

h=(ATC(h)~*A)" " ATC(h) 'y (17)
where C(h) is given by (14). We note that in solving (17)
we are looking for a fixed point, denoted by hg, of the map-
ping h —— F(h) where, for each fixed vector of received
symbols, y, and each fixed convolution matrix of known
transmitted training symbols, A, then F : RY — RT is
given by (2).

Our own previous approaches to finding the semi-blind
BLUE channel estimate have encompassed:

Case (1): In [17] and [18] an initial thresholded approx-
imation, denoted A(®), to h was obtained via correlation of
the training sequence with a stored copy of the training
sequence at the receiver. Then the iteration

-1
WD = (ATC(HO) T A) T ATOGO) Ny, k=012,

was used to generate a sequence of approximations to
the fixed point, hgryr. Numerical simulations indicated
that two or three iterations were sufficient for an error
of |h®) —hprue| ~ 107¢ (here h € R°'2) Theoreti-
cally convergence of thisiteraton to the unique fixed point,
hprue, of the function F (k) = Fy 4 (h) is guaranteed if
|Jr(R)|] < 1 where Jg(h) denotes the Jacobian matrix of
F, [18].

Case (2): In [15] and [16], an approximate linear sys-
tem was derived to give an approximate solution to (17).
This approximate linear system was derived by replac-
ing C(h) on the right-hand side of (17) by C(h;q) where
hig = [0,...,0,1,0,...,0]" € RY where the 1 appears in the
64" position in our case, to correspond to the position of
the cursor in the decision feedback equalizer (DFE) which
we use. This approach has the added advantage that the

matrix (ATC(hid)*lA)_l ATC(hig)~! may be computed
offline and stored at the receiver.

In the present work, we take the point of view that we
may expand the vector-valued function F' (k) = F; 4 (h) =
(ATC(h)‘lA)_1 ATC(h)™'y of the vector variable, h, us-
ing Taylor’s Formula, [3], [11] about a fixed “ideal” vector,
hiq. The approximation to Fy 4 (h) given by Fy 4 (h;q)
in Case (2), above, is the zeroeth order Taylor approxi-
mation. We then derive explicitly first, second, and third
order Taylor approximations to the BLUE CIR estimate.
The methods are attractive, since computation of the ma-
trices involved may be done offline and stored at the re-
ceiver. The only processing which will be needed at the
reciever is that of computing (h; — hi?), where h; is the i*?
entry of the approximate channel vector obtained by corre-
lation, and Ai* = 1, if we use h;q = [0,...,0, 1 ,0,...,0]7,
and then to form the matrices used in obtaining the vectors
given in (4) and (5).

IV. DERIVATION OF THE APPROXIMATIONS V!F (hia)
AND V2F (hiq)

We define the matrix

Ao (h) = (ATC(’Z)_lA)ﬂATC(h)‘1 € RLX(N+L-1).
(18)
Then F : RF — RE defined by F : h— F(h) in (2) is given
by

F(h)=Ac (h)y € RL.

We state the following Propositions, and give brief proofs.

Proposition 1: For any matrix B = B (h) € R"*" which
depends on a vector parameter h = [h1, ..., hg] € R such
that there exists an open set U C RX, such that B is
nonsingular and differentiable on U, then, we have that for
any i, 1 <i< K, and for any h € U,

B (h)™*
oh;

-1

(19)

Proof: Differentiate with respect to h; both sides of the
identity B (h)™* B (h) = I , using the product rule.m

Proposition 2: For 1 <i < L, we have

OF () _ g ) 2 oyt fane () = Ty

Oh; Oh; (20)

Proof: Differentiate, using the product rule, with respect
to h;, the expression for Ac (h)y and use Proposition 1
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three times. That is, we have,

O0) D (arcma) ) ateny
F ey 4o

-1

= (ATc(h)'4A) )
X (aimc(h)) Ch)y'A(ATC()TTA) T
xATC(h) ™y
—(ATC(h) " A) " ATC(h) ! x
3 _
<(gmem) omy

which gives the result.ll
Proposition 3: For 1 <1i,j < L, we have
0%F (n)
Oh;Oh;

~ [0Ac(h)OC (h) 9°C (h)
- (B e (S e
aC (h) 19C (1)
xC(h) "' {AAc (h) — T}y +
aC (h) dAc (h)

ne 2o {42l

(22)

(23)

Proof: Differentiate (20) with respect to hj;, using the
product rule and employing Proposition 1. We omit the
details.l

We omit the expression for the third derivatives, but it
is straightforward to compute from (21) above.

Proposition 4: For 1 < i < L, we have

aC 9 T 9 T
8}5? =oiH (h) S (%) +05 ( g]fh)) SH (h)

(24)
Proof: Differentiating (14) with repect to h; gives the
required result.Hl
Proposition 5: For 1 <1i,j < L, we have

Pom 021<8H(h))s<8H(h)T>+ -

Oh,;oh; oh, Oh,

ol <a§,ih)) s <8Iz}(:) ) (26)

Proof: Differentiating (24) with repect to h;, and noting
that 02 H (h)T /Oh;Oh; =0 for any 1, j, gives the required
result.ll

Proposition 6: For all derivatives of order 3 and higher,
we have (£)" C(h) =0y 1 1yuviz_1y Yo la]>3

Proof: Differentiating (25) with repect to hy, and noting
that 02 H (h)T /Oh;Oh; =0 for any 1, j, gives the required
result.ll

We use approximations (4) and (5) where we do not use
a full linear approximation, including all terms in the linear

Taylor series approximation. We only use a linear approx-
imation using the dominant term, which for us is a linear
approximation where we have differentiated with respect
to the main tap weight. This approach is supported by the
simulation results where the best results are obtained in
this case. This has the added advantage of reducing the
complexity since only a single term is used in the approx-
imation. A similar comment holds for both the quadratic
and cubic approximations, where we do not use the full sec-
ond and third order Taylor series approximations, but only
use a single second order term and a single third order term
in the second and third order approximations.

V. ALGORITHM
A. Input:
Received vector y;
Training sequence to form data matrix A
B. Stored at Receiver:

Zeroeth order approximation matrix (see (18))

AC(hid) _ (ATO(hid)—lA)*lATC«(hl_d)fl c RLX(N+L-1)

(27)
First order approximation matrix € R¥*(N+E=1 for first
order algorithm (see (20) and note that Mg‘hlﬁ = Mah}:ﬁly)

8Ag}(lilid) - Ac(hid)%}zid)C(hid)—l X ()
x{AAc(hig) — I} (29)

Second Order approximation matrix € REXWVHE-1) jf
second order algorithm is used (see (21) and note that

PF(h) _ 9%Ac(h) )

OhiOhj O hiOh
82140 (hid) . { aAc (h,d) ocC (h,d) (30)
oh? oh; Oh;
02C (hq)
+Ac (hia) { o - (31)
IC (hia) .1 1 0C (hia)
A C'(hia) o, x(32)
x C(hiq) " {AAG (hig) — I} (33)
oC (h;
+Ac (hid)#c(hid)il X
% {Aaf%‘_(hidl} (34)
Oh;
c RLX(NJrLfl) (35)

Third order approximation matrix if third order algorithm
is used (not given here.)

C. Real-Time Processing
Let heorr = (R, b5, .., b5 € R* denote the cor-

relation approximation to the channel which is available
from timing acquisition. Then compute the scalar value
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hlgorr o h;d — hlgorr o
hia =[0,..,0, 1
ith position

with (27) and (28), to form the matrix

1 when the ideal channel used is
,0,..,0]7 € RL. Use this, together

' N OAc(hy;
(V4 dc) (hia) = Ac(hua) + (g — nit) Z22i8) (35
to be used in the first order algorithm. (Complexity

is L x (N + L —1) multiplications and L x (N + L — 1)
additions.) Similarly, using (27), (28) and (30), form the
matrix

o 0Ac (b
(VA40) (hia) = Acha) + (heo — nit) 22 itkgg)
2 ?Ac (hiq)

corr __ pid
(h‘i hi ) 6h§

(Complexity is 2 x L x (N + L —1) multiplications and
2x L x (N + L —1) additions.) We omit the third order
approximation matrix in the interests of space.

C.1 Compute the approximations to hgryg

[7]
VOF (hig) = (VOAC (hid)) y zeroeth order approximatior)]
identical to that in [15] and [16]
VF (hig) = (VlAC (hid))y first order approximation 9]
using (36)
V2F (hyg) = (VQAC (hia))y second order approximationy)
using (37)
ViF (hiq) (VSAC (hid)) y third order approximation, [11]

not explicitly given here
(Each takes (N + Ny+ N.) x (N, +N.+1) multiplications.)

VI. SIMULATION RESULTS
Simulation results are shown in Figure 1 (where
o
N.+1) HhH2 where % is the channel estimate) for Brazil-
ian channel D which appears in the HDTV literature, [1],

at 18,20,22,24,26,28 dB input SNR for the zeroeth, first,
second and third order approximations.

Normalized Least Squares Error =
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