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ABSTRACT 

THE DESIGN AND OPTIMIZATION OF MULTISCALE HYBRID 

NANOCOMPOSITE STRUCTURES FOR VIBRATION AND 

BUCKLING BEHAVIOR 

 

This thesis presents multiscale hybrid natural fiber-reinforced nanocomposite 

structures as viable alternatives to the traditional synthetic carbon and glass fiber 

composites commonly used in industries like automotive, aviation, and aerospace. These 

alternatives were created using stochastic optimization methods—Differential Evolution, 

Simulated Annealing, and Nelder-Mead algorithms—to optimize critical buckling load, 

fundamental frequency, and factor of safety, while reducing weight and cost. A broad 

range of design variables were employed, including fiber volume fraction, stacking 

sequences, and the volume content of Carbon Nanotubes (CNTs) or Graphene Platelets 

(GPLs) in each layer. The effective material properties of matrices reinforced with CNTs 

or GPLs were determined using the Modified Halpin-Tsai equations and the rule of 

mixtures, accounting for the agglomeration effects of the nanofillers. Vibration, buckling, 

and failure analyses of multiphase hybrid fiber-reinforced nanocomposite structures were 

performed using both analytical methods (Navier's solution with First-order Shear 

Deformation Theory (FSDT) and Classical Laminated Theory (CLT)) and the Finite 

Element Method (FEM). A multi-objective optimization problem was strategically 

executed using the Penalty Function approach to propose optimal eco-friendly, 

lightweight, and cost-effective alternatives to conventional composite materials, aiming 

for maximum mechanical response with minimal weight and cost. Additionally, optimal 

nanocomposite driveshaft designs were proposed for future automotive applications, 

featuring hybrid Carbon/Flax/CNT structures with non-uniform fiber and CNT 

distribution, accounting for agglomeration effects. The results indicated that optimizing 

natural fibers with GPLs or CNTs in engineering structures offers substantial benefits, 

enhancing both environmental sustainability and composite material performance in 

terms of weight, cost, frequency, and buckling properties. 
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ÖZET 

ÇOK ÖLÇEKLİ HİBRİT NANOKOMPOZİT YAPILARIN TİTREŞİM 

VE BURKULMA DAVRANIŞLARI İÇİN TASARIMI VE 

OPTİMİZASYONU 
 

Bu tezde, otomotiv, havacılık ve uzay sanayi gibi endüstrilerde yaygın olan 

geleneksel sentetik karbon ve cam elyaf takviyeli kompozit yapılara alternatif olarak çok 

fazlı hibrit doğal fiber takviyeli nanokompozit yapılar sunulmaktadır. Alternatif 

tasarımların kritik burkulma yükünü, doğal frekansını ve yapısal güvenlik faktörünü 

maksimize etmek için Differential Evolution, Simulated Annealing, ve Nelder-Mead 

stokastik optimizasyon yöntemleri kullanılmıştır. Fiber hacim oranı, fiber oryantasyon 

açısı ve her tabakadaki Karbon Nanotüplerin (CNT) veya Grafen Plaketlerin (GPL) hacim 

içeriği eş zamanlı olarak tasarım değişkenleri olarak kullanılmıştır. CNT veya GPL ile 

güçlendirilmiş matrislerin etkili malzeme özellikleri, nanodolgu maddelerinin 

kümelenme etkileri göz önünde bulundurularak Modifiye Halpin-Tsai denklemleri ve 

karışım kuralı kullanılarak hesaplanmıştır. Çok fazlı ara hibrit fiber tabakalı 

nanokompozit yapıların vibrasyon, burkulma ve hasar analizleri, hem analitik yöntemler 

(Navier çözümü ile Birinci Derece Kayma Deformasyon Teorisi (FSDT) ve Klasik 

Laminasyon Teorisi (CLT)) hem de Sonlu Elemanlar Metodu (FEM) kullanılarak 

yapılmıştır. Maksimum mekanik özellik ve minimum ağırlık ve maliyet için çok amaçlı 

optimizasyon problemleri, geleneksel kompozit yapılara çevre dostu, hafif ve düşük 

maliyetli alternatifler önerebilmek amacıyla Ceza Fonksiyonu yaklaşımı kullanılarak 

stratejik bir şekilde gerçekleştirilmiştir. Ayrıca, otomotiv endüstrisinde potansiyel 

gelecekteki uygulamalar için optimum nanokompozit tahrik mili tasarımları, kalınlık 

boyunca kümelenme etkileri dahil olmak üzere eşit olmayan şekilde dağılmış fiber ve 

CNT dağılımına sahip hibrit Karbon/Keten/CNT takviyeli yapılarla önerilmiştir. Genel 

sonuçlar, doğal fiberlerin GPL veya CNT ile optimize edilmesinin, mühendislik 

yapılarında sadece çevresel sürdürülebilirlik açısından değil, aynı zamanda ağırlık, 

maliyet, frekans ve burkulma özelliklerine dayalı kompozit malzeme tasarımının 

performansı açısından da avantajlar sağladığını göstermiştir. 
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CHAPTER 1 

INTRODUCTION 

1.1. Literature Survey 

Nanocomposites are composite materials containing at least one or more 

reinforcing components in the nanoscale range, including graphene nanoparticles (GNPs) 

and carbon nanotubes (CNTs). These inclusions result in composites that are lighter and 

stiffer, as mentioned by numerous studies1. The optimization of nanocomposite properties 

in terms of nanoscale reinforcements and stacking sequences has the potential to enable 

further design improvements and the production of lighter composites. Both graphene 

platelets and carbon nanotubes are characterised by a number of similar properties, 

including a high specific strength-to-weight ratio, high electrical resistivity and thermal 

conductivity. Graphene consists of graphite atoms bonded in hexagonal lattice structures, 

forming a two-dimensional (2D) material, while carbon nanotubes are three-dimensional 

(3D) structures created by rolling up sheets of graphene 2,3. The values of Young's 

modulus, inherent strength, and thermal conductivity for a defect-free graphene nanoplate 

are approximately 1.0 TPa, 42 N/m, and 5300 W/(m·K), respectively 4. It was found that 

the addition of 0.3 wt% CNTs reinforcement in resin to a composite plate resulted in an 

improvement in flexural modulus and flexural strength by 11.6% and 18.0%, respectively 

5. Despite the excellent properties of carbon nanotubes (CNTs), two-dimensional 

graphene has garnered considerable attention. This is primarily due to the higher 

manufacturing costs of CNTs, their highly anisotropic mechanical properties, and 

challenges in achieving sufficiently uniform dispersion within matrix materials. 

Furthermore, some studies suggest that graphene nanofillers and their derivatives offer 

greater advantages for designers seeking to achieve superior structural properties 6,7. In a 

study conducted by Rafiee et al. 8, the elastic modulus of an epoxy matrix reinforced with 

graphene, single-walled carbon nanotubes (SWCNTs), and multi-walled carbon 

nanotubes (MWCNTs) at a weight fraction of 0.1% was investigated. The results showed 

that the Young's modulus of the graphene-reinforced composite increased by 30%, 

whereas the carbon nanotube-reinforced composite observed only a 3% increase in 
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Young's modulus. 8. The reinforcement of epoxy composites with graphene nanoplatelets 

and carbon nanotubes (CNTs) has been the subject of numerous studies, which have 

revealed that graphene-reinforced epoxy composites possess exceptional potential. This 

is as a result of their superior shear strength, enhanced Young's modulus and reduced 

manufacturing costs in comparison to CNTs-reinforced composites. 9,10. 

The increasing demand for low-cost, lightweight, and environmentally friendly 

materials has led to a significant growth in the use of natural fibre-reinforced composites 

over the past few decades. This trend is observable across a range of industrial sectors, 

including automotive, aerospace, naval and civil construction. The utilization of high-

performance natural fibers, including hemp, flax, jute, kenaf, and sisal, has been on the 

rise, replacing synthetic fibers and consequently reducing the carbon footprint and other 

environmentally deleterious effects associated with synthetic fibers. This aligns with the 

Kyoto Protocol regulations and the biodegradability requirements in Europe. Natural 

fiber composites provide several advantages, including lightweight and low cost. The 

lightweight nature of these composites enhances fuel efficiency in automotive 

applications, particularly in electric and hybrid vehicles11. Recently, some components of 

automobiles, including door panels, seatback structures and instrument panels, are being 

manufactured using FFRCs (flax fibre-reinforced composites). It is estimated that the 

application of plant fibres in the automotive industry may increase by 54%, as 

documented in the referenced literature12. The surface areas for load transmission within 

a polymer matrix are typically smaller for major plant fibres, including hemp, jute, coir, 

ramie, and various other natural fibres. Among these, flax fibres are particularly 

noteworthy as an excellent choice due to the high surface area for load transmission 

offered by retted flax bundles, which makes them highly effective in reinforcing polymer 

composites13,14. Currently, flax is regarded as the most viable alternative to synthetic 

fibres in the automotive industry, given its superior tensile strength and modulus 15. In 

experimental studies investigating the acoustic and vibrational damping properties of flax 

fiber-reinforced composites, it was observed that their acoustic absorption and vibration 

damping capabilities are superior to those of glass fiber-reinforced composites, which 

were found to be 21.42 % and 51.03 %, respectively 16. Therefore, the use of flax fibres 

can be considered an appropriate substitute for glass fibres in applications that necessitate 

a high level of sound and vibration damping. It is a proof of the replacement of natural 

fibres with synthetic fibres for the vibration-related problems. However, it is important 

that natural fibres possess a number of disadvantages, including low water resistance and 
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rapid moisture absorption, as well as low stiffness and strength properties17. The 

shortcomings resulted from the nature of the flax fibers which can easily interact with 

water molecules. As a result of the above-mentioned characteristics, a relatively weak 

bond between the fibres and the matrix is observed in the case of flax-reinforced 

composites18–20. The key to removing this disadvantage is material hybridization, which 

is achieved by combining synthetic and natural fibres in a polymer matrix 21. 

In engineering systems subjected to vibrations, determining the natural frequency 

is crucial to prevent resonance from external excitations. Consequently, numerous studies 

have focused on the design and optimization of composites that experience vibrations. 

Adali and Duffy 22 utilized the laminate thickness and the total number of layers as design 

variables with the objective of minimizing the cost of symmetric, angle-ply graphite/glass 

hybrid laminates subject to a frequency constraint. The results showed that the material 

cost of the hybrid design was significantly lower than that of a graphite laminate. In a 

further study focusing on hybrid composite plates and shells, Ma et al. have proposed a 

simultaneous multi-scale optimization framework. This framework enables the parallel 

optimization of fibre volume fractions, fibre orientations and the stacking sequence, 

utilising the Discrete Material Optimization (DMO) method.23 The study of hybrid 

composite structures has been a major area of research due to their potential to reduce 

costs, weight and failure index while improving safety. In hybrid composites, the design 

approach typically includes the use of high-stiffness and high-cost materials in the outer 

layers, with low-stiffness and low-cost materials employed in the inner layers. The 

objective of the study by Abachizadeh and Tahani 24 is to optimise the natural frequency 

and minimize the cost of hybrid graphite/glass epoxy laminates. The study employed the 

Genetic Algorithm and Simulated Annealing for optimization purposes, demonstrating 

the beneficial effects of the hybridisation process in reducing weight while maintaining 

an acceptable natural frequency. Haichao An et al. 25 successfully resolved the optimal 

design problem involving hybrid graphite/glass epoxy composite laminates, with the 

objective of minimising costs while maximising both frequency and frequency gaps. In 

this study, a genetic algorithm was employed to optimise the stacking sequence of the 

laminate, with high-stiffness material positioned in the skin layers and low-stiffness 

material situated in the core layers. The incorporation of flax fiber in hybrid composites 

has been the focus of numerous optimization studies26–29. Flax fibers are a more cost-

effective, accessible, and environmentally friendly alternative to glass fibers. In the study 

conducted in Savran and Aydın, the frequency of hybrid graphite-flax/epoxy and 
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graphite-glass/epoxy composite plates was maximized30.  

This study employed Differential Evolution (DE), Nelder-Mead (NM), and 

Simulated Annealing (SA) to solve the optimal design problem. The findings indicated 

that using graphite-flax/epoxy is a superior option compared to graphite-glass/epoxy in 

terms of maximizing natural frequency and minimizing cost. Hosseinzadeh at al. 31 

investigated the use of flax fibres as an efficient alternative to glass fibres in composites 

for the multi-objective optimization of hybrid composite plates, with the objective of 

minimizing costs and maximizing frequency gaps. The results demonstrated that the 

incorporation of flax fibres into composite materials can provide a cost-effective solution, 

enhance the natural frequency, and reduce the gaps between the natural frequencies. The 

optimal design of hybrid composite beams subjected to distinct boundary conditions was 

investigated by Megahed et al. 32. The design variables included the fibre type, volume 

fraction, layer thickness, and fibre orientation. The solutions were obtained using a 

particle swarm optimization (PSO) algorithm. The results indicated that laminates based 

on hybrid designs comprising carbon and flax fibres demonstrated the optimal 

combination of lightweight and low-cost characteristics, with maximum natural 

frequencies. 

Designs of three-phase nanocomposites, which include a nanoscale component, 

fiber, and matrix, offer additional opportunities for optimizing composite laminates. 

Nanoscale reinforcement, such as graphene nanoplatelets, can transfer a significant 

amount of stress from the polymer matrix to the reinforcing material, as observed in 

various studies33. However, the use of a nanoscale reinforcement in a polymer matrix may 

lead to a number of issues. The issues include the high cost of nano reinforcements, non-

uniform dispersion in the matrix and coalescing leading to weak zones in the matrix. 

Presence of weak zones in the matrix can inadvertently affect the stiffness and strength 

of the laminate. In consideration of these challenges, the optimization of the design 

process assumes a crucial role in the development of two-phase and three-phase nano-

reinforced composite structures. Study by Kamarian et al. 34 utilized a stacking sequence 

optimization approach to enhance the natural frequencies of multiphase composite plates 

(CNT/fiber/polymer) by utilizing the Mori-Tanaka model to ascertain the material 

properties and the Firefly Algorithm to derive the optimization results. Optimal design 

and parametric studies demonstrate that the natural frequency of nanocomposite plates 

can be significantly increased by optimizing the stacking sequences and the distribution 

of reinforcing materials across the thickness. In their study, Xiang et al.35 investigated the 
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optimization of the lay-up of functionally graded CNT-reinforced conical shells using the 

genetic algorithm and the first-order shear deformation theory (FSDT). Their results 

indicated that the content and distribution of CNTs, as well as the stacking sequence, have 

a significant impact on the maximisation of the vibration frequency. The study by Yousefi 

et al. 36, based on FSDT and particle swarm optimization, aimed to optimize 

CNTs/polymer/fiber conical panels. The findings demonstrated that optimizing the 

stacking sequence and the distribution of CNTs and fibers can enhance the natural 

frequency of the panels and reduce the material cost. Regarding multiphase 

nanocomposites, the work by Jeawon et al.37 focused on the optimal design of a three-

phase graphene/fiber-reinforced laminated nanocomposite. The design variables included 

graphene and fiber contents, layer thicknesses, and fiber orientations, all aimed at 

achieving the highest natural frequency. t was found that the most beneficial outcomes 

from Sequential Quadratic Programming (SQP) suggested that non-uniform distributions 

of graphene and fibres, as well as fibre orientations, are highly beneficial for enhancing 

the efficiency of the design process. Further studies on the optimization of multiphase 

composite laminates with frequency, cost and weight design objectives are presented in 

38–41. Experimental studies on the vibration characteristics of laminates reinforced with 

flax fibres and carbon nanotubes have been conducted and reported upon. It has been 

demonstrated that the incorporation of CNTs in flax fibre-reinforced laminates resulted 

in an increase in the vibration frequency, whereas the inclusion of graphite led to an 

improvement in the damping characteristics of the laminates 42,43. In an experimental 

study, Shanmugam and Meenakshisundaram44 introduced an innovative concept for 

hybrid (flax/E-glass/epoxy) fiber reinforced polymer (HFRP) composites by adding 

graphene as a nanofiller. The results demonstrated that the addition of 0.6 weight 

percentage of graphene to HFRP composite laminates significantly enhanced the strength 

of the composites, indicating their suitability for utilization in structural and automotive 

applications. 

In addition to the requirement for environmentally-friendly materials due to the 

End-of-Life Vehicles Directives and Euro 5 and Euro 6 regulations on emissions, 

designers must also consider the costs and the weight of the materials. Studies on 

reinforcing composites with graphene or carbon nanotube indicated that even small 

amounts of these materials can greatly improve the mechanical properties of composites. 

There is a prevailing trend in industries to employ carbon and glass fiber-reinforced 

composites with the underlying assumption that their lower cost and weight outweigh 
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other factors. Present study seeks to establish that a minimal inclusion of GPL 

reinforcement in combination with natural flax fibers in singly or hybrid form with 

synthetic fibers, can yield designs that are not only eco-friendly but also having a higher 

natural frequency, lower cost and weight as compared to using glass and carbon fibers as 

reinforcements. 

Many studies on the stability of laminated composite plates have focused on 

rectangular plates and examined the effect of design parameters such as boundary 

conditions, fiber orientation, and geometric aspect ratio on stability. Thin composite 

structures are prone to instability, resulting in buckling when subjected to mechanical or 

thermal loading. The buckling behavior of composite plates includes complex analysis, 

and more details can be found in references 45–48 Carbon nanotubes (CNTs) are a 

significant additive material for high-performance structural composites and hold great 

potential for various applications, making them an object of interest for scientists and 

researchers who are highly invested in nanostructures49. As the dimensions of these 

structures reduce to micro and nano scales, both experimental and atomistic simulations 

have demonstrated that the size effect on mechanical properties becomes increasingly 

significant 50. A single-walled carbon nanotube (SWCNT) is a cylinder with a diameter 

of 1 nm, while a multi-walled carbon nanotube (MWCNT) consists of a concentric form 

and a separated array of cylinders, ranging from 2 to 100 nm in diameter and tens of 

microns in length 51. The another studies reported the experimental elastic properties of 

both SWCNT and MWCNT, revealing that the elastic modulus of CNTs can vary widely, 

ranging from 200 GPa to 5.6 TPa. CNT-based fiber-reinforced polymer (FRP) composite 

materials have high strength-to-weight and stiffness-to-weight ratios 52,53. Studies have 

shown their potential in various applications, and there is growing interest in analyzing 

their performance in bending, buckling, and vibration 54–59. Research conducted by 

Madenci et al. 60 explored the impact of carbon nanotubes (CNTs) on the buckling 

behavior of FRP composites. Their findings showed a significant increase in load-

carrying capacity for the clamped-clamped boundary condition in both CNT and NEAT 

samples. In fact, these samples exhibited an average load-carrying capacity that was 

268% and 282% higher, respectively, compared to the simple-simple condition in carbon 

fiber reinforced polymer composite. Madenci 61 also conducted free vibration analysis of 

FG-CNT composite beams and estimated the effective material properties of nanobeams 

using the mixing rule. In another study, Qian et al. 62 demonstrated that adding just 1% 

by weight of CNT to the matrix material can increase the composite's hardness by 36-
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42% and its tensile strength by 25%. Zhu et al. 63 analyzed the stress-strain curve of 1 and 

4 wt% CNT-reinforced epoxy resin and discovered a 30-70% increase in the elastic 

modulus for these weight fractions. Tarfaoui et al.64 studied the effect of CNT in CNTs-

reinforced composites with different volume fractions and found that an increase in the 

CNT volume fraction decreased the material properties by 0.5-2% after reaching a 

specific value.  

Drive shafts are a crucial part of the transmission of motion from the differential 

to the wheels or rotors in many industries such as automotive, marine, energy, etc. In 

these applications, driveshafts are typically subjected to torsional, bending and normal 

forces in order to transfer power and torque from the engine to the gears65. Driveshafts 

must be designed based on three design criteria for these applications; torque transmission 

capability, buckling torque capability and bending natural frequency66. Although steel 

driveshafts are commonly used in the automotive industry, recent developments in 

manufacturing processes have led to the use of composite driveshafts as a viable 

alternative due to their light weight and high stiffness properties to meet rising demands 

in high torque transfer from powerful engines67–69.  

Over the past few years, many studies have been conducted on composite 

driveshaft design and application to propose effective designs using different design 

variables and materials. One of the recent papers on composite driveshafts, the design and 

analysis performance compared to see different fibre materials such as carbon, Kevlar, 

glass and boron with the same matrix material 70.The research findings indicate that 

critical buckling torque and dynamic properties are influenced by two crucial design 

parameters: fiber orientation angles and stacking sequences. In a further study, the drive 

shaft made of glass epoxy resin was examined for its torsional strength, its natural 

frequency, and its performance parameters at critical speeds for light vehicles71. The 

proposed composite design is indicated as the strongest option, with a 73% weight 

reduction compared to conventional steel driveshafts. The other study by Savran et al. [7] 

on optimal composite driveshaft design problems selected fiber orientations, layer 

numbers, and thicknesses as design variables, with manufacturing scenarios, torsional 

buckling, and bending frequency serving as constraints. For different glass-epoxy 

materials, designs that weighs between 0.7289 kg and 2.3800 kg showed a significant 

weight reduction of up to 69%. The marine application of a composite drive shaft has 

been investigated by Bilalis et al.72 to see the possibility of replacing the conventional 

steel shaft. The optimum lay-up design of the carbon fibre-reinforced plastic shaft has 
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been proposed through the use of a finite element model, analytical methods and 

optimization algorithms. According to the results of the study, the composite shafts were 

61.2% lighter than the steel shafts that were currently in use, including the flanges. Other 

recent research have also been conducted to compute the torsional stiffness of carbon 

fiber reinforced composites using a balanced laminate design, based on finite element 

analysis and classical laminate plate theory, as mentioned in 73–75. Shinde et al. 71 

optimized the glass epoxy composite drive shaft for outer diameter 55 mm, inner diameter 

32 mm, percentage fiber volume fraction 0.7 and stacking sequence [55/-55/55-55]s. 

They investigated the optimized composite drive shaft experimentally by measuring 

natural frequency and achieving torsion test. Their results showed that the torsional 

strength and natural frequency of the glass epoxy composite drive shaft are enough large 

for the replacement of steel drive shaft with obtaining weight reduction about 52%.  

Fibre-reinforced composites have progressively replaced conventional metallic 

materials in applications where weight is an important consideration. In a further stage of 

these application in materials science, nanocomposites are also predicted to revolutionize 

the future of the composites industry in terms of their mechanical, thermal, electrical, 

optical and other properties76,77 .The main advantage of polymeric nanocomposites is that 

they incorporate at least one dimension of nanoscale reinforcement, providing a very high 

surface to volume ratio and excellent interfacial contact with the matrix [23].  The 

addition of CNTs in filament winding E-glass/Bisphenol-A epoxy cylinders was studied 

by Tasyürek and Tarakçioğlu et al to examine the behaviour of fatigue crack growth rate 

and surface crack. The findings demonstrated that the inclusion of CNTs improved 

fatigue life by enhancing inter-laminar adhesion 78. In a different recent study79, filament 

wound nanocomposite cylinders composed of epoxy resin and carbon nanotube (CNT) 

nanofillers showed improvements of up to 22% and 216%, respectively, in their 

interlaminar shear strength and fracture toughness characteristics. In the other recently 

published study, the material properties of an automotive drive shaft made of hybrid fiber-

reinforced composite were found to be greatly enhanced by the addition of MWCNTs. 

Regards to CNTs' improved characteristics, natural frequency and critical buckling torque 

increased by up to 60% and 145%, respectively 80. Furthermore, research suggested that 

optimizing CNT dispersion and distribution into polymer matrices may help future efforts 

to increase the stiffness, strength, and low weight of aerospace and automotive structures. 

Searle et al. conducted a study of the mechanical properties and environmental 

performance of carbon/epoxy, basalt/epoxy, and carbon nanotube (CNT) reinforced 
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carbon/epoxy composite driveshafts in order prove the viability of substituting existing 

steel driveshafts with composite alternatives81. The mechanical outperformance of 

driveshafts was investigated using a finite element method (FEA) tool and classical 

laminated plate theory (CLPT). The results showed that a composite drive shaft can 

outperform a steel shaft mechanically with careful design—up to 90% mass savings and 

a 50% greater Factor of Safety. Applications that involve racing automobiles, where 

weight reduction is essential, may utilize the C/E or C/CNT/E. 

1.2. Research Significance 

Lightweight composite structures, characterized by high stiffness, exceptional 

strength-to-weight ratios, and cost efficiency, are vital in engineering fields such as 

aerospace, marine, and automotive engineering. However, under dynamic loads, these 

structures are susceptible to buckling and resonance because of their slenderness. This 

can be achieved by enforcing eigenvalue buckling and frequency constraints on the 

component throughout its design phase. This ensures that its properties remain away from 

fundamental frequencies of resonance and critical buckling load values. To create 

successful designs that meet these requirements in engineering applications, composite 

materials have been increasingly utilized due to their lightweight and high strength 

advantages in recent decades. On the other hand, advances in nanocomposites, such as 

the addition of nanoscale reinforcements like carbon nanotubes and graphene 

nanoplatelets to the matrix materials, have led to improvements in the weight advantage 

of composite materials.82–84 On the contrary, the widespread use of synthetic fiber-

reinforced composites, like carbon fiber and petroleum-based glass fiber, which surged 

by the late 20th century, has significantly increased greenhouse gas emissions from both 

production and waste. To address these environmental concerns and the rising oil prices, 

there has been a growing trend towards natural fiber-reinforced composites, aiming to 

reduce resource consumption.85 The use of natural fiber also brings disadvantages such 

as weak matrix fiber interaction.86 To overcome these disadvantages and promote more 

sustainable structures, recent applications have emerged in the use of hybrid synthetic-

natural fibers or nano-reinforcement in matrix materials87.  

In order to comprehensively achieve these goals, the structural optimization of 

nanocomposites incorporating a hybrid fiber/nanofiller/matrix combination is more 
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mathematically complex than traditional two-phase fiber-reinforced composites, due to 

the including of macro, micro, and nanoscale elements. It is not feasible to take into 

account all of the effective parameters in the such complex optimization problems for 

nanocomposites in order to achieve accurate optimal results in an acceptable length of 

time. Therefore, meta-heuristic algorithms (Differential Evolution, Simulated Annealing, 

Particle Swarm Optimization, and Genetic Algorithms) in particular have been presented 

as stochastic optimization strategies for achieving global optimal results88. These 

algorithms have much lower computing costs and time while providing accurate results. 

In the literature, numerous studies aim to maximize buckling load and fundamental 

frequency while minimizing cost and weight for two-phase composite engineering 

structures without nano reinforcements. These studies often employ stochastic 

optimization algorithms such as DE, SA, PSO and GA by using design variables such as 

fiber orientation angles, fiber volume fraction, number of layers, stacking sequences89. 

For multiphase inter-ply hybrid fiber/nanofiller-reinforced nanocomposite structures, the 

multi-objective optimization approach involves maximizing natural frequency or critical 

buckling load while minimizing weight and cost. Finding the global optimum solution 

requires solving nonlinear objective functions that involve the summation of complex 

equations, such as fundamental frequency, critical buckling load, cost, and weight. This 

complexity increases due to the numerous continuous and discrete design variables, along 

with constraints that include nonlinear equations. These parameters include the weight 

content of nanofillers (CNTs or GNPs), fiber orientation angles, and fiber volume content 

for each layer. Elastic material constants of each ply are calculated parametrically using 

semi-empirical and micro-mechanical nonlinear material modeling equations at the nano, 

micro, and macro levels. The semi-empirical model is also crucial for predicting the 

agglomeration effects of nanofillers. By adjusting these variables, it is possible to achieve 

optimal, non-uniform material properties tailored to meet specific mechanical 

requirements such as maximum natural frequency, critical buckling load, and minimum 

failure index. Another challenge related to the development of parametric optimization 

equations is the writing of formulations related to the vibration, buckling and stress-strain 

behaviour of structures using Classical Laminate Plate Theory (CLPT) or First Order 

Shear Deformation Theory (FSDT) and nano-, micro- and macro-scale material model 

equations for hybrid nanocomposite structures. It is possible to propose lightweight 

structural designs composed of natural and synthetic fibres reinforced with nanofillers 

such as CNTs or GNPs after overcoming the challenges associated with the mechanical 
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design of hybrid or non-hybrid fibre reinforced nanocomposite structures. These designs 

make it possible to maximize the natural frequency and critical buckling loads, while 

minimizing the failure index, the weight and the cost of the design. This possible designs 

is particularly beneficial for applications such as automotive and aerospace, where 

stiffness and strength-to-weight and cost ratios are important, as well as being 

biodegradable and environmentally friendly.  

1.3. Motivation, Objectives and Originality 

After a detailed literature review, it is evident that the design limits for vibration, 

buckling and failure properties of traditional synthetic carbon and glass fibre reinforced 

composites have been extensively investigated by using stochastic optimization methods, 

particularly in sectors such as aerospace and automotive where weight reduction and cost 

are critical. Meanwhile, advances in nanocomposites have significantly improved the 

mechanical properties of traditional composites in terms of weight efficiency, particularly 

with the incorporation of large surface area nanofillers such as carbon nanotubes and 

graphene nanoplatelets. 

There is a widespread utilization in industries due to the fact that traditional carbon 

or glass fiber reinforced composites are reliable with their mechanical properties. The 

other consideration, related to carbon nanotubes or graphene nanoplatelets that these are 

expensive and negative side like agglomeration properties to utilize in matrix materials 

of fiber reinforced composite structures. There is a growing interest in the use of natural 

fibre reinforced composites due to the increasing demand for environmentally friendly 

and sustainable materials. Stochastic optimization methods have shown that by designing 

the nanofiller material, the fibre volume fraction and the fibre orientation angles in each 

layer, natural fibre reinforced materials can achieve properties that are equivalent to those 

of synthetic fibre reinforced materials. By solving these complex optimization problems, 

it may be possible to develop natural fibre reinforced composite structures using CNTs 

and GPLs at or below the hybridization or agglomeration level with synthetic fibers. This 

may be the beginning of a new trend in the composites industry. 

The use of nanofillers requires semi-empirical micromechanical models to 

accurately describe the properties of each layer, taking into account the agglomeration 

and waviness effects of the nano-reinforcement. Therefore, mathematically complex 
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issues such as non-linear objective functions, non-linear constraints and continuous-

discrete design variables need to be solved in order to propose optimal hybrid fibre-

reinforced nanocomposite structures in terms of natural frequency, buckling load and 

failure index against different loads. It is therefore possible to propose more 

environmentally friendly and biodegradable composite designs with minimum cost and 

weight compared to traditional fibre reinforced composite structures by overcoming these 

complex issues in mechanical analysis and formulating mathematical optimization 

problems.  

 

The objectives of the PhD thesis can be listed as follows 

1. To propose optimum design of hybrid and non-hybrid natural/synthetic 

fiber/CNTs or GPLs reinforced nanocomposite structures for vibration and 

buckling problems of engineering structures by using multiscale design 

variables; fiber orientation angles, fiber volume fraction, and the weight 

fraction of graphene nanoplatelets or carbon nanotubes 

2. To incorporate Classical Lamination Plate Theory (CLPT) and First-order 

Shear Deformation Theory (FSDT) with the Navier solution and multiscale 

nanocomposite material models; the Modified Halpin-Tsai Model and the 

Rule of Mixtures. 

3. To implement all models used in thesis within Wolfram Mathematica 

software for comprehensive problems of vibration, buckling and failure 

analysis of nanocomposite plates and driveshafts. To solve these models 

with optimization algorithms DE, SA and NM in this software. 

4. To give comparison of Stochastic Optimization Search algorithms: 

Differential Evolution, Simulated Annealing and Nelder Mead results for 

minimum weight design of glass/CNTs reinforced composite plate 

vibration problems. 

5. To examine the suitability of these methods for complicated multiscale 

nanocomposite design problem by analyzing the optimization performance, 

convergence rates, and correctness of each algorithm's solutions. 

6. To compare the optimal design of inter-ply hybrid synthetic/natural fiber-

reinforced composite plates, both with and without the inclusion of 

nanofillers such as carbon nanotubes (CNTs) and graphene nanoplatelets 

(GPLs). 
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7. To propose ecofriendly, cost-effective, lightweight natural fiber/nanofiller 

reinforced composite designs for vibration and buckling issues in 

engineering structures. 

8. To explore the potential of natural fibers as a cost-effective and lightweight 

alternative to traditional carbon fibers, which have been extensively 

utilized in existing application. 

9. To investigate the impact of volume fraction, stacking sequences, and non-

uniform CNT fillers—taking into account the agglomeration and waviness 

effects of nanofillers—on multi-objective optimization problems for 

maximum critical buckling loads and fundamental frequencies with 

minimum weight and costs. 

10. To propose a design methodology for a multiscale hybrid natural 

fiber/CNTs reinforced driveshaft using fundamental frequency, failure 

criteria, and critical buckling torque as design parameters. 

11. To determine failure loads of optimized inter-ply hybrid fiber/CNTs 

reinforced nanocomposite driveshafts using Tsai-Wu (for analytical 

solution) and Puck (for finite element analysis) failure theories. 

12. To analyze and compare the optimal solutions for multiscale 

nanocomposite plates and driveshaft problems using the Autodesk 

NASTRAN commercial FEA solver in conjunction with analytical 

solutions. 

 

Originality of the thesis can be summarized as follows: 

1. In the literature, related to optimization studies of multiscale hybrid fiber/ 

CNTs or GPLs nanofiller reinforced composites for vibration and buckling 

problems haven’t investigated yet. Although there are a few studies on 

analysis and single-objective optimization of carbon fiber/GPLs or glass 

fiber/CNTs reinforced composites for maximum fundamental frequency or 

minimum weight design, by using single and multi-objective optimization 

approaches on hybrid and non-hybrid Natural (Flax-Kenaf-Jute-Ramie) 

and synthetic (Carbon-Glass) fiber/CNTs or GPLs nanocomposites 

problems are not available in terms of weight and cost. Therefore, present 

study fills the gap in the available literature related to nanocomposite 

design and multi-objective optimization. 
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2. In the present thesis, a single-objective optimization approach has been 

considered to verify the optimization studies mathematically using DE, SA, 

and NM methods. Additionally, a multi-objective approach, incorporating 

a penalty function, is utilized for the first time to optimize combinations of 

natural frequency, critical buckling load, cost, and weight of multiscale 

hybrid nanocomposite laminates. 

3. For the first time, the agglomeration and waviness effects of CNTs are 

included in vibration, buckling, and driveshaft problems using the Modified 

Halpin-Tsai Models. 

4. The optimum design of multiscale hybrid Flax/Carbon fiber/CNTs 

reinforced nanocomposite driveshafts are firstly carried out in the literature 

for minimum weight design. The effects of varying weight fractions of 

CNTs and volume fractions of fibers for each ply are demonstrated by 

optimizing multiscale driveshaft problems. 

5. Finite Element Analysis (FEA) of optimally designed hybrid 

natural/synthetic fiber-reinforced nanocomposite structures was conducted 

using Autodesk NASTRAN commercial software. The material properties 

were optimized through stochastic methods applied within modified 

Halpin-Tsai models. This study analysis and fills existing gaps in the 

literature regarding FEA and optimization tools.  

6. By using stochastic optimization methods, the material properties of each 

ply with non-uniform nanofiller and fiber content are designed. This 

approach enables the proposal of alternative, more eco-friendly, and 

sustainable structures with natural fiber-reinforced nanocomposites, 

instead of traditional synthetic (carbon or glass) fibers, for addressing 

vibration, buckling, and driveshaft problems. 
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CHAPTER 2 

COMPOSITE MATERIALS 

Composite materials are typically defined as a composition of two or more 

constituent materials with notably different physical or chemical properties. The 

combination of these unique materials produces a material with characteristics that are 

distinct from those of its individual elements90. The combination of attractive properties, 

including stiffness, resilience and durability, corrosion resistance and low weight, has 

contributed to the accelerated adoption of composite materials in engineering and 

material science applications in recent decades91,92. 

2.1. Classification of Composites 

Composite materials can be categorised into four main types based on the shape 

of the reinforcement, the scale, the type of matrix and the bio-composite Figure93. 

 

 

 

Figure 2.1. Classification of composite materials.(Source: Rajak 201993) 

Classification of Composite Materials 

Based on Scale 

Nano-composites 

Based on 

reinforcement 

• Fiber reinforced 

• Particulate reinforced 

• Flake reinforced 

 

Based on 

matrix material 

• Polymer 

• Ceramics 

• Metal 

 

Bio-composites 
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There are three main types of matrix materials for composites: Polymer Matrix 

Composites (PMCs), Ceramic Matrix Composites (CMCs), and Metal Matrix Composites 

(MMCs).  

Polymer matrix materials (PMC) consist of a matrix of either thermoset or 

thermoplastic materials, reinforced with dispersed reinforcing fibres. These fibres can be 

made of carbon, glass, Kevlar or metals and give the composite improved mechanical 

properties94–96. Due to their greater strength and resistance to high temperatures, 

thermosets are more widely used in applications than thermoplastics and it can be easily 

prepared mixing resin with hardener97. The diversities between thermosets and 

thermoplastics are denoted in Table 2.198. 

 

Table 2.1. Differences between thermosets and thermoplastics (Source: Kaw 200598) 

 

Thermoplastics Thermosets 

Soften on heating and pressure, and thus easy to 

repair 

Decompose on heating 

High strains to failure Low strains to failure 

Indefinite shelf life Definite shelf life 

Can be reprocessed Cannot be reprocessed 

Not tacky and easy to handle Tacky 

Short cure cycles Long cure cycles 

Higher fabrication temperature and viscosities 

have made it difficult to process 

Lower fabrication 

temperature 

Excellent solvent resistance Fair solvent resistance 

 

The most common composite structures used in aerospace, defence and 

automotive industries are made by stacking and bonding thin layers of fibre and polymer 

owing to PMC's cost-effective properties with enabling desired shape using easy handling 

techniques and simple fabrication methods99. 

Ceramic matrix composites (CMCs) are composed of ceramic matrix such as 

carbon, silicon carbide (SiC), aluminium oxide (Al2O3) and silicon nitride (SiN) where is 

embeded fibers in these matrix materials in order to overcome the brittleness of 
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monolithic ceramics100. CMCs are primarily known for their unique property where the 

matrix fails before the fibers under load, which distinguishes them from polymer or metal 

matrix composites. This failure mode helps to protect the brittle fibres. CMCs are 

manufactured using gas or liquid phase methods, where the matrix is formed around the 

fibres from gaseous or liquid precursors 101. 

Metal Matrix Composites (MMCs) consist of a metal matrix, typically made of 

aluminum, magnesium, copper, or titanium, combined with ceramic or metal 

reinforcements. This combination provides superior properties, such as high strength, 

increased stiffness, controlled thermal expansion, and enhanced wear resistance, making 

MMCs extensively utilized in the automotive and aerospace industries102. However, their 

high stiffness and abrasive nature lead to significant tool wear during machining, 

necessitating the use of unconventional machining techniques103. 

Regarding reinforcement, composites can be divided into three main parts: 

particles, flakes and fibres. (Figure 2.2).  

 

Figure 2.2. Composite types according to reinforcement shape (Source: Kaw 200598) 

 

Particulate composites, which involve randomly dispersed alloy and ceramic 

particles within matrix materials, are considered to be isotropic. These composites offer 

several benefits such as increased strength, higher operating temperatures and improved 

oxidation resistance. Examples of particle reinforced composites include rubber with 

aluminium particles, silicon with carbide motes and concrete with gravel and sand98. 



18 
 

Flake composites incorporate flat, thin reinforcements such as aluminum, glass, 

mica and silver into the matrix. Flake composites' main advantages are low cost, high 

strength and high flexural modulus. However, the difficulty of changing the orientation 

of the flakes is a notable challenge98. 

Fibre reinforced composites are generally composed of continuous long or 

discontinuous short fibres reinforced with matrices. These reinforced synthetic fibers like 

glass, carbon, basalt and kevlar improve material properties like high strength, rigidity 

and resistance to chemicals, temperature and wear104–107.  

 

Table 2.2. Mechanical properties of some plant fibers compared to glass and carbon fibers  

(Source: Osorio 2011108) 

 

Fiber Density 

(gr/cm3) 

Diameter 

(µm) 

Elongation at 

failure (%) 

Tensile 

strength 

(MPa) 

E-Modulus 

(GPa) 

Bagasse - 490 - 70 - 

Coir 1.2 - 30 175 4-6 

Cotton 1.5-1.6 20 7.0-8.0 287-597 5-13 

Curaua 1.38 66 3.9 913 30 

Flax 1.5 50-100 2.7-3.2 345-1035 50-70 

Hemp 1.10 120 1.6 389-900 35 

Henequen - 180 3.7-5.9 430-570 10-16 

Jute 1.3 260 1.5-1.8 393-773 26 

Kenaf 1.31 106 1.8 427-519 23-27 

Pineapple 1.32 - 2.4 608-700 25-29 

Ramie 1.50 34 3.6-3.8 400-398 24-32 

Sisal 1.5 50-80 2.0-2.5 337-413 8-10 

Bamboo 0.88-1.1 100-200 - 391-713 18-55 

E-glass 2.5 9-15 2.5 1200-1500 70 

Carbon (PAN) 1.4 5-9 1.4-1.8 4000 230-240 

 

The use of natural fiber reinforcement has recently gained growing popularity 

among researchers by improving impact toughness and fatigue strength properties with 

chemical treatment. Additionally, they are abundantly available at low cost, 

biodegradable and eco-friendly, and have a lower density compared to synthetic fibers109. 

A general comparison of the mechanical properties and densities of the most widespread 
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natural fibers, as well as synthetic fibers like e-glass and carbon fiber, is provided in the 

Table 2.2 below. In terms of their specific properties, it is claimed that they can be 

compared to glass fibres, taking into consideration advantages that they are sustainable 

and environmentally friendly. 

Bio-composites have been developed in response to the demand for biodegradable 

and environmentally friendly materials. They can be classified into two categories: fully 

green composites and partially green composites. Fully green composites utilise 

biopolymeric matrices, whereas partially green composites employ petrochemical resins. 

In both categories, natural fibres are utilised for reinforcement purposes. In general, all 

biopolymers are compostable; however, there are non-bio-based materials employed in 

the manufacture of biodegradable and compostable plastics110. 

Nanocomposites are materials with at least one dimension at nanometre, typically 

100nm or smaller. Nanocomposites are high performance materials111. They offer unique 

properties and design possibilities not found in conventional composites. These superior 

properties can be achieved using relatively small amounts of reinforcing nanomaterials. 

The two primary reasons for these enhanced properties are: (a) the superior characteristics 

of nano-reinforcements compared to traditional reinforcing fibers, and (b) their 

exceptionally high surface area to volume ratio, which allows for greater interfacial 

interaction with the matrix. 

2.2. Nanocomposites 

 Nanocomposites are made up of two or more different materials with different 

physical and chemical properties, which often exist in different phases that are separated 

by an interface. Recently, significant attention has been given to adding nano-sized fillers 

to composites, creating nanocomposites. The nanofillers can be considered to be of three 

types: (a) zero-dimensional (nanoparticles, such as metal oxide and ceramic oxide 

nanoparticles); (b) one-dimensional (nanotubes and nanowires, such as carbon nanotubes 

and titanium oxide nanotubes); and (c) two-dimensional (nanoplatelets, such as layered 

silicates, nanoclays and graphene) (d) three-dimensional (graphite). From a design 

perspective, nanocomposites can be classified into two main groups: (a) two-phase 

nanocomposites composed of a polymer matrix and nanofillers, and (b) three-phase 

composites comprising a polymer matrix, fibrous reinforcements, and nanofillers112.The 
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modification of the composite in this way is generally responsible for a change to the 

nature of the interphase between the reinforcement and the matrix, which contributes to 

the generation of new properties. Then, these properties control the impressive 

characteristics observed in nanocomposites. The different types of carbon-based 

nanofillers are given as Figure 2.3113. 

 

 

 

Figure 2.3. Different types of carbon-based nanofillers. (Source: Darwish 2024113) 

 

Zero-dimensional nanofillers, generally referred to as nanoparticles (e.g., 

nanosilica, alumina nanoparticles), are typically incorporated into nanocomposite 

systems to enhance various desired properties. These improvements may include 

increased mechanical properties of the matrix, such as elastic modulus, tensile strength, 

and fatigue resistance. These materials, known for their superior properties, are 

manufactured by distributing nanoparticles in the matrix or coating nanofillers onto 

fibers. Nanoparticles enhance fiber-matrix bonding due to their large surface area, leading 

to effective stress transfer and improved rigidity. This results in fewer unoccupied spaces 

and better interaction between fiber and matrix, enhancing the mechanical characteristics 

of the material111. Typically, nanoparticles are used to change the mechanical properties 

of composite materials. They can also be used, as well, to stimulate particular 
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nonstructural reactions. For instance, Kagawa reported noticeable effects of nanoparticles 

on epoxy resin reinforced with nanosilica, showing a connection between the 

nanoparticles and their optical characteristics114. 

The most common one-dimensional nanofillers are nanotubes, composed of a 

sequence of atoms arranged in a long, thin cylindrical structure. They can be synthesized 

using materials such as carbon, TiO2, silica, and silicon carbide112. A carbon nanotube 

(CNT) can be defined as a series of carbon atoms arranged in a tubular shape, formed by 

at least one layer of graphite. The classification of carbon nanotubes (CNT) can be based 

on the number of layers comprising the tube: single-walled (SWCNT) and multi-walled 

(MWCNT). Both SWCNTs and MWCNTs have been widely employed to improve the 

characteristics of an array of composites and nanocomposites across a diverse range of 

applications82. 

Recently, carbon nanotubes have been utilized to enhance the interfacial bonding 

of epoxy-based composites by being homogeneously dispersed within the matrix. These 

carbon nanofillers facilitate load transfer between the fibers and the epoxy by reinforcing 

previously weak interfacial regions. The utilisation of carbon-based nanofillers in epoxy 

composites is a prevailing strategy to satisfy the elevated mechanical property 

requirements inherent to aerospace, automotive, and marine applications115. Carbon 

nanotubes (CNTs) have recently emerged as a promising reinforcement option for 

composite materials, exhibiting important potential to enhance mechanical properties. 

Experimental studies have demonstrated the capacity of CNTs to effectively bear load in 

the context of nanocomposites. It is also noteworthy that the exceptional thermal 

conductivity of CNTs has been identified as a key property, leading to the development 

of a silicon wafer coated with a graphene layer, which results in a highly efficient heating 

film116,117. To have a precise view of all effects of carbon nanotubes (CNTs) reinforced 

epoxy composites on the performance of epoxy composites is summarized Table 2.3. 

Nanoplatelet based nanocomposites have very thin (several nm) layers deposited 

in the polymer matrix. The other 2D nanoplatelets consist of graphene (graphene 

nanoplatelets), used as nanofillers in traditional materials118. Graphene, an allotrope of 

carbon, consists of a single layer of carbon atoms arranged in a densely packed 

honeycomb crystal lattice. It has a variety of potential with beneficial implements. It has 

also been thoroughly researched and used in the creation of composites and 

nanocomposites112.  
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Table 2.3. The overview of the CNTs reinforced matrix materials improvements 

 

Nanofiller Reinforcement  

Fraction  

(wt.%) 

Name of  

the Property 

Improvement 

Reported (%) 

Reference 

DWCNTs 0.5 Tensile strength 8 71119 

 
 

Tensile Modulus 15 
 

MWCNTs 1 Tensile strength 100 75120 

 
 

Tensile Modulus 100 
 

 4 Tensile strength 150 
 

 
 

Tensile Modulus 294 
 

SWCNTs 1 Tensile strength 25 76121 

 
 

Tensile Modulus 30 
 

 
 

% Elongation 30 
 

 4 Tensile strength 23 
 

 
 

Tensile Modulus 68 
 

DWCNTs 0.1 Tensile modulus 6 77122 

SWCNTs 1 Tensile strength 30 818 

 
 

Tensile Modulus 14 
 

SWCNTs 0.5 Tensile Modulus 25 82123 

SWCNTs 1 Tensile strength 16 83124 

 
 

% Elongation 25 
 

SWCNTs 
 

Tensile strength 17 
 

 
 

% Elongation 27 
 

SWCNTs 0.1 Tensile strength 11 84125 

MWCNTs 
 

Tensile strength 14 
 

MWCNTs-L 1 %Elongation 57 85126 

 
 

Impact strength 63 
 

MWCNTs-H 1 %Elongation 33 
 

 
 

Impact strength 84 
 

MWCNTs 0.3 Flexural strength 29 86127 

 
 

Modulus 8 
 

 
 

% Elongation 89 
 

MWCNTs 0.5 Tensile strength 8 87128 

 1 Tensile Modulus 17 
 

MWCNTs 0.5 Tensile Modulus 12 88129 

MWCNTs 1 % Elongation 23 89130 

 
 

Tensile Modulus 3 
 

 

The effects of graphene platelets (GPLs) on the mechanical properties of epoxy 

composites have been reported, revealing that a tensile strength improvement of 

approximately 40% is possible due to the large surface area and unique surface 



23 
 

characteristics of the graphene platelets8. The general comparison with regard to the effect 

of Graphene on the mechanical properties of reinforced composites is given in Table 2.4. 

 

Table 2.4. The overview of the graphene reinforced matrix materials improvements 

 

Nanofiller Reinforcement  

Fraction  

(wt.%) 

Name of  

the Property 

Improvement 

Reported (%) 

Reference 

Graphene 0.5 Tensile strength 18 23131 

Graphene oxide 0.25 Tensile strength 36 66132 

Graphene oxide 0.1 Tensile strength 25 67116 
 

0.1 % Elongation 38 
 

 
0.25 Tensile strength 46 

 

 
0.25 % Elongation 70 

 

 
0.5 Tensile strength 62 

 

 
0.5 % Elongation 59 

 

Graphene 0.1 Tensile strength 40 84125 

Graphene 0.1 Flexural strength 10 90133 
  

Flexural modulus 7 
 

Graphene oxide 0.25 Tensile strength 32 91134 
  

Flexural strength 85 
 

  
Flexural modulus 65 

 

  
Impact strength 103 

 

Graphene-MH 0.1 Tensile strength 31 92135 

Graphene-ME 0.1 Tensile strength 20 
 

Graphene-MA 0.1 Tensile strength 16 
 

Graphene-MH 0.3 Impact strength 89 
 

Graphene-ME 0.3 Impact strength 27 
 

Graphene-MA 0.3 Impact strength 22 
 

Graphene-MH 0.1 Flexural strength 15 
 

Graphene-ME 0.1 Flexural strength 16 
 

Graphene-MA 0.1 Flexural strength 30 
 

AE-Graphene 2 Flexural modulus 15 93136 

Graphene oxide 1 Tensile strength 16 94137 
 

1 Flexural strength 38 
 

 
1.5 Tensile strength 46 

 

 
1.5 Flexural modulus 48 

 

f-Graphene 0.5 Tensile strength 38 95138 
 

1 Tensile modulus 14 
 

Graphene oxide 0.5 Tensile strength 6 97139 
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2.3. Natural Fibers and Natural Fiber Nanocomposites  

Natural fibres have attracted interest from industry and scientists due to their 

specific properties compared to traditional synthetic fibres140. High strength, high 

sustainability, biodegradability, low specific density and low cost are some of the unique 

characteristics of these fibres. Besides these advantages, natural fibers are suitable 

materials as reinforcements for polymer composites as they reduce tool wear. The general 

advantages of bio composites reinforced with natural fibres as compared to composites 

reinforced with synthetic fibres are shown in Table 2.5. 

 

Table 2.5. The advantages and disadvantages of natural fiber composites over traditional    

                  petroleum-based composites. (Source: Gholampour 2020141) 

 

Advantages Disadvantages 

Biodegradability poor resistance to flame 

Lightweight Low moisture resistance 

Cost-effective  Low impact resistance 

Sustainability  Not suitable with a higher 

processing temperature 

Eco-friendly Variation in quality 

Better thermal performance and 

insulation  

 

Complex supply chain of natural 

fibers geographic locations and 

availability 

Low energy consumption / 

Best alternatives for replacing 

synthetic fibers 

/ 

 

Natural fibres are divided into three categories: animal fibres, vegetable fibres and 

mineral fibres. There are four main classes of plant based natural fibres: seed (Cotton, 

Coir and Kapok), leaf (Sisal, Agave, Pineapple and Abaca), bast (Kenaf, Ramie, Hemp, 

Jute and Flax) and stem (Wood, Straw and Bamboo) Figure 2.4. 
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Figure 2.4. Classification of natural fibres according to origin, with examples. 

(Source: Rahman 2019142) 

 

Flax fibre, which is one of the strongest candidates to replace synthetic fibres such 

as glass fibre, is obtained from the plant stem, which is stronger than that of cotton143. 

They have better mechanical properties than synthetic fibres. For example, they have a 

lower specific density and higher strength144. Thermoplastic, thermoset, and 

biodegradable flax fiber composites offer great mechanical characteristics145. Flax fibres 

are also suitable for using to produce natural fibre reinforced nanocomposites with 

graphene nanofillers due to the low cost of producing and versatile processing routes. It 

was also reported that flax/epoxy/graphene reinforced nanocomposites showed a 61% 

increase in tensile strength compared to unfilled nanocomposites with increased flame 

resistance146. Ramie is a green functional bast fibre that has fewer wrinkles, looks smooth 

and offers increased absorbency and breathability. Before any useful industrial processing 

Natural Fiber 

Animal Vegetable/Plant Mineral 

Silk Hair Wool 

Asbestos 

Seed 

Cotton 

Coir 

Loofah 

Milk weed 

Kapok 

Bast 

Jute 

Flax 

Hemp 

Kenaf 

Ramie 

Isora 

Leaf 

Abaca 

Sisal 

Banana 

Pineapple 

Agave 

Stalk 

Wood 

Bamboo 

Straw 
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can occur, the ramie fibres' gummy components must be removed by degumming. It is 

one of the most biodegradable natural fibres with high strength, antibacterial and fire 

resistant properties147. Ramie fibres are also suitable for use in nanocomposites with 

CNTs to improve mechanical properties such as flexural strength. This can be increased 

by up to 20.5% by adding 1.0 wt% CNTs to the matrix148. Apart from flax and ramie, the 

most commonly used natural fibres are cotton, kenaf, hemp, jute, sisal and bamboo. The 

Figure 2.5 shows images of these natural fibres. 

 

 

 

Figure 2.5. Images of the most widely used natural fibre. (Source: Hasan 2020149) 

 

The hybridization of the fibres in reinforced polymer composites is another 

method of mixing the positive properties of the two or more fibres by adjusting them layer 

by layer for each fibre. It can offer great advantages by combining the most appropriate 

properties of these different fibres to meet the requirements of the wide range of 

applications in engineering structures. It can also reduce the cost and weight of 

composites150. In this context, hybridisation of natural and synthetic fibres is the most 

popular approach to reduce cost and weight and to increase biodegradability and 

sustainability. Hybrid ramie and carbon fibre composites are also investigated. The lay-

up configuration is compared in terms of flexural strength and modulus. It is found that 

the use of carbon fibres in the outer layers results in higher flexural strength and modulus 

of elasticity than that in the inner layer151. The manufacturing method and lay-up 
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configurations of the Ramie/carbon hybrid composites in four different lay-up sequences 

are also shown in Figure 2.6. 

 

 

 

Figure 2.6. Manufacturing process of the ramie / carbon hybrid composites in four distinct  

                  layer sequences. (Source: Zhao151) 

 

Hybrid natural/synthetic fiber-reinforced composites are increasingly attractive 

for applications in the automobile, aerospace, transportation, and military sectors. The 

flexural and impact strengths of hybrid carbon/flax, carbon/kenaf, glass/flax, and 

glass/kenaf composite structures have been studied for these purposes. Among these 
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combinations, the carbon/flax/epoxy composite demonstrates the highest flexural 

modulus152. 

2.4. Application of the Hybrid Composites, Natural Fiber Composites 

and Nanocomposites 

Nowadays, in aircraft, spacecraft, cars, helicopters, boats, sports equipment, 

medical and construction structures, composite materials have a wide range of industrial 

applications. The one of the most widespread applications are for composites are aircraft 

materials because of its advantages to create structures with aerodynamic efficiency 

together with the lower weight compared to conventional aircraft materials such as 

aluminium, steel etc. The major parts of the world's most famous aircraft, the 787 and 

A380, are made of composite materials. The details of the use of materials are shown in 

the Figure 2.7 for the 787 and A380 models153. 

The use of natural fibre composites is increasing due to their relatively low cost 

and environmentally friendly properties, despite their relatively poor mechanical 

properties compared to synthetic carbon fibres, which are widely used in industrial 

applications. In the automotive industry, for example, natural fibres such as flax, kenaf 

and ramie are already being used in parts such as side panels, door panels, seat backs, 

boot elements, bonnets, roof upholstery, centre consoles and interior parts that are of 

secondary importance in terms of load-bearing capacity154–157. The natural fibres are also 

employed in the aerospace and space industries for applications including secondary 

parts, trunk load floors, interior fitting elements and satellite structures158–162. 
Additionally, several prominent automotive manufacturers, including Bcomp, Porsche 

Motorsport, Tesla, and McLaren, have successfully employed natural fibre-reinforced 

composites in critical vehicle components163. In the Porsche 718 Cayman GT4 CS MR, 

the natural fibres present in the vehicle's main body parts have been replaced with carbon 

fibres. This substitution has been achieved through the utilisation of an autoclave process 

Figure 2.8 (a). The cost savings and carbon foodprint reductions are provided at 30% and 

75%, respectively. In the Tesla S P100D race car model, a weight saving of 500 kg on 

body panels has been achieved through the utilisation of natural fibres Figure 2.8 (b). In 

the McLaren F1 Racing car seats, natural flax fibre composites were replaced with carbon 
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fibres, which have the advantage of providing five times better vibration absorption and 

a reduction in cost by 30 per cent Figure 2.8c. 

 

 

 

Figure 2.7. The material composition details of the commercial aircraft models the Boeing  

                   787 and the Airbus A380 (Source: Etri 2024153) 

 

Nanocomposites with carbon nanotubes and graphene nanofillers are developed 

for extensive application fields such as aerospace, aviation, automotive application to 

improve the material's durability, fatigue resistance, strength and toughness 

properties164,165. Synthetic and natural fibre/graphene nanocomposites are used for 
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military applications such as interior parts of military vehicles, air and space platforms, 

EMI shielding effects and personal protective equipment structural applications166,167. 

 

      

 (a) 

  

(b) 

  
(c) 

 

Figure 2.8. (a) Porsche Motorsport 718 Cayman GT4 CS MR with full natural fiber body  

                   kit, (b) Tesla race car S P100D showing a body made from natural fibers, (c)     

                       McLaren F1 seat reinforced with BCOMP (Source: Elseify 2021163) 

 

Carbon fibre/graphene reinforced nanocomposite panels are also used in NASA's 

Space Launch System forward skirt structure168 which is shown in Figure 2.9 (c). In a 

further application related to graphene-based nanocomposites, the recent application of 

carbon fibre/graphene nanocomposites to the main structures, parts and fuel tanks of the 

Orbex Prime rocket, developed by the UK-based private company Orbes, represents a 

significant advancement in the field of rocket technology (see in Figure 2.9 (a)169). The 
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other current application of carbon nanotube (CNT) - reinforced nanocomposites is 

mentioned by Lockheed Martin in relation to the F-35 Lightning II model (Figure 2.9 

(b)). It is proposed that CNT-reinforced thermoset epoxy composites will replace carbon 

fibre composite structures for the F-35 wingtip fairings material80.  

 

 
(a) 

 
(b) 

 

  
(c) 

 

Figure 2.9. Nanocomposite applications (a) carbon fibre/graphene nanocomposites    

                   application on Orbex Prime rocket (Source: Scalia 2023169) (b) Lockheed             

                   Martin F-35 Lightning II (Source: Defence 2024170) (c) Nasa Space Launch  

                   System and forward skirt structure (Source: NASA 2020171) 



32 
 

In relation to the utilisation of nanomaterials in the context of aerospace 

structures, the National Aeronautics and Space Administration (NASA) has published a 

series of roadmaps outlining the potential applications of carbon-based nanofillers. It is 

stated that CNTs are an attractive material for the reduction of vehicle mass, the 

improvement of damage tolerance and thermal protection172. In the case of solving 

potential issues associated with the dispersion of the matrix material, the utilisation of 

CNT will be a highly promising avenue for improvement of the aerospace structures. 
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CHAPTER 3 

MECHANICAL ANALYSIS 

Composite laminates are composed of stacked layers of different composite 

materials and fiber orientations. Composite laminates are designed with planar 

dimensions that exceed their thickness. Composite laminates are often used in 

applications where membrane strength and flexural strength are required. For this reason, 

composite laminates are considered to be plate elements173. 

Analysis of composite plates can be classified as follows; 

1. Equivalent single-layer theories (ESL) (2-D) 

• Classical laminated plate theory 

• Shear deformation laminated plate theories 

2. Three-dimensional elasticity theory (3-D) 

• Traditional elasticity approach 

• Layer-wise theories 

3. Multiple model methods (2-D and 3-D) 

By making assumptions about the deformation kinematics or stress distribution 

through the laminate thickness, the Equivalent Single Layer (ESL) panel theories are 

derived from the 3-D elasticity theory. These assumptions are used to simplify the 3-D 

problem to a 2-D analysis. In this thesis, ESL theories, specifically the Classical Laminate 

Plate Theory (CLPT) and the First Order Shear Deformation Theory (FSDT), are used to 

solve the problems in laminated composite plates173. 

The simplest ESL laminated plate theory is the classical laminated plate theory 

(CLPT) which is an extension of the Kirchhoff (classical) plate theory to laminated 

composite plate.The displacement field implies that straight lines normal to the xy-plane 

before deformation remain straight and normal to the midsurface after deformation. The 

kirchhoff assumption amounts to neglecting both transverse shear and transverse normal 

effects deformation is due entirely bending and in-plane stretching173. 

FSDT extends the kinematics of CLPT by incorporating transverse shear 

deformation into its assumptions, where the transverse shear strain is considered constant 

through the thickness. This inclusion relaxes the constraint of normality imposed by the 

classical laminate plate theory. On the other hand, FSDT requires shear correction factors 
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that are complex to determine for arbitrarily laminated composite panel structures. ESL 

models, in addition to being relatively simple and cost-effective, often deliver sufficiently 

accurate predictions of global responses in thin to moderately thick laminates, including 

total deflections, critical buckling loads, and fundamental frequencies with their 

corresponding mode shapes173. 

 

 

 

Figure 3.1. Geometry of the laminated plate (Source: Jeawon 202137) 

 

 

Figure 3.2. Illustration of a unidirectional fiber-reinforced composite lamina, with the               

                   inclusion of GPLs in the polymer matrix (Source: Georgantzinos 202180) 
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In this study, the vibration, buckling and stress-strain analysis are considered for 

a laminated composite plate as shown in Figure 3.1 which is having length a, width b and 

a total thickness of H in the x, y and z-direction, respectively. The composite plate is 

composed of N lamina and each kth lamina is oriented at an angle θk according to the 

laminate coordinate x. At the mid-plane of the plate, z- axis which is normal to the mid-

plane coincides with the xy- plane. z = zk and z = zk-1 shows the vertical coordinates of 

the top and bottom of the kth layer. 

Carbon nanotubes or graphene nanoplatelets and fibres as reinforcements with 

different or the same volume fractions in each lamina are incorporated in the polymer 

matrix of the laminated composite plate (see in Figure 3.2). Optimum design can also be 

achieved by varying the fibre orientation angles, layer thicknesses and weight fractions 

of nanofillers and fibres. 

3.1. Laminate Constitutive Equations for CLPT and FSDT 

The constitutive equations of CLPT and FSDT are given by combining here. 

Consider a rectangular plate composed of N layers and each layer possesses a plane of 

elastic symmetry to the x-y plane, constitutive equations of each kth lamina can be written 

as173; 

 

 

{
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 (3.1) 

 

where Qij
k are the material constants in the material axes of the layer given as 

 

 
𝑄11
(𝑘)
=

𝐸1
(𝑘)

(1 − 𝑣12
(𝑘)𝑣21

(𝑘))
 (3.2) 

 
𝑄12
(𝑘)
= 𝑄12

(𝑘)
=

𝑣21
(𝑘)𝐸2

(𝑘)

(1 − 𝑣12
(𝑘)𝑣21

(𝑘))
 (3.3) 



36 
 

 
𝑄22
(𝑘)
=

𝐸2
(𝑘)

(1 − 𝑣12
(𝑘)𝑣21

(𝑘))
 (3.4) 

 𝑄66
(𝑘)
= 𝐺12

(𝑘)
 (3.5) 

 𝑄44
(𝑘)
= 𝐺23

(𝑘)
 (3.6) 

 𝑄55
(𝑘)
= 𝐺13

(𝑘)
 (3.7) 

 

where E1
(k), E2

(k) are the longitudinal and transverse moduli, ν12
(k), ν21

(k) are the Poisson’s 

ratios, G12
(k), G23

(k) and G13
(k) are the shear moduli of the kth layer and ks is a shear 

correction factor taken as 5/6 (for FSDT). The reduced stiffness Qij
k of the kth lamina can  

be transformed to 𝑄̅𝑖𝑗
(𝑘)

as 
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 (3.8) 

 

Where Qij
(k) are the transformed material constants given as 

 

𝑄̅11
(𝑘)
= 𝑄11

(𝑘)
𝑐𝑜𝑠4𝜃 + 2 (𝑄12

(𝑘)
+ 2𝑄66

(𝑘)
)𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑄22

(𝑘)
𝑠𝑖𝑛4𝜃 (3.9) 

𝑄̅12
(𝑘)
= 2 (𝑄11

(𝑘)
+ 𝑄22

(𝑘)
− 4𝑄66

(𝑘)
)𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑄12

(𝑘)(𝑠𝑖𝑛4𝜃 + 𝑐𝑜𝑠4𝜃) (3.10) 

𝑄̅22
(𝑘)
= 𝑄11

(𝑘)
𝑠𝑖𝑛4𝜃 + 2 (𝑄12

(𝑘)
+ 2𝑄66

(𝑘)
)𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃 + 𝑄22

(𝑘)
𝑐𝑜𝑠4𝜃 (3.11) 

𝑄̅16
(𝑘) = (𝑄11

(𝑘) − 𝑄12
(𝑘) − 2𝑄66

(𝑘))𝑠𝑖𝑛𝜃𝑐𝑜𝑠3𝜃

+ (𝑄12
(𝑘)
− 𝑄22

(𝑘) + 2𝑄66
(𝑘)
)𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜃 

(3.12) 

𝑄̅26
(𝑘)
= (𝑄11

(𝑘)
− 𝑄12

(𝑘)
− 2𝑄66

(𝑘)
)𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜃

+ (𝑄12
(𝑘)
− 𝑄22

(𝑘) + 2𝑄66
(𝑘)
)𝑠𝑖𝑛𝜃𝑐𝑜𝑠3𝜃 

(3.13) 

𝑄̅66
(𝑘)
= (𝑄11

(𝑘)
+ 𝑄22

(𝑘)
− 2𝑄12

(𝑘) − 2𝑄66
(𝑘))𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃

+ 𝑄66
(𝑘)(𝑠𝑖𝑛4𝜃 + 𝑐𝑜𝑠4𝜃) 

(3.14) 

𝑄̅44
(𝑘)
= 𝑄44

(𝑘)
𝑐𝑜𝑠2𝜃 + 𝑄55

(𝑘)
𝑠𝑖𝑛2𝜃 (3.15) 
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𝑄̅45
(𝑘)
= (𝑄55

(𝑘)
− 𝑄44

(𝑘)
)𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 (3.16) 

𝑄̅55
(𝑘)
= 𝑄55

(𝑘)
𝑐𝑜𝑠2𝜃 + 𝑄44

(𝑘)
𝑠𝑖𝑛2𝜃 (3.17) 

 

In the Classical Laminated Plate Theory (CLPT), the terms 𝑄̅45
(𝑘)
, 𝑄̅44

(𝑘)
, 𝑄̅55

(𝑘)
, 

𝜎𝑦𝑧 and 𝜎𝑥𝑧 , are neglected because the shear strain terms 𝛾𝑦𝑧 and 𝛾𝑥𝑧  are not considered. 

Howevet, in the First Order Shear Deformation Theory (FSDT), these terms are included 

in the stiffness matrices.  

3.2. Classical Laminated Plate Theory 

3.2.1. Vibration of the Simply Supported Composite Plate  

For CLPT, the displacement field can be defined in the following form173: 

 

 
𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) − 𝑧

𝜕𝑤0
𝜕𝑥

 (3.18) 

 
𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) − 𝑧

𝜕𝑤0
𝜕𝑦

 (3.19) 

 𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑦, 𝑡) (3.20) 

 

The displacement components 𝑢0, 𝑣0  and 𝑤0 represent the midplane (where z=0) 

displacements for the plate. The governing equation for the free vibration of a symmetric 

laminate can be expressed as follows173: 

 

 
𝐷11

𝜕4𝑤0
𝜕𝑥4

+ 2(𝐷12 + 2𝐷66)
𝜕4𝑤0
𝜕𝑥4𝜕𝑦4

+ 𝐷22
𝜕4𝑤0
𝜕𝑦4

+ 𝐼0𝑤0̈  

−𝐼2 (
𝜕2𝑤0̈
𝜕𝑥2

+
𝜕2𝑤0̈
𝜕𝑦2

) = 0 

(3.21) 

where 
𝑤0̈ =

𝜕2𝑤0
𝜕𝑡2

 (3.22) 

 

h is the total thickness of the laminate, t is time and 𝜌0 is the mass density. 𝐼0 and 𝐼2 are 

the moments of inertia written as 
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𝐼0 =∑𝜌0
(𝑘)(𝑧𝑘+1 − 𝑧𝑘)

𝑁

𝑘=1

 (3.23) 

 

𝐼2 =
1

3
∑𝜌0

(𝑘)(𝑧𝑘+1
3 − 𝑧𝑘

3)

𝑁

𝑘=1

 (3.24) 

 

A solution is assumed for the system,  

 

 𝑊𝑚𝑛(𝑡) = 𝑊𝑚𝑛
0 𝑒𝑖𝜔𝑡 (3.25) 

 

 𝜔 represents the natural frequency. The boundary conditions for the simply supported 

plate are given as 

 

 

 

𝑤 = 0 𝑎𝑡 𝑥 = 0, 𝑤 = 0 𝑎𝑡 𝑦 = 0 

𝑀𝑥 = 0 𝑎𝑡 𝑥 = 0,𝑀𝑦 = 0 𝑎𝑡 𝑦 = 0 

 

(3.26) 

Substituting Equation (3.25) into the Equation (3.21), it is found as 

 

 {𝐷11𝛼
4 + 2(𝐷12 + 2𝐷66)𝛼

2𝛽2 + 𝐷22𝛽
4 − 𝜔2[𝐼0 + (𝛼

2 + 𝛽2)𝐼2]}

× 𝑊𝑚𝑛 sin(𝛼𝑥) sin(𝛽𝑦) = 0 
(3.27) 

 

Since the Equation 3.27 must hold for every value of x and y (where 0 < x < a and 

0 < y < b), it follows that the expression within the brackets must be equal to zero for 

each corresponding value of m and n. 

 

 
𝜔𝑚𝑛
2 =

𝜋4

𝐼0̅𝑏4
[𝐷11𝑚

4 (
𝑏

𝑎
)
4

+ 2(𝐷12 + 2𝐷66)𝑚
2𝑛2 (

𝑏

𝑎
)
2

+ 𝐷22𝑛
4] (3.28) 

 
𝐼 = 𝐼0 + 𝐼2 [(

𝑚𝜋

𝑎
)
2

+ (
𝑛𝜋

𝑏
)
2

] (3.29) 

 

When the rotary inertia 𝐼2 is not considered, the resonant frequency of a 

rectangular, specially orthotropic laminate can be written by the following expression173: 
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𝜔𝑚𝑛
2 =

𝜋4

𝐼0𝑏4
[𝐷11𝑚

4 (
𝑏

𝑎
)
4

+ 2(𝐷12 + 2𝐷66)𝑚
2𝑛2 (

𝑏

𝑎
)
2

+ 𝐷22𝑛
4] 

 

(3.30) 

the fundamental frequency is obtained when 𝑚 = 1 and 𝑛 = 1: 

 

 
𝜔11
2 =

𝜋4

𝐼0𝑏4
[𝐷11 (

𝑏

𝑎
)
4

+ 2(𝐷12 + 2𝐷66) (
𝑏

𝑎
)
2

+ 𝐷22] (3.31) 

3.2.2. Buckling of Simply Supported Composite Plates Under 

Compressive Loads  

As previously illustrated, the laminated composite plate is being supported along 

all four edges and is now exhibiting orthotropic characteristics. The geometric dimensions 

and fibre configuration of the plate are defined by four parameters: length (a), width (b), 

total thickness (h) and fibre orientation angle (θ) in the x, y, z and 1 directions, respectively 

(Fig. 1). The composite plate is subjected to biaxial in-plane loads per unit length, 

designated as Nx and Ny. For the purpose of this analysis, it is assumed that the composite 

laminated plate is homogeneous in composition and that the layers have an identical 

thickness.  

 

Figure 3.3. Thin laminated composite plate subjected to biaxial in-plane loading 
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The governing equation for the buckling problem of the symmetric laminate can 

be defined as follows173: 

 

 
𝐷11

𝜕4𝑤

𝜕𝑥4
+ 2(𝐷12 + 2𝐷66)

𝜕4𝑤

𝜕𝑥4𝜕𝑦4
+ 𝐷22

𝜕4𝑤

𝜕𝑦4
 

= 𝜆 (𝑁𝑥
𝜕2𝑤

𝜕𝑥2
+ 𝑁𝑦

𝜕2𝑤

𝜕𝑦2
+ 𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

(3.32) 

 

The deflection in the z-direction (denoted by w) is determined by the bending 

stiffness Dij, as previously defined: 

 

 
𝑤(𝑥, 𝑦) = ∑∑𝐴𝑚𝑛 sin

𝑚𝜋𝑥

𝑎

∞

𝑛=1

∞

𝑚=1

sin
𝑛𝜋𝑦

𝑏
 

 

(3.33) 

The boundary conditions for the simply supported plate are given as 

 

 𝑤 = 0 𝑎𝑡 𝑥 = 0, 𝑤 = 0 𝑎𝑡 𝑦 = 0 

𝑀𝑥 = 0 𝑎𝑡 𝑥 = 0,𝑀𝑦 = 0 𝑎𝑡 𝑦 = 0 
(3.34) 

 

In a specially orthotropic laminate, the fiber configurations consist solely of 0° 

and 90° orientations. In this scenario, the stiffness matrix elements 𝐴16 = 𝐴26 = 𝐵16 =

𝐵26 = 𝐷16 = 𝐷26 = 0. It is provided for a detailed explanation of the application of the 

specially orthotropic case in composite laminates, particularly for buckling problems47. 

However, in cases where the laminated composite is not specially orthotropic, the 

bending–twisting terms D16 and D26 will only be neglected only if non-dimensional 

parameters satisfy specific conditions: 

 

 𝛾 ≤ 0.2, 𝛿 ≤ 0.2 

 
(3.35) 

where  

 

𝛾 = 𝐷16(𝐷11
3𝐷22)

−1/4
, 𝛿 = 𝐷26(𝐷11𝐷22

3)
−1/4

 
(3.36) 
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The buckling load factor equation can be obtained as follows by substituting 

Equation 3.33 into Equation 3.32 under the boundary conditions given in Equation 3.34 

as173 

 

 

𝜆𝑏 =
𝜋2 [𝐷11 (

𝑚
𝑎)

4

+ 2(𝐷12 + 2𝐷66) (
𝑚
𝑎)

2

(
𝑛
𝑎)

2

+𝐷22 (
𝑛
𝑎)

4

]

𝑁𝑥 (
𝑚
𝑎)

2

+ 𝑁𝑦 (
𝑛
𝑎)

2

+ 𝑁𝑥𝑦 (
𝑚
𝑎) (

𝑛
𝑏
)

 

 

(3.37) 

Here the applied loads are represented by 𝑁𝑥 and 𝑁𝑦, the buckling load factor is 

represented by 𝜆𝑏and the integer values m and n correspond to various mode shapes. 

Then, the buckling loads are defined as 𝑁𝑥𝑏 = 𝑁𝑥 𝜆𝑏 𝑎𝑛𝑑 𝑁𝑦𝑏 = 𝑁𝑦 𝜆𝑏. Using a suitable 

combination of m and n, the lowest buckling load factor (𝜆𝑐𝑏) can be computed as the 

critical load factor. For the problems solved in this thesis, m and n are considered to be 1 

or 2, and the smallest value among 𝜆𝑏(1,1), 𝜆𝑏(1,2), 𝜆𝑏(2,1), 𝜆𝑏(2,2) produces 𝜆𝑏. 

Furthermore, when unit loads are applied, the critical load equals to 𝜆𝑐𝑏. 

3.2.3. Stress-Strain Analysis 

The strain components at any point within the laminate that are in equilibrium 

with the reference plane can be expressed as98 

 

 

[

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
] = [

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

] + 𝑧 [

𝜅𝑥
𝜅𝑦
𝜅𝑥𝑦

] (3.38) 

 

The stress-strain relationship for the kth layer of a laminated composite plate, 

based on the  considering the Classical Laminated Plate Theory can be written in the 

following form: 

 

 

[

𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦

]

𝑘

= [

𝑄̅11 𝑄̅12 𝑄̅16
𝑄̅12 𝑄̅22 𝑄̅26
𝑄̅16 𝑄̅26 𝑄̅66

]

𝑘

([

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

] + 𝑧 [

𝜅𝑥
𝜅𝑦
𝜅𝑥𝑦

])

𝑘

 (3.39) 
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Here, [𝑄̅𝑖𝑗]𝑘, [𝜀0] and [𝜅]  represents the in plane elements of the transformed 

reduced stiffness matrix under plane stress condition, the strains of midplane and 

curvatures, respectively. The elements of transformed reduced stiffness matrix [𝑄̅𝑖𝑗] can 

be calculated using the procedure previously described in this section. 

 

 

 

Figure 3.4. Resultant forces and moments on a laminate.(Source: Kaw 200598) 

 

The moment resultants 𝑀𝑥, 𝑀𝑦 and 𝑀𝑥𝑦 and the applied normal-shear force 

resultants 𝑁𝑥, 𝑁𝑦 and 𝑁𝑥𝑦 (per unit width) have the following relations on laminate 

(Figure 3.4). 

 

 

[

𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

] = [

A11 A12 A16
A12 A22 A26
A16 A26 A66

] [

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

] + [
B11 B12 B16
B12 B22 B26
B16 B26 B66

] [

𝜅𝑥
𝜅𝑦
𝜅𝑥𝑦

] 

[

𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

] = [
B11 B12 B16
B12 B22 B26
B16 B26 B66

] [

𝜀𝑥
0

𝜀𝑦
0

𝛾𝑥𝑦
0

] + [
D11 D12 D16
D12 D22 D26
D16 D26 D66

] [

𝜅𝑥
𝜅𝑦
𝜅𝑥𝑦

] 

 

(3.40) 

It is possible to define the matrices [A], [B], and [D] given in Equations 3.41 and 

3.42 as 

 
𝐴𝑖𝑗 =∑[(𝑄̅𝑖𝑗)]𝑘

(ℎ𝑘 − ℎ𝑘−1)

𝑛

𝑘=1

, 𝑖 = 𝑗 = 1,2,6 (3.41) 

 
𝐵𝑖𝑗 =

1

2
∑[(𝑄̅𝑖𝑗)]𝑘

(ℎ𝑘
2 − ℎ𝑘−1

2 )

𝑛

𝑘=1

, 𝑖 = 𝑗 = 1,2,6 (3.42) 
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𝐷𝑖𝑗 =

1

3
∑[(𝑄̅𝑖𝑗)]𝑘

(ℎ𝑘
3 − ℎ𝑘−1

3 )

𝑛

𝑘=1

, 𝑖 = 𝑗 = 1,2,6 (3.43) 

 

The [A]matrix represents the extensional stiffness, relating in-plane forces to in-

plane strains. The [B]matrix denotes the coupling stiffness, linking forces to mid-plane 

strains and moments to mid-plane curvatures. Finally, the [D] matrix represents the 

bending stiffness, relating moments to curvatures98. 

The expressions for stress and strain, based on the Classical Laminated Plate 

Theory, can be formulated in the local coordinate system (1, 2). The relationship between 

local and global stresses in an angled lamina can be expressed as follows98: 

 

 
[

𝜎1
𝜎2
𝜎12
] = [𝑇] [

𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦

] (3.44) 

 

Similarly, the local and global strains are related by the following equation: 

 
[

𝜀1
𝜀2
𝜀12
] = [𝑅][𝑇][𝑅]−1 [

𝜀𝑥
𝜀𝑦
𝜀𝑥𝑦

] (3.45) 

 

where 

 

 
[𝑅] = [

1 0 0
0 1 0
0 0 2

] (3.46) 

 

and [𝑇] transform matrix, 

 
[𝑇] = [

𝑐2 𝑠2 2𝑠𝑐
𝑠2 𝑐2 −2𝑠𝑐
−𝑠𝑐 𝑠𝑐 𝑐2 − 𝑠2

] (3.47) 

 

where 𝑐 = cos 𝜃, 𝑠 = sin 𝜃. 

3.2.4. Tsai-Wu Failure Criterion 

In accordance with the theoretical assumption, a failure scenario for Tsai-Wu 

failure criterion is initiated when the following expression is validated81. 
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𝐹𝑖𝑗𝜎𝑖𝜎𝑗 + 𝐹𝑖𝜎𝑖 = 𝐼𝐹 
(3.48) 

where IF is the indicator of failure. 

 

(𝐹1𝜎1 + 𝐹2𝜎2)(𝐹𝑜𝑆) 

+(𝐹11𝜎1
2 + 𝐹22𝜎2

2 + 𝐹66𝜏12
2 − 2 𝐹12𝜎1𝜎2)(𝐹𝑜𝑆)

2 = 1         (3.49) 

  

for solution of quatratic equation gives Factor of Safety(FoS): 

 

 
𝐹𝑜𝑆 =

1

2𝐴
(√𝐵2 + 4𝐴 − 𝐵) 

𝐴 = 𝐹11𝜎1
2 + 𝐹22𝜎2

2 + 𝐹66𝜏12
2 − 2 𝐹12𝜎1𝜎2 

𝐵 = 𝐹1𝜎1 + 𝐹2𝜎2 (3.50) 

 

The value of F12 can be determined through the implementation of a biaxial 

tension test. In order to calculate this value, an empirical expression is put forth as 

follows174: 

 

 
𝐹1 =

1

(𝜎1
𝑇)𝑢𝑙𝑡

+ 
1

(𝜎1
𝐶)𝑢𝑙𝑡

   

𝐹11 = −
1

(𝜎1
𝑇)𝑢𝑙𝑡(𝜎1

𝐶)𝑢𝑙𝑡
 

𝐹2 =
1

(𝜎2
𝑇)𝑢𝑙𝑡

+ 
1

(𝜎2
𝐶)𝑢𝑙𝑡

 

𝐹22 = −
1

(𝜎2
𝑇)𝑢𝑙𝑡(𝜎2

𝐶)𝑢𝑙𝑡
 

𝐹12 = −
1

2
√𝐹11𝐹22 

𝐹66 =
1

(𝜏12
𝐹 )𝑢𝑙𝑡

2 
(3.51) 
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3.2.5. Driveshaft Problem 

To analyse the behavior of the composite laminated driveshaft, the Classical 

Laminate Theory (CLT) was selected as the appropriate methodology. A schematic view 

of the shaft is presented below. 

 

 

Figure 3.5. Composite cylindrical hollow shaft 

 

The axial and hoop directions can be defined by the combined elements of the 

matrix [𝐴𝑖𝑗] and the total thickness, which are given respectively as follows 175: 

 

 
𝐸𝑥 =

1

𝑡
[𝐴11 −

𝐴12
2

𝐴22
] (3.52) 

 
𝐸ℎ =

1

𝑡
[𝐴22 −

𝐴12
2

𝐴11
] (3.53) 

 

where 𝐴11, 𝐴12 and 𝐴22 are the corresponding elements of matrix 𝐴𝑖𝑗, t represents the 

total thickness of the layers.  

Once the applied torque exceeds the critical torsional buckling load 𝑇𝑐𝑟, an 

orthotropic thin-walled hollow cylindrical shaft will begin to exhibit torsional buckling 

behaviour98. 
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𝑇𝑐𝑟 = (2𝜋𝑟𝑚

2𝑡)(0.272)(𝐸𝑥𝐸ℎ
3)1/4 (

𝑡

𝑟𝑚
)
3/2

 (3.54) 

 

where 𝑟𝑚, is the mean radius of the cylinder.  

It is seen that torsional buckling is proportional to 𝐸𝑥 1/4 and 𝐸ℎ 3/4. It is apparent 

that in order to increase the torsional buckling of the composite driveshaft, 90 degree 

layers needs to be added. 

The most important factor effecting the driveshafts in the dynamical engineering 

system is natural frequency. Thus, the natural frequency needs to be greater than the 

frequency of the vibration sources on the vehicle in order to prevent any negative effects 

on NVH (Noise, Vibration, Harshness). Designers must design driveshafts with a higher 

natural frequency (𝑓𝑛) than the engine's vibration range because the combustion engine 

is the main source of vibration in the vehicle. It can be expressed in terms of the following 

equation98: 

 

 

𝑓𝑛 =
𝜋

2
√
𝑔𝐸𝑥𝐼

𝑊𝑢𝐿4
 

 

(3.55) 

where g = gravity acceleration, 𝑊𝑢 = weight per unit length, I = moment of inertia, L = 

length of the shaft. For the thin-walled tube, the moment of inertia can be given by 

 

 𝐼 =
𝜋

4
(𝑟0
4 − 𝑟𝑖

4) (3.56) 

 

where r0 and ri is the outer and inner radius of the driveshaft, respectively. 

3.3. First-Order Shear Deformation Theory 

The FSDT, based on the displacement relationship described in, is the other most 

widely used theory: 

 

 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0(𝑥, 𝑦, 𝑡) + 𝑧𝜙𝑥(𝑥, 𝑦, 𝑡) (3.57) 
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𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣0(𝑥, 𝑦, 𝑡) + 𝑧𝜙𝑦(𝑥, 𝑦, 𝑡) 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0(𝑥, 𝑦, 𝑡) 

                                               

where u, v and w are the displacements along to the (x, y, z) coordinates, u0, v0 and w0 are  

the displacements for at a point on the mid-plane of the panel. 𝜙𝑥 and 𝜙𝑦 indicate rotations 

around the x and y axes, respectively. Using the relations between deformation and 

displacement, bending and shearing deformations can be defined as 

 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

=

{
 
 

 
 
𝜀𝑥𝑥

(0)

𝜀𝑦𝑦
(0)

𝛾𝑦𝑧
(0)

𝛾𝑥𝑧
(0)

𝛾𝑥𝑦
(0)}
 
 

 
 

+ 𝑧

{
 
 

 
 
𝜀𝑥𝑥

(1)

𝜀𝑦𝑦
(1)

𝛾𝑦𝑧
(1)

𝛾𝑥𝑧
(1)

𝛾𝑥𝑦
(1)}
 
 

 
 

=

{
 
 
 
 
 

 
 
 
 
 

𝜕𝑢0
𝜕𝑥

+
1

2
(
𝜕𝑤0
𝜕𝑥

)
2

𝜕𝑣0
𝜕𝑦

+
1

2
(
𝜕𝑤0
𝜕𝑦

)
2

𝜕𝑤0
𝜕𝑦

+ 𝜙𝑦

𝜕𝑤0
𝜕𝑥

+ 𝜙𝑥

𝜕𝑢0
𝜕𝑦

+
𝜕𝑣0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦 }

 
 
 
 
 

 
 
 
 
 

+ 𝑧

{
 
 
 
 

 
 
 
 

𝜕𝜙𝑥
𝜕𝑥
𝜕𝜙𝑦

𝜕𝑦
0
0

𝜕𝜙𝑥
𝜕𝑦

+
𝜕𝜙𝑦

𝜕𝑥 }
 
 
 
 

 
 
 
 

 

  (3.58) 

 

The stress resultants (Ns, Ms and Qs) are related to the displacement gradients and 

they can be expressed in terms of the displacements (u0, v0, w0) by the relations: 

 

 

{

𝑁𝑥𝑥
𝑁𝑦𝑦
𝑁𝑥𝑦

} = [

𝐴11 𝐴12 𝐴16
𝐴12 𝐴22 𝐴26
𝐴16 𝐴26 𝐴66

]

{
  
 

  
 

𝜕𝑢0
𝜕𝑥

+
1

2
(
𝜕𝑤0
𝜕𝑥

)
2

𝜕𝑣0
𝜕𝑦

+
1

2
(
𝜕𝑤0
𝜕𝑦

)
2

𝜕𝑢0
𝜕𝑦

+
𝜕𝑣0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦 }

  
 

  
 

  

 + [
𝐵11 𝐵12 𝐵16
𝐵12 𝐵22 𝐵26
𝐵16 𝐵26 𝐵66

]

{
  
 

  
 

𝜕𝜙𝑥
𝜕𝑥
𝜕𝜙𝑦

𝜕𝑦

𝜕𝜙𝑥
𝜕𝑦

+
𝜕𝜙𝑦

𝜕𝑥 }
  
 

  
 

 

(3.59) 
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{

𝑀𝑥𝑥

𝑀𝑦𝑦

𝑀𝑥𝑦

} = [
𝐵11 𝐵12 𝐵16
𝐵12 𝐵22 𝐵26
𝐵16 𝐵26 𝐵66

]

{
  
 

  
 

𝜕𝑢0
𝜕𝑥

+
1

2
(
𝜕𝑤0
𝜕𝑥

)
2

𝜕𝑣0
𝜕𝑦

+
1

2
(
𝜕𝑤0
𝜕𝑦

)
2

𝜕𝑢0
𝜕𝑦

+
𝜕𝑣0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦 }

  
 

  
 

 

 + [
𝐷11 𝐷12 𝐷16
𝐷12 𝐷22 𝐷26
𝐷16 𝐷26 𝐷66

]

{
  
 

  
 

𝜕𝜙𝑥
𝜕𝑥
𝜕𝜙𝑦

𝜕𝑦

𝜕𝜙𝑥
𝜕𝑦

+
𝜕𝜙𝑦

𝜕𝑥 }
  
 

  
 

  

(3.60) 

 

{
𝑄𝑦
𝑄𝑥
} = 𝐾 [

𝐴44 𝐴45
𝐴45 𝐴55

]

{
 

 
𝜕𝑤0
𝜕𝑦

+ 𝜙𝑦

𝜕𝑤0
𝜕𝑥

+ 𝜙𝑥}
 

 
 (3.61) 

 

where Aij are called extensional stiffnesses, Dij the bending stiffnesses and Bij the bending-

extensional coupling stiffnesses. A, B and D are defined in terms of the lamina stiffnesses 

𝑄̅𝑖𝑗
(𝑘)

 as 

 

 

  (𝐴𝑖𝑗 , 𝐵𝑖𝑗, 𝐷𝑖𝑗) = ∑∫ 𝑄̅𝑖𝑗
(𝑘)(1, 𝑧, 𝑧2)

𝑧𝑘+1

𝑧𝑘

𝑁

𝑘=1

𝑑𝑧, (𝑖, 𝑗 → 1,2,6) 
 

 
(𝐴44, 𝐴45, 𝐴55) = ∑∫ (𝑄̅44

(𝑘)
, 𝑄̅45

(𝑘)
, 𝑄̅55

(𝑘)
)

𝑧𝑘+1

𝑧𝑘

𝑁

𝑘=1

𝑑𝑧, (𝑖, 𝑗 → 1,2,6) 
(3.62) 

3.3.1. Vibration of the Laminated Composite Plate by Simply Supported 

Boundary Conditions 

The governing equation of laminated plate under mechanical loadings is derived 

by using Hamilton’s principle as given: 

 

 
0 = ∫ (𝛿𝑈 + 𝛿𝑉 − 𝛿𝐾)

𝑇

0

𝑑𝑡 (3.63) 
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where U, V and K are the virtual strain energy, virtual work done and the virtual kinetic 

energy by the mechanical forces of the laminated composite plate, respectively. After the 

substituting mechanical loads equations and displacements into Hamilton’s principle and 

applying Navier approach to the equations of motion, the analytical solutions can be 

obtained as176 

 

(

 
 

[
 
 
 
 
𝑘11 𝑘12 0
𝑘12 𝑘22 0
0 0 𝑘33

𝑘14 𝑘15
𝑘24 𝑘25
𝑘34 𝑘35

𝑘14 𝑘24 𝑘34
𝑘15 𝑘25 𝑘35

𝑘44 𝑘45
𝑘45 𝑘55]

 
 
 
 

− 𝜔2

[
 
 
 
 
𝐼0 0 0
0 𝐼0 0
0 0 𝐼0

0 0
0 0
0 0

0  0 0
0 0 0

𝐼2 0
0 𝐼2]

 
 
 
 

)

 
 

{
 
 

 
 
𝑈𝑚𝑛
𝑉𝑚𝑛
𝑊𝑚𝑛
𝑋𝑚𝑛
𝑌𝑚𝑛}

 
 

 
 

=

{
 
 

 
 
0
0
𝑄𝑚𝑛
0
0 }
 
 

 
 

 

  (3.64) 

 𝑘11 = 𝐴11𝛼
2 + 𝐴66𝛽

2 

𝑘24 = 𝑘15 

𝑘22 = 𝐴66𝛼
2 + 𝐴22𝛽

2 

𝑘14 = 𝐵11𝛼
2 + 𝐵66𝛽

2, 𝑘15 = (𝐵12 + 𝐵66)𝛼𝛽 

𝑘25 = 𝐵66𝛼
2 + 𝐵22𝛽

2 

𝑘14 = 2𝐵16𝛼𝛽, 𝑘15 = 𝐵16𝛼
2 + 𝐵26𝛽

2 

𝑘25 = 2𝐵26𝛼𝛽 

𝑘33 = 𝜅(𝐴55𝛼
2 + 𝐴44𝛽

2), 𝑘34 = 𝜅𝐴55 𝛼, 𝑘35 = 𝜅𝐴44 𝛽   

 𝑘44 = 𝐷11𝛼
2 + 𝐷66𝛽

2 + 𝜅𝐴55, 

𝑘55 = 𝐷66𝛼
2 + 𝐷22𝛽

2 + 𝜅𝐴44,𝑘45 = (𝐷12 + 𝐷66)𝛼𝛽 

 (3.65) 

where 𝜅 is the shear correction factor.  

3.3.2 Buckling of the Laminated Composite Plate by Simply Supported 

Boundary Conditions 

For the buckling analysis of FSDT, it is assumed that the only applied loads are 

the in-plane forced loads: 

 

 
𝑁𝑥 = −𝑁𝑐𝑟 , 𝑁𝑦 = −𝑘𝑁𝑐𝑟 ,   𝑘 =

𝑁𝑦

𝑁𝑥
 (3.66) 

 

for 

antisymmetric 

cross-ply 

for 

antisymmetric 

angle-ply 
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and all other mechanical and thermal loads are zero.  It can be written from reference176 

as 

 

[
 
 
 
 
𝑘11 𝑘12 0
𝑘12 𝑘22 0
0 0 𝑆

𝑘14 𝑘15
𝑘24 𝑘25
𝑘34 𝑘35

𝑘14 𝑘24 𝑘34
𝑘15 𝑘25 𝑘35

𝑘44 𝑘45
𝑘45 𝑘55]

 
 
 
 

{
 
 

 
 
𝑈𝑚𝑛
𝑉𝑚𝑛
𝑊𝑚𝑛
𝑋𝑚𝑛
𝑌𝑚𝑛}

 
 

 
 

=

{
 
 

 
 
0
0
𝑄𝑚𝑛
0
0 }
 
 

 
 

 

 (3.67) 

where 𝑆 = 𝑘33 − 𝑁𝑐𝑟(𝛼
2 + 𝑘𝛽2) . 𝑁𝑐𝑟 is the critical buckling loads. 
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CHAPTER 4 

MATERIAL PROPERTIES 

In this study, three-phase multi-scale carbon nanotubes (CNTs) or graphene 

nanoplatelets (GPLs) and fiber-reinforced polymer nanocomposites are considered as the 

laminated composite materials. The approach focuses on improving the material's 

mechanical properties by adding a small amount of nano-reinforcement. The multiphase 

nanocomposite structures consist of isotropic matrix, nanoreinforcement (GPLs or CNTs) 

and fibers. Two different approaches are used to model matrix materials containing 

randomly distributed nanofillers (GPLs or CNTs), taking into account the presence or 

absence of agglomeration, waviness and orientation effects. These approaches use the 

Halpin-Tsai model and the modified Halpin-Tsai model. The Halpin-Tsai model, the 

modified Halpin-Tsai model and the rule of mixtures are applied to derive the effective 

material properties for the nano-reinforced matrix. The hierarchical process is shown in 

Figure 4.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1. Hierarchy of the three-phase GNPs or CNTs/fiber/polymer multiscale  

                   composites. (Source: Gholami 2018177) 

Three-phase multiscale composite 

Two-phase nanocomposite 

Matrix 

Material 

GNPs 

CNTs 

Halpin-Tsai model 

Modified Halpin-Tsai Model 

Fiber 
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(a)  

 

(b) 

Figure 4.2. (a) Concept of multiscale graphene nano platelets and carbon nanotube  

                   (b) reinforced polymer composites (Source: Rafiee 2018, Godara 2020178,179) 

 

Numerous investigations have been conducted to determine the effective material 

properties of GPLs or CNTs reinforced laminates using micromechanical 
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homogenization approaches31-34. Initially, these approaches were applied to define the 

effective material properties of two-phase fiber-reinforced composites 180. Subsequently, 

the same methodology has been extended to obtain the effective material properties of 

three-phase CNTs or graphene/fiber-reinforced laminates in various publications 177,178.  

The elastic constants of three-phase graphene/fibre reinforced composites are 

determined using micromechanical equations. The multi-scale behaviour of both multi-

scale graphene nanoplatelets and multi-scale carbon nanotube reinforced polymer 

composites is described in Figure 4.2 (a) and 4.2 (b). 

4.1. Halpin-Tsai Model 

4.1.1. Carbon Nanotube Reinforced Matrix 

Using the Halpin-Tsai model, two-phase random CNTs-dispersed matrix elastic 

properties can be defined using micromechanical equations. For two-phase CNTs 

reinforced matrix properties, the CNTM index is used, where CNT stands for carbon 

nanotube properties and M for matrix properties. The elastic modulus of the CNT 

reinforced matrix can be written by38 

 

 
𝐸𝐶𝑁𝑇𝑀 =

𝐸𝑀
8
[5 (

1 + 2𝛽𝑑𝑑𝑉𝐶𝑁𝑇
1 − 𝛽𝑑𝑑𝑉𝐶𝑁𝑇

) + 3(
1 + 2(𝑙𝐶𝑁𝑇 𝑑𝐶𝑁𝑇⁄ )𝛽𝑑𝑙𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝑉𝐶𝑁𝑇
)] 

 (4.1) 
 

where βdd and βdl coefficients can be calculated by 

 

 
 𝛽𝑑𝑑 =

(𝐸𝐶𝑁𝑇/𝐸𝑀) − (𝑑𝐶𝑁𝑇 4𝑡𝐶𝑁𝑇⁄ )

(𝐸𝐶𝑁𝑇/𝐸𝑀) + (𝑑𝐶𝑁𝑇 2𝑡𝐶𝑁𝑇⁄ )
 

 (4.2) 
 

𝛽𝑑𝑙 =
(𝐸𝐶𝑁𝑇/𝐸𝑀) − (𝑙𝐶𝑁𝑇 4𝑡𝐶𝑁𝑇⁄ )

(𝐸𝐶𝑁𝑇/𝐸𝑀) + (𝑙𝐶𝑁𝑇 2𝑡𝐶𝑁𝑇⁄ )
 

 (4.3) 

 

where lCNT, dCNT and tCNT are the parameters related to length, diameter and the thickness 

of the carbon nanotubes, respectively.  
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The Poisson’s ratio and the shear modulus of the CNT reinforced matrix are given 

by 

 

 𝜐𝐶𝑁𝑇𝑀 = 𝜐𝐶𝑁𝑇 𝑉𝐶𝑁𝑇 + 𝜐𝑀(1 − 𝑉𝐶𝑁𝑇) (4.4) 

   

 
𝐺𝐶𝑁𝑇𝑀 =

𝐸𝐶𝑁𝑇𝑀
2(1 + 𝜐𝐶𝑁𝑇𝑀)

 

 

(4.5) 

The volume content of carbon nanotubes VCNT can be expressed in terms of the 

weight fraction, denoted by WCNT, as follows: 

 

 
𝑉𝐶𝑁𝑇 =

𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (𝜌𝐶𝑁𝑇 𝜌𝑀⁄ )(1 −𝑊𝐶𝑁𝑇)
 

 

(4.6) 

 𝜌𝐶𝑁𝑇𝑀 = 𝜌𝐶𝑁𝑇 𝑉𝐶𝑁𝑇 + 𝜌𝑀(1 − 𝑉𝐶𝑁𝑇) 
 

(4.7) 

4.1.2. Three-Phase Fiber/CNTs Reinforced Matrix Composite 

The elastic moduli and density of each ply for the three-phase laminate (Carbon 

fiber/CNTs/matrix) are computed from the equations as given177;  

 

 𝐸11 = 𝐸𝐹11 𝑉𝐹 + 𝐸𝐶𝑁𝑇𝑀(1 − 𝑉𝐹) 
 

(4.8) 

 𝐸22 = (
𝑉𝐹
𝐸𝐹11

+
1 − 𝑉𝐹
𝐸𝐶𝑁𝑇𝑀

 −𝑉𝐹  (1

− 𝑉𝐹) 
𝜐𝐹
2(𝐸𝐶𝑁𝑇𝑀 𝐸𝐹22⁄ ) + 𝜐𝐶𝑁𝑇𝑀

2 (𝐸𝐹22 𝐸𝐶𝑁𝑇𝑀⁄ ) − 2𝜐𝐹𝜐𝐶𝑁𝑇𝑀
𝑉𝐹𝐸𝐹22 + (1 − 𝑉𝐹)𝐸𝐶𝑁𝑇𝑀

)−1 

 

(4.9) 

 
𝐺12 = (

𝑉𝐹
𝐺𝐹
+
1 − 𝑉𝐹
𝐺𝐶𝑁𝑇𝑀

)
−1

 

 

(4.10) 

 𝜐12 = 𝜐𝐹 𝑉𝐹 + 𝜐𝐶𝑁𝑇𝑀(1 − 𝑉𝐹) 

 
(4.11) 

 𝜌 = 𝜌𝐹 𝑉𝐹 + 𝜌𝐶𝑁𝑇𝑀(1 − 𝑉𝐹) (4.12) 
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4.1.3. Graphene Reinforced Matrix  

Mechanical properties of graphene nanoplatelets reinforced matrix; Young's and 

shear modulus, Poisson's ratio and density are computed by using micromechanical 

equations shown in the equations37. Young's modulus of the GPLs reinforced matrix can 

be expressed in 

 

 
𝐸𝐺𝑀 = (

3

8

1 + 𝜉𝐿𝜂𝐿𝑉𝐺𝑃𝐿
1 − 𝜂𝐿𝑉𝐺𝑃𝐿

+
5

8

1 + 𝜉𝑤𝜂𝑤𝑉𝐺𝑃𝐿
1 − 𝜂𝑤𝑉𝐺𝑃𝐿

) × 𝐸𝑀 (4.13) 

 

Here subscripts GPL, M and GM represent graphene nanoplatelets (GPL), the matrix (M) 

and the GPLs reinforced matrix (GM). VGPL is the volume content of GPLs. Parameters 

ξL and ξw are corresponding properties of the length (lGPL), the width (wGPL) and the 

thickness (hGPL) of GPLs given by 

 

 
𝜉𝐿 = 2

𝑙𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

, 𝜉𝑤 = 2
𝑤𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

  (4.14) 

 

and ηL, ηw can be calculated in terms of Young’s modulus EGPL of the graphene 

nanoplatelets and EM of the matrix as37 

 

 
𝜂𝐿 =

(𝐸𝐺𝑃𝐿/𝐸𝑀) − 1

(𝐸𝐺𝑃𝐿/𝐸𝑀) + 𝜉𝐿
 (4.15) 

 
𝜂𝑤 =

(𝐸𝐺𝑃𝐿/𝐸𝑀) − 1

(𝐸𝐺𝑃𝐿/𝐸𝑀) + 𝜉𝑤
 (4.16) 

 

The volume content of graphene nanoplatelets can be calculated in terms of its 

weight fraction WGPL as 

 

 
𝑉𝐺𝑃𝐿 =

𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿 + (𝜌𝐺𝑃𝐿/𝜌𝑀)(1 −𝑊𝐺𝑃𝐿)
 (4.17) 

 

where ρGPL and ρM shows the mass densities of graphene nanoplatelets and the polymer 

matrix, respectively. 
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 Poisson’s ratio, shear modulus and the density of the graphene reinforced matrix can be 

expressed as 

 

 𝑣𝐺𝑀 = 𝑣𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝑣𝑀(1 − 𝑉𝐺𝑃𝐿) 

 
(4.18) 

 
𝐺𝐺𝑃𝐿 =

𝐸𝐺𝑀
2(1 + 𝑣𝐺𝑀)

 (4.19) 

 

 𝜌𝐺𝑀 = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜌𝑀(1 − 𝑉𝐺𝑃𝐿) (4.20) 

4.1.4. Graphene and Fiber Reinforced Matrix 

In order to advance the mechanical properties of the composite, fiber 

reinforcement is implemented to graphene reinforced matrix as unidirectional and 

continuous. Young’s moduli, shear modulus, Poisson’s ratio and density of the 

graphene/fiber reinforced nanocomposite are defined in the following form37; 

 

 𝐸11 = 𝐸𝐹11𝑉𝐹 + 𝐸𝐺𝑀(1 − 𝑉𝐹) 

 
(4.21) 

 
𝐸22 = 𝐸𝐺𝑀 (

𝐸𝐹22 + 𝐸𝐺𝑀 + (𝐸𝐹22 − 𝐸𝐺𝑀)𝑉𝐹
𝐸𝐹22 + 𝐸𝐺𝑀 − (𝐸𝐹22 − 𝐸𝐺𝑀)𝑉𝐹

)  (4.22) 

   

 
𝐺12 = 𝐺13 = 𝐺𝐺𝑀 (

𝐺𝐹22 + 𝐺𝐺𝑀 + (𝐺𝐹22 − 𝐺𝐺𝑀)𝑉𝐹
𝐺𝐹22 + 𝐺𝐺𝑀 − (𝐺𝐹22 − 𝐺𝐺𝑀)𝑉𝐹

) 

 

(4.23) 

 
𝐺23 =

𝐸22
2(1 + 𝑣23)

    (4.24) 

      

 𝑣12 = 𝑣𝐹12𝑉𝐹 + 𝑣𝐺𝑀(1 − 𝑉𝐹) 

 
(4.25) 

 

𝑣23 = 𝑣𝐹12𝑉𝐹 + 𝑣𝐺𝑀(1 − 𝑉𝐹)(
1 + 𝑣𝐺𝑀 +

𝑣12𝐸𝐺𝑀
𝐸11

1 − 𝑣𝐺𝑀
2 +

𝑣12𝑣𝐺𝑀𝐸𝐺𝑀
𝐸11

) (4.26) 
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 𝜌 = 𝜌𝐹𝑉𝐹 + 𝜌𝐺𝑀(1 − 𝑉𝐹) (4.27) 

 

Indications GM and F refer to graphene-reinforced matrix and fibers, respectively. VF and 

ρF symbolise the fiber volume content and the density of fibers. 

4.2. Modified Halpin-Tsai Model 

4.2.1. CNTs-Reinforced Matrix Composite Model 

Under the assumption of uniform dispersion of CNTs in the polymer matrix, the 

H-T model in equation estimates the Young's modulus of straight aligned CNT-reinforced 

nanocomposites. Using the well-established H-T micromechanical model, the Young's 

modulus of an aligned straight CNT-reinforced polymer nanocomposite can be predicted 

as follows181: 

 

 
𝐸𝑚−𝑐𝑛𝑡 = 𝐸𝑚 (

1 + 2𝑅𝛿𝑉𝑐𝑛𝑡
1 − 𝛿𝑉𝑐𝑛𝑡

) 

 

(4.28) 

where R and 𝛿 can be written as follows; 

 

 
𝑅 = (

𝐿𝑐𝑛𝑡
𝑑𝑐𝑛𝑡

) , 𝛿 =
(𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) − 1

(𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) + 2𝑅
 

 

(4.29) 

where Em, Ecnt, Vcnt, dcnt  and Lcnt  shows the elastic modulus of the matrix, elastic 

modulus of CNTs, volume fraction of CNTs, outer diameter of the CNTs and length of 

the CNTs, respectively. 

On the contrary, assumptions related to uniform dispersion of CNTs into matrix 

material are not easy for real applications due to the tendency of orientation, waviness, 

and agglomeration for CNTs. Schematic drawings of the layer of the multi-scale CNTs 

fibre reinforced nanocomposite can be seen in Figure 4.3. 

In the modified H-T model, these effects are considered by using three critical 

factors: waviness, orientation, and agglomeration to estimate mechanical properties more 

realistically. Initially, the orientation factor is included in Equation 4.30 to describe the 
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random orientation level of CNTs in nanocomposites ply182. Equation can be rewritten 

as; 

 

 
𝛿 =

(𝑓𝑅𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) − 1

(𝑓𝑅𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) + 2𝑅
 

 

(4.30) 

 

 

Figure 4.3. Unidirectional fiber-reinforced composite lamina with MWCNT inclusion 

(Source: Georgantzinos 2021182) 

  

A CNT is assumed to be randomly oriented in two dimensions when its length is 

larger than the sample thickness, which given as fR = 1/3, and randomly oriented in three 

dimensions when its length is much smaller than the sample thickness, which given as 

fR = 1/6. The orientation factor is assumed to be fR = 1/6 in this thesis problems. 

Additionally, Equation (4.30) can be rewritten by including a waviness factor for CNTs 

or MWCNTs into the matrix of nanocomposites. 

 

 
𝛿 =

(𝑓𝑅𝑓𝑊𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) − 1

(𝑓𝑅𝑓𝑊𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) + 2𝑅
 (4.31) 



59 
 

 

where the waviness factor fW can be written as Equation 4.32. It is assumed to be equal to 

fW = 0.6. Here A and W can be obtained from the half-wavelength which given in Figure 

4.4. 

 

 
 

Figure 4.4. Illustration of the CNTs half-wavelength (Source: Georgantzinos 2021182) 

 

 
𝑓𝑊 = 1 − (

𝐴

𝑊
) 

 
(4.32) 

The agglomeration effects can be added into equation by using an agglomeration 

efficiency factor, fA . And by combining the parameters α and β related to degree of CNT 

agglomeration, fA can be written in equation. For the problems in these thesis, the 

α and β are assumed to be equal to 10 and 0.9, respectively. 

 

 
𝛿 =

(𝑓𝑅𝑓𝑊𝑓𝐴𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) − 1

(𝑓𝑅𝑓𝑊𝑓𝐴𝐸𝑐𝑛𝑡 𝐸𝑚⁄ ) + 2𝑅
 

 

(4.33) 

 𝑓𝐴 = 𝑒𝑥𝑝(−𝛼𝑉
𝛽
𝑐𝑛𝑡) (4.34) 

 

The efficiency factors for multiphase fibre/CNT reinforced nanocomposite 

structures can be modified to describe the material properties of the structures in 

accordance with characterisation methods based on the factors of the nanocomposite 

manufacturing process.  

The shear modulus, Poisson’s ratio, density of the CNT-matrix can be written as 

the following equations80. 

 
𝐺𝑚−𝑐𝑛𝑡 =

𝐸𝑚−𝑐𝑛𝑡
2(𝜐𝑚−𝑐𝑛𝑡 + 1)

 
(4.35) 
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 𝜐𝑚−𝑐𝑛𝑡 = 𝜐𝑚 (4.36) 

 

 𝜌𝑚−𝑐𝑛𝑡 = 𝜌𝑐𝑛𝑡𝑉𝑐𝑛𝑡 + 𝜌𝑚𝑉𝑚 

 
(4.37) 

where ρcnt, ρm, Vcnt and Vm are the densities of the nanotube and matrix, volume fraction 

of the nanotube and matrix, respectively. 

4.2.2. Fiber Reinforced Nanocomposite Lamina Constants 

By using rule of mixture, unidirectional Young’s modulus (Ef), density (ρc) and 

poisson’s ratio (υ12) of the fiber/CNTs reinforced lamina properties can be written as 

follows80; 

 

 𝐸1 = 𝐸𝑓𝑉𝑓 + 𝐸𝑚−𝑐𝑛𝑡𝑉𝑚−𝑐𝑛𝑡 

 
(4.38) 

 𝜌𝑐 = 𝜌𝑓𝑉𝑓 + 𝜌𝑚−𝑐𝑛𝑡𝑉𝑚−𝑐𝑛𝑡 

 
(4.39) 

 𝜐12 = 𝜐𝑓𝑉𝑓 + 𝜐𝑚−𝑐𝑛𝑡𝑉𝑚−𝑐𝑛𝑡 

 
(4.40) 

where ρf, Vf and Vm-cnt the density of the fibers, volume fraction of the fibers and CNT 

reinforced matrix, repectively.  

For the Young's modulus E2, Poisson's ratio v23 and shear modulus G12 and G23, 

semi-empirical models have been developed to obtain results that are closer to the 

experimental results and more accurate than the rule of mixtures models. The equations 

of the H-T semiempirical models can be written as follows; 

 

 𝑃

𝑃𝑚−𝑐𝑛𝑡
= (

1 + 𝜉𝜂𝑉𝑓

1 − 𝜂𝑉𝑓
) 

 

(4.41) 

 
𝜂 =

(𝑃𝑓 𝑃𝑚−𝑐𝑛𝑡⁄ ) − 1

(𝑃𝑓 𝑃𝑚−𝑐𝑛𝑡⁄ ) − 𝜉
 (4.42) 

 

where P means the E2, υ23, G12 and G23 of the fiber/CNTs reinforced matrix properties. 

Pm-cnt and η are also show the properties of CNT-matrix and experimental factor, 

respectively. The reinforcing factor ξ is defined according to geometry of fiber and 
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packing and loading conditions. ξ = 2 for E2 and ξ = 1 for υ23, G12 and G23 for circular 

fibres in a square pattern183. 

 

4.3. Functionally Graded Graphene Reinforced Matrix  

The other technique for creating composite plates reinforced with graphene is to 

functionally grade the thickness of the plate using four different distributions, namely 

UD, FG-V, FG-O, and FG-X. Figure 4.5 shows these distributions. 

 

 

 

Figure 4.5. Geometry and coordinate system of the FG-GNPs composite plates.  

(Source: Garcia Macias 2018184) 

 

According to their distributions, the GNPs volume fraction VGNPs for an 

individual layer can be expressed by following equations which is the function of the 

thickness coordinate z 184: 

 

 𝑉𝐺𝑃𝐿∗(𝑧) = 𝑉𝐺𝑃𝐿                                           (𝑈𝐷) (4.43) 

 
𝑉𝐺𝑃𝐿∗(𝑧) = (

2| 𝑍|

𝑡
)

𝑘

(𝑘 + 1)𝑉𝐺𝑃𝐿             (𝐹𝐺 − 𝑋) (4.44) 

 
𝑉𝐺𝑃𝐿∗(𝑧) = (

𝑡 + 2𝑧

2𝑡
)
𝑘

(𝑘 + 1)𝑉𝐺𝑃𝐿             (𝐹𝐺 − 𝑉) (4.45) 

  
𝑉𝐺𝑃𝐿∗(𝑧) = (

𝑡 − 2𝑧

𝑡
)
𝑘

(𝑘 + 1)𝑉𝐺𝑃𝐿             (𝐹𝐺 − 𝑂) (4.46) 
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where VGPL, k and t refer to volume content of the GPLs, power law index and thickness 

of the plate, respectively. 

4.4. Eshelby-Mori Tanaka Model for Nanocomposite Structures 

 The effective mechanical properties can be estimated for a CNT reinforced 

polymer by considering the aggregation of CNTs, which is done based on the Eshelby-

Mori Tanaka scheme185. The volume fraction of CNTs can be calculated in term of mass 

fraction of CNTs (wr) as follows: 

 

 

 
𝐹𝑟 =

1

1 +
𝜌𝑟
𝜌𝑚

(
1
𝑤𝑟
− 1)

 
(4.47) 

 

And the volume fraction of polymer matrix can be obtained using the following relation: 

 

 𝐹𝑚 = 1 − 𝐹𝑟 (4.48) 

 

The CNTs have a tendency to cluster together because of their low bending 

stiffness (i.e., high length-to-diameter ratio and small elastic modulus in the radial 

direction) and the interfacial bonding between CNTs and the polymeric matrix. As shown 

in Fig. 3.4, some CNTs scatter in the matrix in random directions, while the others appear 

in the cluster form. 

The effect of the CNTs agglomeration on the elastic properties of the randomly 

oriented CNT-reinforced composites has been studied utilizing a two-parameter 

micromechanics model as follows 186: 

 

 
𝜇 =

𝑉𝑖𝑛
𝑉
  (4.49) 

 

where V is the volume of the composite, Vin indicates the volume of clusters, Vr shows 

the volume of the CNTs and Vr in stands for the volume of CNTs in the clusters (the 

agglomerated CNTs). 0 < μ≤η ≤ 1 in which μ≤η = 1 indicates the complete agglomeration, 
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μ = η = 1 shows the null agglomeration, and μ≤η < 1 implies the partial agglomeration 

(Figure 4.6) 

 

Figure 4.6. Partial agglomeration of CNTs (Source: Yousefi 2020186) 

 

CNTs are orthotropic materials, but as they are randomly oriented in the polymer, 

the CNT-reinforced matrix can be considered as an isotropic structure and its elastic 

modulus (E*
m) and Poisson’s ratio (ν*

m) can be calculated as 186. 

 

 
𝐸𝑚
∗ =

9 𝐾𝑚
∗ 𝐺𝑚

∗

3𝐾𝑚∗ + 𝐺𝑚∗  
 

 

(4.50) 

 
𝜈𝑚
∗ =

3𝐾𝑚
∗ − 2𝐺𝑚

∗

6𝐾𝑚∗ + 2𝐺𝑚∗  
 (4.51) 

 

in which 𝐺𝑚
∗  and 𝐾𝑚

∗  shows the shear and bulk moduli, respectively, and can be calculated 

based on the Eshelby–Mori–Tanaka scheme as follows 186: 

 

 

𝐾𝑚
∗ = 𝐾𝑜𝑢𝑡

∗ [1 +
𝜇 (

𝐾𝑖𝑛
∗

𝐾𝑜𝑢𝑡
∗ − 1)

1 + (1 − 𝜇) (
𝐾𝑖𝑛
∗

𝐾𝑜𝑢𝑡
∗ − 1)

1 + 𝜈𝑜𝑢𝑡
∗

3(1 − 𝜈𝑜𝑢𝑡
∗ )

 
]  (4.52) 

 

 

𝐺𝑚
∗ = 𝐺𝑜𝑢𝑡

∗ [1 +
𝜇 (

𝐺𝑖𝑛
∗

𝐺𝑜𝑢𝑡
∗ − 1)

1 + (1 − 𝜇) (
𝐺𝑖𝑛
∗

𝐺𝑜𝑢𝑡
∗ − 1)

8 − 10 𝜈𝑜𝑢𝑡
∗

15(1 − 𝜈𝑜𝑢𝑡
∗ )

 
]  (4.53) 
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where the subscripts “in” and “out” imply the inside and outside of the clusters and in 

which Gm and Km specify the shear and bulk moduli of the isotropic matrix, respectively 

and can be evaluated as 186 

 

 
𝐺𝑚 =

𝐸𝑚
2(1 + 𝜈𝑚)

 (4.54) 

 
𝐾𝑚 =

𝐸𝑚
3(1 − 2𝜈𝑚)

 (4.55) 

 

where Em and νm are the elastic modulus and Poisson’s ratio of the isotropic matrix, 

respectively. Also 𝐾𝑖𝑛
∗ , 𝐺𝑖𝑛

∗ , 𝜈𝑜𝑢𝑡
∗ , 𝐾𝑜𝑢𝑡

∗ , 𝐺𝑜𝑢𝑡
∗ , αr, βr, δr and ηr are defined as follows 186: 

 

 
𝛼𝑟 =

3(𝐾𝑚 + 𝐺𝑚) + 𝑘𝑟 + 𝑙𝑟
3(𝐺𝑚 + 𝑘𝑟)

 

 (4.56) 

 
𝛽𝑟 =

1

5
[
4𝐺𝑚 + 2𝑘𝑟 + 𝑙𝑟
3(𝐺𝑚 + 𝑘𝑟)

+
4𝐺𝑚

𝐺𝑚 + 𝑝𝑟

+
4𝐺𝑚(3 𝐾𝑚 + 4 𝐺𝑚)

𝐺𝑚(3𝐾𝑚 + 𝐺𝑚) + 𝑚𝑟(3𝐾𝑚 + 7𝐺𝑚)
] 

 (4.57) 

 
𝛿𝑟 =

1

3
[𝑛𝑟 + 2𝑙𝑟 +

(2𝑘𝑟 + 𝑙𝑟)(3𝐾𝑚 + 𝐺𝑚 − 𝑙𝑟)

𝐺𝑚 + 𝑘𝑟
]  

 (4.58) 

 
𝜂𝑟 =

1

5
[
2

3
(𝑛𝑟 − 𝑙𝑟) +

8𝐺𝑚𝑝𝑟
𝐺𝑚 + 𝑝𝑟

+
(2𝑘𝑟 − 𝑙𝑟)(2𝐺𝑚 + 𝑙𝑟)

3(𝐺𝑚 + 𝑘𝑟)
  

+
4𝑚𝑟𝐺𝑚(3 𝐾𝑚 + 4 𝐺𝑚)

3𝐾𝑚(𝑚𝑟 + 𝐺𝑚) + 𝐺𝑚(𝐺𝑚 + 7𝑚𝑟)
]  

 (4.59) 

 
𝐾𝑖𝑛
∗ = 𝐾𝑚 + [

𝜂𝐹𝑟(𝛿𝑟 − 3𝐾𝑚𝛼𝑟)

3[𝜇 + 𝜂𝐹𝑟(𝛼𝑟 − 1)]
]  

 (4.60) 

 
𝐺𝑖𝑛
∗ = 𝐺𝑚 + [

𝜂𝐹𝑟(𝛿𝑟 − 3𝐾𝑚𝛼𝑟)

3[𝜇 + 𝜂𝐹𝑟(𝛼𝑟 − 1)]
] 

 (4.61) 
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𝜈𝑜𝑢𝑡
∗ =

3𝐾𝑜𝑢𝑡
∗ − 2𝐺𝑜𝑢𝑡

∗

6𝐾𝑜𝑢𝑡
∗ + 2𝐺𝑜𝑢𝑡

∗  

 (4.62) 

 
𝐾𝑜𝑢𝑡
∗ = 𝐾𝑚 + [

(1 − 𝜂)𝐹𝑟(𝛿𝑟 − 3𝐾𝑚𝛼𝑟)

3[1 − 𝜇 + (1 − 𝜂)𝐹𝑟(𝛼𝑟 − 1)]
] 

 (4.63) 

 
𝐺𝑜𝑢𝑡
∗ = 𝐺𝑚 + [

(1 − 𝜂)𝐹𝑟(𝛿𝑟 − 3𝐺𝑚𝛼𝑟)

3[1 − 𝜇 + (1 − 𝜂)𝐹𝑟(𝛽𝑟 − 1)]
]  

(4.64) 
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CHAPTER 5 

OPTIMIZATION 

Optimization can be identified as mathematical process used to form the best 

design or favourable designs by minimizing or maximizing defined single or multi-

objectives that fulfill all the constraints. Optimization is frequently used in engineering 

problems such as weight, cost, vibration, buckling and failure. In such problems, single 

and multi-objective optimization approaches are utilized to obtain desired design of 

structure. In single-objective optimization approach, design and optimization problem 

comprise of a single-objective function, constraints and bounds. Nevertheless, the design 

and optimization of the engineering structures need to be maximized and / or minimized 

often conflicting more than one objectives, simultaneously185. In this situation, multi-

objective approach is used and Pareto optimal solutions are gained. In this approach, it is 

not possible to obtain the best solution for all objectives, thus only one solution is selected 

from the set of solutions for practical engineering usage187.  

As design and optimization problems of laminated composites include 

complicated, highly nonlinear functions, they are unsolvable by the traditional 

optimization methods. In this situation, the use of stochastic optimization methods such 

as DE, NM, SA and GA are preferred.  

Wolfram Mathematica is one of the most important commercial software used to 

solve composite design and optimization problems. For solving optimization problems, 

the software includes stochastic methods such as Differential Evolution (DE), Nelder 

Mead (NM), Random Search (RS) and Simulated Annealing (SA). All of these methods 

are being utilized by researchers in the design and optimization of composite structures. 

 

5.1. Single-Objective Optimization  

Single-objective optimization approach comprises of objective function, design 

variables, constraints and bounds of constraints. In this study, the problems that are solved 

using single-objective optimization approach are expressed as follows  

Minimize: 𝑓(𝜃1, 𝜃2, … , 𝜃𝑛 ) 

such that:   ℎ𝑖(𝜃1, 𝜃2, … , 𝜃𝑛 ) ≥ 0, 𝑖 = 1,2, … , 𝑟 
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                              𝑔𝑗(𝜃1, 𝜃2, … , 𝜃𝑛 ) = 0, 𝑗 = 1,2, … ,𝑚                            

                             𝜃𝐿 ≤ 𝜃1, 𝜃2, … , 𝜃𝑛 ≤ 𝜃𝑈 

where 𝑓 is objective function, 𝜃1, 𝜃2, … , 𝜃𝑛 n are the design variables and h, g are the 

constraints of the problem. Here, 𝜃𝐿 and 𝜃𝑈 show lower and upper bounds. In design and 

optimization of composite structure problems; stiffness, mass, strength, displacements, 

thickness, vibration frequencies, buckling loads, residual stresses, cost and weight are 

utilized as objective functions 187. In this thesis, fundamental frequency is taken as 

objective function of the single-objective optimization problems.  

 

5.2. Multi-objective Optimization 

A multi-objective optimization problem can be expressed as follows: 

Minimize: 𝑓1(𝜃1, 𝜃2, … , 𝜃𝑛 ), 𝑓2(𝜃1, 𝜃2, … , 𝜃𝑛 ), …, 𝑓𝑡(𝜃1, 𝜃2, … , 𝜃𝑛 ) 

such that:   ℎ𝑖(𝜃1, 𝜃2, … , 𝜃𝑛 ) ≥ 0, 𝑖 = 1,2, … , 𝑟 

                              𝑔𝑗(𝜃1, 𝜃2, … , 𝜃𝑛 ) = 0, 𝑗 = 1,2, … ,𝑚                            

                             𝜃𝐿 ≤ 𝜃1, 𝜃2, … , 𝜃𝑛 ≤ 𝜃𝑈 

where 𝑓1, 𝑓2, … , 𝑓𝑛 denote the objective functions to be minimized simultaneously188. On 

the contrary to the traditional multi-objective optimization approach, the usage of penalty 

function formulation may be  appropriate because of its advantage of turning constrained 

optimization problems into the unconstrained ones and thanks to this, it can be  applied 

to the problem by any of the unconstrained methods. In this thesis, penalty approach based 

on multi-objective optimization is considered to maximize the fundamental frequency 

and minimize the cost, simultaneously. 

 

5.3. Stochastic Optimization Algorithms 

Optimization methods can be categorized as traditional and non-traditional. 

Traditional methods, such as Lagrange Multipliers and Constrained Variation are 

analytical and find the optimum solution of only continuous and differentiable functions. 

Because composite design problems usually have discrete search spaces, the traditional 

optimization methods cannot be utilized. In these cases, the usage of stochastic 

optimization methods such as Simulated Annealing (SA), Genetic Algorithms (GA), 

Differential Evolution (DE) and Nelder-Mead (NM) are appropriate. A detailed 

discussion of different optimization methods is expressed in188  for general application of 
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engineering and in Gurdal et al.189 for composite design problems. In this thesis, DE, NM, 

RS and SA methods are used for defined optimizations problems of laminated composites 

and steps of the algorithms are briefly explained in the following subsections. Related 

parameters of the algorithms are listed in Table 5.1 used in adjusting the options correctly.  

 

Table 5.1. Three optimization methods options (Source: Rao 1999188) 

 

Options Name DE NM SA 

CrossProbability 0.5 - - 

RandomSeed 0 5/1/2/5 0 

ScalingFactor 0.6 - - 

SearchPoints - - 1000 

Tolerance 0.001 0.001 0.001 

ContractRatio - 0.5 - 

ExpandRatio - 2.0 - 

ReflectRatio - 1.0 - 

ShrinkRatio - 0.5 - 

LevelIterations - - 50 

PerturbationScale - - 1.0 

5.3.1. Differential Evolution Algorithm 

Differential Evolution (DE) is a stochastic optimization method which permits 

alternative solutions for some of the complex composite design and optimization 

problems such as increasing frequency and frequency separation and obtaining 

lightweight design. Differential Evolution algorithm includes the following main stages: 

initialization, mutation, crossover and selection as shown in Figure 5.1. The optimum 

results of the algorithm change with the parameters: scaling factor, crossover and 

population size. Detail description of the DE can be found in190. DE always considers a 

population of solutions instead of a single solution at each iteration and is also 

computationally expensive. It is relatively robust and efficient in finding global optimum 

of the objective function. However, it is not guaranteed to find the global optima.  

The first step of DE optimization process is Initialization. There are several 

approaches to populate the initial generation. Random generation is widely used approach 
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for solution. In this step, the algorithm maintains a population of r points, {x1, 

x2,…,xk,…,xr}, where typically r≫m, with m being the number of variables. 

In second step, Mutation, a genetic operator that maintains the genetic variety 

from one generation of a population to the next generation. In mutation process, the 

solution can different from the previous solution and thus better solution can be gained. 

In third step, Crossover is used to obtain a richer population. Genetic diversity is 

encouraged by the interchange of genetic material between chromosomes and then, the 

gene strings of the related chromosomes are split at the same point in the parents and two 

parents create a child. Finally, the last step selection is applied and the new individual is 

added to the new population189,191,192. 

 

 

 

Figure 5.1. Flowchart of the DE algorithm (Source: Vo-Duy 201789) 

5.3.2. Nelder-Mead Algorithm 

The Nelder–Mead (simplex search) algorithm is a traditional local search method 

designed by Nelder and Mead (1965) firstly for unconstrained optimization problem47. 

Although Nelder–Mead is not a global optimization algorithm, it is inclined to work fairly 

well for problems which do not have many local minima in practical usage. The 

adjustment of the algorithm options is controlled by four basic procedures: reflection, 

expansion, contraction and shrinkage. One of the characteristic properties of the 

algorithm is that NM often gives considerable improvements in the first few iterations 

and rapidly generates quite adequate results. Moreover, the method usually needs 

only one or two function evaluations per iteration, apart from shrink transformations, 

which are notably rare in practice. This is very important in applications that each function 

evaluation is very expensive or time-consuming. Furthermore, the simplex can vary its 

orientation, size and shape to adapt itself to the local contour of the objective function, 
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hence NM has high flexibility in exploring difficult domains 174. The main steps of the 

algorithm are given in Figure 5.2.  

 

 

 

Figure 5.2. Flowchart of the NM algorithm (Source: Reza 2011193) 
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5.3.3. Simulated Annealing Algorithm 

One of the most popular random search methods is SA. It is based on the physical 

process of annealing, that a metal object is warmed up to a high temperature and permit 

to cool slowly. The melting process lets the atomic structure of the material to pass to a 

lower energy condition, hence that becoming a tougher material. From the view point of 

optimization, in SA algorithm, annealing process lets the structure to get away from a 

local minimum, and to explore and settle on a better global optimum point. The main 

advantage of SA is that that it enables to solve various optimization problems such as 

continuous, discrete or mixed-integer. In the working phase of this method, a new point 

is randomly produced at each iteration and when all stopping criteria are fulfilled the 

algorithm stops.  

The space of the new point from the current point or the extent of the search is 

based on Boltzmann’s probability distribution. The distribution implies the energy of a 

system in thermal equilibrium at temperature “T”. Boltzmann’s probability distribution 

can be expressed in the following form 188: 

 

              
/( ) E kTP E e−=

 
(4.1) 

 

where P(E) represents the probability of achieving the energy level E, k is the 

Boltzmann’s constant, and T is temperature. In order to follow the procedure of the 

algorithm easily, the flowchart of a SA algorithm is presented in Figure 5.3. 

 



72 
 

 

Figure 5.3. Flowchart of the SA algorithm. (Source: Pham 2012194) 
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CHAPTER 6 

VIBRATION PROBLEMS  

6.1. Benchmark Problems 

In this study, the non-dimensional natural frequencies of three-phase 

graphene/fiber-reinforced composite laminates have been maximized by using a number 

of design variables and then compared with optimum results from the literature for 

different problems. The objective functions of the problems are fundamental frequencies. 

There are two main optimization problems which are included in different design 

variables in this study. In the first problem, distributions of GPLs (Graphene Nano 

Platelets) are taken as design variables for fiber reinforced plates having uniform layer 

thicknesses. The total weight of GPLs is defined as a constraint. In the second problem, 

distributions of the GPLs and volume fraction of the fibers for each layer are used as 

design variables. The total volume content of fibres as well as the weight content of GPLs 

and the volume content of fibres in individual layers are utilized as constraints in the 

optimization problem. 

The material properties and dimensions of the graphene nanoplatelets used in the 

benchmark problems is given in Table 6.1. 

Table 6.1. Material Properties of the GPLs, matrix, flax carbon and glass fibers37,32 

 

Material  E11  

(GPa) 

E22 

(GPa) 

G12 

(GPa) 

v12 Density 

(kg/m3) 

Cost 

($) 

GPL  1010 1010 425.80 0.186 1060 450 

Matrix  3 3 1.119 0.34 1200 10 

Carbon Fiber  263 19 27.60 0.20 1750 28 

Flax Fiber  70 70 29.58 0.183 1400 0.5 

Glass Fiber  72.4 72.4 30.66 0.20 2400 2 

 

For the dimensions of the GPLs, lGPL = 2.5 μm, wGPL = 1.5 μm, hGPL = 1.5 nm are used. 

In order to compare the results in all problems, the non-dimensional form of the 

fundamental frequency Ω is defined as  
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Ω = 𝜔𝐷√
𝜌𝑀
𝐸𝑀

 (6.1) 

6.1.1. Problem B1 

In problem B1, non-dimensionalized natural frequencies of the fiber-reinforced 

nanocomposite plates are maximized by using different stochastic algorithms 

(Differential Evolution Algorithm, Simulated Annealing Algorithm and Nelder Mead 

Algorithm) under the simply supported boundary conditions. The objective function is 

defined as non-dimensionalized natural frequency Ω included weight content (WGPLi) of 

the GPLs for each layer and its sequences as design parameters. The aim of the problem 

is to compare present optimization results of the Differential Evolution Algorithm 

solution with results for same problem from the literature. There are two different 

stacking sequences used in the problem 1, [0/90/0/90] anti-s and [90/0/90/0] s. The laminate 

is composed of N=8 layers and the thickness of each ply is 12.5 mm.  

Problem 1 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( W𝐺𝑃𝐿) 

• Constraints: 
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0 

              Symmetric & Balanced weight fraction of GPLs sequences;   

              [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠 

              t= 12.5 mm, N= 8 ply, 𝑊𝐺𝑃𝐿𝑚𝑎𝑥=1.25%, 1 < Ωmax / Ω0 

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 and 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer and maximum graphene weight for the laminate. 

In the results of problem 1, the optimization problems for maximum fundamental 

frequencies of graphene/fiber reinforced plates are solved by using the Differential 

Evolution Algorithm. As shown in Table 6.2, there is good agreement between the 

optimum solution results of the present solution and solution available in the literature37. 

In Table 6.3, the design efficiency parameters are calculated to determine how the natural 

frequency is affected by the optimum sequence of the weight content of GPLs. 

As a result of the computation for design efficiency factors, It can be seen that 

optimizing the added amount of the GPLs for each layer is provide a better solution than 
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adding an equal amount of GPLs to each layer. Therefore, in optimum design problems 

of the fiber and nano reinforcement composites, using the weight content of the GPLs as 

design variables might enhance the vibration behaviour of the structures. 

 

Table 6.2. Comparison of optimum results for non-dimensionalized frequencies Ω of       

                 graphene/fiber reinforced nanocomposite plates, (for simply supported 

                 boundary condition with aspect ratio a/b=1) 

 

Stacking 

Sequence 

Fibre 

Content 

 Optimal WGPL per layer 

[Present] 

Optimal WGPL per layer 
37 

 Ωmax 

[Present] 

Ωmax
37  

[0/90/0/90] 

anti-s 

Glass 

30% 

 [0.0476/0.0024/0/0]s [0.048/0.0022/0/0]s  0.1749 0.1766 

Glass 

60% 

 [0.0360/0.0140/0/0]s [0.036/0.014/0/0]s  0.1762 0.1774 

[90/0/90/0]s Glass 

30% 

 [0.0479/0.0021/0/0]s [0.049/0.0017/0/0]s  0.1750 0.1767 

Glass 

60% 

 [0.0359/0.0141/0/0]s [0.036/0.014/0.0001/0]s  0.1762 0.1774 

[0/90/0/90] 

anti-s 

Carbon 

30% 

 [0.0467/0.0033/0/0]s [0.047/0.003/0/0]s  0.2019 0.2045 

Carbon 

60% 

 [0.0332/0.0132/0.0036/0]s [0.033/0.013/0.004/0]s  0.2202 0.2254 

[90/0/90/0]s Carbon 

30% 

 [0.0466/0.0034/0/0]s [0.047/0.003/0/0]s  0.2013 0.2068 

Carbon 

60% 

 [0.0341/0.0120/0.0039/0]s [0.034/0.012/0.004/0]s  0.2223 0.2275 

 

 

Table 6.3. Comparison of design efficiency factors (Ωmax / Ω0 ) of the optimum design  

                 for graphene/fiber reinforced nanocomposite plates, (for simply supported  

                 boundary condition with aspect ratio a/b=1) 

 

Stacking 

Sequence 

Fibre 

Contents 

 Optimal WGPL per layer 

[Present] 

Optimal WGPL per 

layer 37 

 Ωmax / Ω0 

[Present] 

Ωmax / 

Ω0 37 

[0/90/0/90] 

anti-s 

Glass 

30% 

 [0.0476/0.0024/0/0]s [0.048/0.0022/0/0]s  1.200 1.196  

Glass 

60% 

 [0.0360/0.0140/0/0]s [0.036/0.014/0/0]s  1.094 1.091 

[90/0/90/0]s Glass 

30% 

 [0.0479/0.0021/0/0]s [0.049/0.0017/0/0]s  1.200 1.196 

Glass 

60% 

 [0.0359/0.0141/0/0]s [0.036/0.014/0.0001/0]

s 

 1.094 1.090 

[0/90/0/90] 

anti-s 

Carbon 

30% 

 [0.0467/0.0033/0/0]s [0.047/0.003/0/0]s  1.123 1.108 

Carbon 

60% 

 [0.0332/0.0132/0.0036/0]s [0.033/0.013/0.004/0]s  1.034 1.033 

[90/0/90/0]s Carbon 

30% 

 [0.0466/0.0034/0/0]s [0.047/0.003/0/0]s  1.112 1.108 

Carbon 

60% 

 [0.0341/0.0120/0.0039/0]s [0.034/0.012/0.004/0]s  1.035 1.034  
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The other significant result observed in problem B1, present optimization 

problems results demonstrate that the Differential Evolution algorithm and present 

analytical solution method can be utilized efficiently in order to make the optimum design 

of GPLs/fiber reinforced nanocomposites problems. 

6.1.2. Problem B2 

In Problem B2, non-dimensionalized natural frequencies of the fiber reinforced 

nanocomposite plates are maximized by using Differential Evolution Algorithm for the 

simply supported boundary conditions. The objective function is defined as non-

dimensionalized natural frequency Ω included weight content sequences (WGPLi) of the 

GPLs as well as fiber volume content of each ply (VF) as design parameters. The aim of 

the problem is to compare present optimization results of the Differential Evolution 

Algorithm solution with results for same problem from the literature. There are two 

different stacking sequences used in the Problem 1, [0/90/0/90]anti-s and [90/0/90/0]s. The 

laminate is composed of N=8 layers and the thickness of the each ply is 12.5 mm.  

Problem 1 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( W𝐺𝑃𝐿 , 𝑉𝐹) 

• Constraints: 
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0,  

                    
1

8
∑ 𝑉𝐹𝑖 ≤ 𝑉𝐹𝑚𝑎𝑥
8
𝑖=1 , 𝑉𝐹𝑖 ≥ 0 

                   Symmetric weight fraction of GPLs sequences;   

                   [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠 

                   Symmetric volume of fiber sequences;   

                   [VF1/𝑉F2/𝑉F3/𝑉F4]𝑠, 𝑉𝐹𝑚𝑎𝑥 = 30%, 

                   t= 12.5 mm, N= 8 ply, 𝑊𝐺𝑃𝐿𝑚𝑎𝑥=1.25%, 1 < Ωmax / Ω0 

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 ,𝑊𝐺𝑃𝐿𝑚𝑎𝑥 and 𝑉𝐹𝑚𝑎𝑥 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer, maximum graphene weight for the laminate and maximum fiber 

volume content of the laminate equal to 30%, respectively.  

In Table 6.4, the whole of the results of Problem 2 shows that the present 

analytical solution and Differential Evolution Algorithm as optimization method provide 

the same solution for maximizing the fundamental frequencies of graphene/fiber 
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reinforced plates in case they are compared with the study in the literature. Besides, 

optimizing fiber volume content in addition to the weight fraction of the GPLs at each 

layer delivers the increment in the design efficiency factor considering the Problem B1 

results. The other outstanding result that the amount of the volume fraction and weight 

fraction of GPLs give a more increase in natural frequency in the case of arrangement 

with the high quantity at the top and bottom layers. 

 

Table 6.4. Comparison of optimum results for non-dimensionalized frequencies Ω and  

                 design efficiency factors (Ωmax/Ω0) of GPLs/fiber reinforced nanocomposite 

                 plates, (Maximum fundamental frequencies with two design variables 

                 subjected to Stacking sequences [0/90/0/90]s with aspect ratio a/b=1) 

 

Fiber Results Optimal WGPL per layer Optimal Vf  per layer Ωmax Ωmax /Ω0 

Carbon Present [0.0416/0.0084/0/0]s [0.46/0.74/0/0]s 0.2237 1.244 

Ref 37 [0.042/0.008/0/0]s [0.4/0.6/0.1/0.1]s 0.2209 1.192 

Glass Present [0.0347/0.0153/0/0]s [0.6/0.4/0.1/0.1]s 0.1852 1.271 

Ref 37 [0.035/0.015/0/0]s [0.6/0.4/0.1/,.1]s 0.1864 1.262 

6.1.3. Problem B3 

In Problem B3, three different stochastic optimization methods (Differential 

Evolution Algorithm, Simulated Annealing Algorithm, and Nelder Mead Algorithm) 

have been utilized in order to maximize the non-dimensionalized natural frequencies of 

the fiber-reinforced nanocomposite plates with the simply supported boundary 

conditions. The objective funtion is defined as non-dimensionalized natural frequency Ω 

included weight content (WGPLi) of the GPLs for each layer and its sequences as design 

parameters. The objective of the problem is to make comparisons of present optimization 

results for DE, SA, and NM algorithm solutions with results from the literature for the 

same problem utilizing SQP. There are two different stacking sequences used in the 

Problem 1, [0/90/0/90]anti-s and [90/0/90/0]s.The laminate is composed of N=8 layers and 

the thickness of the each ply is 12.5 mm. 

Problem 1 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( W𝐺𝑃𝐿) 

• Constraints: 
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0 
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                   Symmetric & Balanced weight fraction of GPLs sequences;   

                   [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠 

                   t= 12.5 mm, N= 8 ply, 𝑊𝐺𝑃𝐿𝑚𝑎𝑥=1.25% , 1 < Ωmax / Ω0 

                   Algorithms: DE, SA and NM 

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 and 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 show the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer and maximum graphene weight for the laminate. 

 

Table 6.5. Comparison of optimum weight fraction sequence results for non-  

                 dimensionalized frequencies Ω of graphene/fiber reinforced nanocomposite  

                 plates, (for simply supported boundary condition with aspect ratio a/b=1) 

 

  
 

[Differential 

Evolution] 

[Nelder Mead] [Simulated 

Annealing] 

SQP Algorithm 

Case Vf Optimal WGPL 

 per layer 

[Present] 

Optimal WGPL per 

layer 

[Present] 

Optimal WGPL  

per layer 

[Present] 

Optimal WGPL  

per layer37 

a Glass 

30% 

[0.048/0.002/0/0]s [0.048/0.002/0/0]s [0.0346/0.0121/0.003 

/0]s 

[0.048/0.0022/0

/0]s 

Glass 

60% 

[0.0359/0.0141/0/0]s [0.0359/0.0141/0/0]s [0.0299/0.015/0.0033 

/0.0011]s 

[0.036/0.014/0/

0]s 

b Glass 

30% 

[0.0482/0.0018/0/0]s [0.0482/0.0018/0/0]s [0.0368/0.0089/0.0018 

/0.0012]s 

[0.049/0.0017/0

/0]s 

Glass 

60% 

[0.0359/0.0141/0/0]s [0.0358/0.0142/0/0]s [0.0262/0.0186/0.0051 

/0.0001]s 

[0.036/0.014/0.

0001/0]s 

a Carbon 

30% 

[0.0467/0.0033/0/0]s [0.0467/0.0033/0/0]s [0.0351/0.0137/0 

/0.0011]s 

[0.047/0.003/0/

0]s 

Carbon 

60% 

[0.0332/0.0133 

/0.0035/0]s 

[0.0355/0.0145/0/0]s [0.0263/0.0105/0.0115 

/0.0017]s 

[0.033/0.013/0.

004/0]s 

b Carbon 

30% 

[0.0466/0.0034 

/0/0]s 

[0.0465/0.0035/0/0]s [0.0332/0.0156/0.0001 

/0.0007]s 

[0.047/0.003/0/

0]s 

Carbon 

60% 

[0.0341/0.012 

/0.0039/0]s 

[0.0365/0.0135/0/0]s [0.0272/0.0127/0.0087

/0.0005]s 

[0.034/0.012/0.

004/0]s 

a=[0/90/0/90] anti-s, b=[0/90/0/90]s  

 

In the results of Problem B3, the Differential Evolution, Simulated Annealing, and 

Nelder Mead Algorithms are utilized to solve the optimization problems for maximum 

fundamental frequencies of graphene/fiber reinforced plates. The optimal solutions of the 

present and the results that are already available in the literature are in good agreement, 

as demonstrated in Table 6.5 and Table 6.6. It is clear that three different algorithms, DE, 

NM, and SA, are capable of achieving precise designs for the multiscale nanocomposite 

plate optimization problems. 
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Table 6.6. Comparison of design efficiency factors (Ωmax / Ω0 ) of the optimum design  

                 for graphene/fiber reinforced nanocomposite plates, (for simply supported  

                 boundary condition with aspect ratio a/b=1) 

 

 Algorithms DE NM SA SQP 

Stacking 

Sequence 

Fibre 

Contents 

Ωmax   

[Present] 

Ωmax  

[Present] 

Ωmax  

[Present] 

Ωmax
37 

a Glass 30% 0.1750 0.1750 0.1713 0.1766 

Glass 60% 0.1762 0.1762 0.1748 0.1774 

b Glass 30% 0.1753 0.1753 0.1709 0.1767 

Glass 60% 0.1762 0.1760 0.1745 0.1774 

a Carbon 30% 0.2016 0.2016 0.1991 0.2045 

Carbon 60% 0.2223 0.2219 0.2209 0.2254 

b Carbon 30% 0.2013 0.2013 0.1984 0.2068 

Carbon 60% 0.2223 0.2217 0.2211 0.2275 

a=[0/90/0/90] anti-s, b=[0/90/0/90]s 

 

Additionally, the optimum results show that the amount of weight fraction of the 

GPLs changed according to fiber volume fraction and fiber orientation angles. Therefore, 

combining the weight content of the GPLs and stacking sequences of the fiber orientation 

angles as design variables may improve the vibration behavior of the structures in 

optimum design issues of fiber and nano reinforcement composites. Finally, the DE, SA, 

and NM algorithms provide different configurations for the three-phase multiscale 

composite problem, thereby approximating the same level of optimal natural frequency. 

6.1.4. Problem B4 

In Problem B4 the comparison of the present analytical method and Finite element 

method (Autodesk Inventor NASTRAN) solutions are carried out with benchmark 

problem results from published literature38. There are two main problems in this part to 

validate non-dimensional fundamental frequency of the present method and NASTRAN 

with numerical and ANSYS commercial software from the literature for two-phase e-

glass fiber reinforced composite and e-glass fiber/carbon nanotubes (CNTs) reinforced 

nanocomposite. The description of the problems are given in Table 6.7. The material 

properties are given in Table 6.8. 
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In Problem B4.1, fundamental frequency of zero content of CNTs, only glass fiber 

reinforced plate is calculated for three different stacking sequences. In Problem B4.2, the 

same fundamental frequencies are calculated for multiphase E-glass fiber/CNTs 

reinforced nanocomposite plates with constant volume fraction of fiber content and 

weight content of CNTs in each layer with four different stacking sequences. 

 

Table 6.7. General description of benchmark Problems B4 

 

Reinforcement Weight Content of Carbon 

Nanotube for plies 

Glass Fiber Methods 

Problem B4.1 Zero Present CLPT 

FEM 

Problem B4.2 Constant Present CLPT 

FEM 

 

The non-dimensional form of the fundamental   frequency 𝜔11 is defined as ϖ 

expressed in Equation (6.2): 

 𝜔̅ = 𝜔11√𝜌ℎ 𝐷0⁄  

 

𝐷0 =
𝐸11𝐻0

3

12(1 − 𝜐12
2 )

 

(6.2) 

where D0, 𝜌 and h are the flexural rigidity, density and thickness of the plate. 

 

Table 6.8. Material properties of the CNTs, matrix, glass fibers38 

Material   E11 (GPa) G12(GPa) v12 Density(kg/m3) 

Carbon nanotubes   640 E11/(2(1+v)) 0.27 1350 

Matrix   3.5 E11/(2(1+v)) 0.35 1200 

Glass Fibers   72.4 E11/(2(1+v)) 0.20 2400 

 

For the CNTs, lCNT = 25μm, dCNT = 1.4nm, tCNT = 0.34nm are used. 

6.1.4.1. Problem B4.1 

In Problem B4.1, the verification of the analytical method of solution in Wolfram 

Mathematica programming code is presented with analytical and numerical results from 

published literature.  
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Four-node shell elements have been used in the commercial software Autodesk 

NASTRAN based on the plate theory. These results are also compared to the numerical 

results obtained by using the commercial finite element software NASTRAN. For the 

presented simulations, the material properties are specified as E11 = 60.7GPa, E22 = 

24.8GPa, G12 = 12.0GPa and ν12 = 0.23 for E-glass/epoxy square laminates studied in 

87,88. 

 

Table 6.9. Comparison of non-dimensional frequencies Ω obtained by analytical and 

                    numerical solution (Autodesk NASTRAN) with different methods from the  

                    literature for glass fiber reinforced with SSSS square plate 

 
  

Mode1 

Stacking 

Sequences 

Methods Non-Dimensional 

Frequency 

[0,0,0] Present Method 14.950 
 

NASTRAN 14.945 
 

Anashpaul et al 38 15.115 
 

ANSYS38 14.863 
 

Ref 195 15.171 
 

Ref 196 15.190 

[15/-15/15] Present Method 15.2981 
 

NASTRAN 15.258 
 

Anashpaul et al 38 15.491 
 

ANSYS 38 15.294 
 

Ref 195 15.369 
 

Ref 196 15.430 

[30/-30/30] Present Method 15.972 
 

NASTRAN 15.835 
 

Anashpaul et al 38 16.215 

 
ANSYS 38 15.902 

 
Ref 195 15.583 

 
Ref 196 15.900 

[45/-45/45] Present Method 16.298 
 

NASTRAN 16.039 
 

Anashpaul et al 38 16.566 
 

ANSYS 38 16.249 
 

Ref 195 16.082 
 

Ref 196 16.140 
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In the analysis results, the non-dimensional frequency values for various stacking 

sequences demonstrate consistent variance, aligning with angle variations documented in 

previous studies within the literature. Furthermore, these results in Table 6.9 have been 

methodically compared to numerical outcomes derived from the widely used commercial 

finite element analysis software, NASTRAN, to validate the findings and ensure their 

reliability and accuracy within the context of existing research.  

6.1.4.2. Problem B4.2 

In Problem B4.2, the non-dimensional natural frequencies of three-phase CNTs-

Glass fiber reinforced laminates are calculated using analytical methods and the 

NASTRAN FEM commercial solver software. These calculated natural frequencies are 

then compared with recent results found in the literature to verify the accuracy and 

validity of the methodology employed. 

Problem B4.2 can be defined mathematically as 

• Calculate: Non-dimensionalized Natural Frequency𝜔̅(𝜃𝑖 ,𝑊𝐶𝑁𝑇𝑖, 𝑉𝐹) 

                                        N= 3 ply, a × b× h= 1× 1 ×0.001 m (dimension of the plate) 

 

 

 

Figure 6.1. Dimensions and boundary conditions of plate (Source: Anashpaul 202338) 

 

The non-dimensional frequency values across various compositions of CNT 

content, glass fiber volume fractions, and stacking sequences display consistent variance 
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and align with changes in angle reported in existing literature see in Table 6.10. This 

consistency indicates that both the present analytical method and the NASTRAN FEM 

solver are effectively capable of calculating natural frequencies for configurations with 

varying weights of carbon nanotubes. This demonstrates the robustness and adaptability 

of these methods in addressing the complexities of composite material behaviour. 

 

Table 6.10. Comparison of non-dimensional frequencies Ω obtained by analytical and  

                    FEM solutions (NASTRAN) with different methods from the literature for  

                    CNT/glass fiber reinforced with SSSS square plate 

 

Material 

Content 

Stacking 

Sequence 

Present 

Study 

NASTRAN Anashpaul  

et al 38 

ANSYS38 

VF= 0,3 [0/0/0] 16.620 16.450 16.599 16.426 

Wcnt=0.05 [-15/15/15] 16.897 16.880 16.901 16.782 

  [30/-30/30] 17.378 17.590 17.457 17.359 

  [45/-45/45] 17.614 17.900 17.687 17.678 

VF= 0,3 [0/0/0] 13.858 13.980 13.632 13.172 

Wcnt=0.01 [-15/15/15] 14.455 14.555 14.210 13.791 

  [30/-30/30] 15.581 15.648 15.223 14.727 

  [45/-45/45] 16.114 16.250 15.490 15.294 

VF= 0,6 [0/0/0] 13.481 13.650 13.055 13.25 

Wcnt=0.01 [-15/15/15] 14.135 14.189 13.700 14.177 

  [30/-30/30] 15.361 15.450 14.736 15.423 

  [45/-45/45] 15.9382 15.975 15.041 15.996 

6.1.5. Problem B5 

In Problem B5, the minimum weight design problem of CNT/fiber-reinforced 

laminates, featuring uniform layer thicknesses and non-uniform distribution of 

reinforcements, is addressed under a frequency constraint, brief description of problem 

are given in Table 6.11. Optimal designs for three-phase, CNT/fiber-reinforced composite 

laminates are developed to maximize fundamental frequency. These designs incorporate 

various design variables and parameters and utilize advanced optimization techniques 

such as Differential Evolution (DE), Simulated Annealing (SA), and Nelder Mead (NM) 

algorithms. The primary objective of this study is to compare the optimization results 

obtained from the DE, SA, and NM algorithms with those from the Sequential Quadratic 

Programming (SQP) method documented in the literature, thus evaluating the 
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effectiveness and efficiency of these contemporary optimization approaches in solving 

complex engineering problems. 

 

 Table 6.11. Description of the optimization problems 

 

Purpose Material Objective Methods Design Variables 

Minimum weight 

design problem of 

CNT/Fiber 

reinforced laminates 

for frequency 

constraint  

Glass/ CNT 

/Epoxy 

  

 Weight DE 

SA 

NM 

[𝜃1, 𝜃2, 𝜃3, 𝜃4]s 

[WCNT1/ WCNT2/ WCNT3/ 

WCNT4]𝑠 
  [𝑉F1/ 𝑉F2/ 𝑉F3/𝑉F4]𝑠 
  

 

 

 

 

 

 

 

 

. 

 

 

Figure 6.2. Glass fiber/CNTs reinforced nanocomposite plate 

 

Problem B5 can be defined mathematically as 

• Minimize:   𝑊𝐿(θİ,𝑊𝐶𝑁𝑇𝑖, 𝑉𝐹𝑖 ) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°,
1

8
 ∑ 𝑊𝐶𝑁𝑇𝑖 ≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0 

                               , 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25%, VFk ≤0.6, b/a =1,  Ω 0 ≤  𝜔11/𝜔𝐼𝑃         

                                    𝜃𝑖  𝜖 {0°,±15°, ±30°, ±45°, ±60°, ±75°, ±90°}  

                                Symmetric stacking sequences; [θ1, θ2, θ3, θ4]s 

                                Symmetric weight fraction of CNT sequences;   

                                [WCNT1/WCNT2/WCNT3/WCNT4]s                   

                                Symmetric volume fraction of Glass Fiber;  

                                [𝑉F1/ 𝑉F2/ 𝑉F3/𝑉F4]𝑠 

                                Algorithms; DE, SA and NM 

8 layers 

Structure 

 ply thickness 

1.25 mm  

Glass Fiber-CNTs- Matrix 

 Glass Fiber-CNTs- Matrix 

 

Glass Fiber-CNTs- Matrix 

 

        . 

         . 
        

          . 
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In the definition, ωIP and ω11 shows the frequency of the isotropic plate of the 

same thickness as the minimum weight laminate made of the matrix material only and the 

fundamental frequency of CNT-Glass fiber reinforced composite plate, respectively. 

For frequency constraints of 1.25, 1.3, and 1.5, the optimal configurations involve 

zero fiber content in all layers, with the addition of carbon nanotube (CNT) 

reinforcements alone meeting the frequency requirements for a minimum weight design. 

As the frequency constraints increase further, CNT reinforcements alone become 

inadequate, necessitating an increase in fiber contents across all layers, particularly in the 

surface layers, to satisfy these higher demands.  

  

Table 6.12. Comparison of the optimum stacking sequences result of the weight  

                   minimization problem  for DE, SA and NM algorithms with SQP38  

                   method for different frequency constraints Ω0 

 

Fiber Angles 

Ω0 DE SA NM SQP38 

1.25 [90/90/90/90]s [90/90/90/90]s [-45/-45/30/-60]s [45/45/30/45]s 

1.30 [90/90/90/90]s [90/-75/-75/75]s [90/75/90/60]s [45/45/30/45]s 

1.50 [90/90/90/90]s [45/75/90/90]s [-45/90/-45/30]s [45/45/30/45]s 

1.75 [45/-75/90/90]s [45/90/-30/-75]s [45/45/90/-45]s [45/45/30/45]s 

2.00 [-45/90/-75/-75]s [-45/-45/90/-45]s [-45/90/-75/90]s [45/60/0/30]s 

2.20 [45/90/0/90]s [45/90/90/30]s [45/-45/90/90]s [45/0/0/30]s 

2.40 [45/-45/90/-75]s [-45/30/-75/-75]s [45/45/90/0]s [45/45/30/45]s 

2.50 [-45/-45/90/90]s [45/45/45/45]s [45/45/90/90]s [45/45/90/45]s 

 

Table. 6.13. Comparison of the optimum volume fraction design results for each layer in   

                    the weight minimization problem using DE, SA, and NM algorithms versus  

                    the SQP method for different frequency constraints Ω0. 

 

 Volume Fraction of Fiber (Vfk) per Layer 

Ω 0 DE SA NM SQP38 

1.25 [0/0/0/0]s [0/0/0/0]s [0.104/0.02/0/0]s [0/0/0/0]s 

1.30 [0/0/0/0]s [0/0/0/0]s [0.102/0.004/0/0]s [0/0/0/0]s 

1.50 [0/0/0/0]s [0.101/0/0/0]s [0.179/0.004/0.002/0.01]s [0/0/0/0]s 

1.75 [0.073/0/0/0]s [0.184/0.03/0/0]s [0.202/0.031/0/0]s [0.063/0/0/0]s 

2.00 [0.0499/0.0001/0/0]s [0.452/0/0/0]s [0.6/0/0/0.002]s [0.26/0/0/0]s 

2.20 [0.47/0/0/0]s [0.6/0/0/0]s [0.6/0.589/0/0.007]s [0.44/0/0/0]s 

2.40 [0.6/0.228/0/0]s [0.6/0.6/0/0]s [0.6/0.6/0.001/0.052]s [0.6/0.08/0/0]s 

2.50 [0.6/0.6/0/0]s [0.6/0.6/0/0]s [0.597/0.528/0/0.065]s [0.6/0.47/0/0]s 
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The optimization process not only determines the most efficient stacking 

sequences but also ensures optimal distribution of fibers and CNTs within the laminate. 

The impact of escalating frequency constraints on achieving minimum weight is detailed 

and analyzed with corresponding results displayed in the Table 6.15. This approach helps 

identify the trade-offs between weight minimization and frequency compliance in 

composite laminate design. 

 

Table 6.14. Comparison of the DE, SA, and NM algorithms' optimum weight content  

                   designs per layer in the weight minimization problem with the SQP  

                   approach for various frequency constraints Ω0 

 

 Wcnt per layer 

Ω 0 DE SA NM SQP38 

1.25 [0.0162/0/0/0]s [0.0063/0.0183/0.0035/0.0088]s [0.0004/0/ 0.001/0.0001]s [0.009/0.011/ 

0.007/0.023]s 

1.30 [0.0198/0.0001/0/0]s [0.0115/0.0077/0.0024/0.0115]s [0.0003/0.0112/0.0339/0.0042]s [0.013/0/0.037 

/0]s 

1.50 [0.0359/0/0/0]s [0.017/0.0084/0.0058/0.0018]s [0.0023/0.0115/0.0261/0.0092]s [0.036/0/0 

/0.014]s 

1.75 [0.0499/0.0001/0/0]s [0.0344/0/0.0105/0.0038]s [0.0249/0.0097/0.0152/0]s [0.05/0/0/0]s 

2.00 [0.286/0/0/0]s [0.0145/0.0203/0.0021/0.0067]s [0.0033/0.0024/0.0037/0.0001]s [0.05/0/0/0]s 

2.20 [0.05/0/0/0]s [0.0244/0.0102/0.0017/0.0023]s [0.0011/0.0017/0/0]s [0.05/0/0/0]s 

2.40 [0.05/0/0/0]s [0.0266/0.0186/0.0008/0.0005]s [0.0135/0.0358/0.0007/0]s [0.05/0/0/0]s 

2.50 [0.05/0/0/0]s [0.05/0/0/0]s [0.0478/0/0/0.0022]s [0.05/0/0/0]s 

 

 

Table 6.15. Comparison of the DE, SA, and NM algorithms' minimum weight results for  

                   structures in the weight minimization problem with the SQP approach for  

                   various frequency constraints 

 
 

Weight Reference Weight Design Efficiency Factor 

Ω 0 DE SA NM SQP38 DE SA NM SQP38 DE SA NM SQP38 

1.25 12.006 12.012 12.370 12.020 15.005 15.060 14.990 15.000 0.801 0.798 0.825 0.801 

1.30 12.007 12.011 12.330 12.020 15.600 15.004 15.600 15.600 0.769 0.800 0.790 0.770 

1.50 12.012 12.314 12.600 12.020 18.001 18.030 18.250 18.000 0.667 0.683 0.690 0.667 

1.75 12.230 12.658 12.710 12.210 1.750 21.220 21.000 21.000 0.583 0.596 0.605 0.581 

2.00 12.870 13.370 13.800 12.790 24.000 24.000 24.000 24.000 0.536 0.559 0.605 0.533 

2.20 13.420 13.810 15.580 13.330 26.400 26.400 26.180 26.400 0.508 0.521 0.595 0.505 

2.40 14.500 15.610 15.770 14.060 28.800 28.800 28.600 28.800 0.500 0.541 0.551 0.488 

2.50 15.610 15.670 15.586 15.220 30.000 29.850 29.300 30.000 0.522 0.525 0.532 0.507 
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As shown in Tables 6.12, 6.13, 6.14 and 6.15 (the results of the Problem B5), the 

design efficiency decreases as the frequency constraint increases, indicating that the 

weight of the optimum laminate improves over an isotropic plate at the same frequency 

constraint. 

It shows a good agreement between the optimum solution results of the present 

algorithms (DE, SA and NM) and available in the literature. Using the weight content of 

the CNTs and volume fraction of fiber besides stacking sequences as design variables 

might enhance lightweight structures having better vibration behaviour of the structures. 

It is clear that three different algorithms, DE, NM, and SA, are capable of achieving 

different design configurations for the multiscale nanocomposite plate optimization 

problems. 

6.1.6. Problem B6 

In this study's chapter, there are a pair of two issues with determining the natural 

frequency for CNTs-reinforced composite plates and FGM-GNPs, including 

agglomeration effects. Using the Halpin Tsai Model and FSDT, the functionally graded 

GNPs composite plate problems for assessing fundamental frequency are solved in the 

first problem. In the second problem, the Eshelby Mori Tanaka model is implemented to 

compute Young's modulus of the carbon nanotube-reinforced composite and compare the 

results to analytical and experimental results from the literature. 

6.1.6.1. Problem B6.1 

The GPL weight fraction demonstrates layer-wise change to produce a 

functionally graded structure. Four different GPL distribution patterns which is given 

Figure 6.3 are taken into consideration in order to investigate the effect of GPL 

distribution on the dynamic performance of the GPL/polymer plate, of which Pattern 1 is 

a special case corresponding to an isotropic homogeneous plate in which GPLs are 

uniformly distributed at the same w.t.% across all layers. Patterns 2-4 all show a graded 

material composition where the GPL weight fraction varies linearly from layer to layer 

throughout the plate thickness. In Pattern 2, the GPL weight fraction decreases from the 

highest in the mid plane to the lowest on the plate's top and bottom surfaces, whereas in 
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Pattern 3, the weight fraction is maximum on the top and bottom surfaces and the lowest 

at the plate's mid plane. Additionally, Patterns 2 and 3 are both symmetric; 

however, Pattern 4 is not, and in Pattern 4, the GPL weight percentage rises linearly from 

the top surface to the bottom surface. 

 

 

Figure 6.3. Different GPL distribution patterns197 

 

In the Problem B6.1, material properties of the functionally graded GNPs 

composite plates are calculated by using modified Halpin-Tsai material model. First order 

shear deformation plate theory (FSDT) and Navier-solution based technique is utilized to 

obtain the natural frequencies response of the simply supported plate. The goal is to 

conduct a non-dimensional natural frequencies analysis of GNPs reinforced plates for 

various patterns (UD, FG-X, FG-V, FG-O) and compare the results with those that are 

reported in the literature. The laminate is composed of N=10 layers and the total thickness 

of the laminate is 0.045 m. And the plate (a × b× h= 0.45× 0.45 ×0.045) is reinforced 

with graphene nanoplatelets that properties are given; lGPL= 2.5 µm, wGPL= 1.5 µm, hGPL= 

2.5 µm, ρGPL= 1.06 g/cm3, EGPL= 1.01 TPa, νGPL= 0.186. The epoxy matrix properties are 

also given as; EM= 3.0 GPa, ρM= 1.2 g/cm3 and  νM=0.34. 

The comparison results of the FG-GNP plate's natural frequencies for just epoxy 

and the UD, FG-X, FG-0, and FG-V patterns are shown in Table 6.16. The mode forms' 

m and n parameters indicate how many half-waves are present in the x and y directions. 

It is clear that the present method is capable of offering outcomes that are very 

comparable as well.  Another outcome is that, compared to other grading methods, FG-X 

epoxy plate attained the highest fundamental frequency. Therefore, using a high amount 

of GPLs at the top and bottom surfaces as well as a low amount of GPLs at the middle 

surfaces of the plate, is the most effective way to increase natural frequencies. 
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Table 6.16. Comparison of the effect of GPL distribution patterns on dimensionless  

                   natural frequencies (𝜔̅ = 𝜔 𝑡 √𝜌𝑚 𝐸𝑚⁄ ) according to different mode shapes 

 
 

Neat Epoxy UD FG-X FG-V FG-O 

Modes 

(m,n) 

Present Ref. 

197 

Present Ref. 

197 

Present Ref. 

197 

Present Ref197 Present Ref. 

197 

1,1 0.0588 0.058 0.122 0.122 0.141 0.141 0.117 0.117 0.097 0.097 

2,1 0.141 0.139 0.293 0.290 0.334 0.331 0.281 0.265 0.236 0.234 

2,2 0.217 0.213 0.450 0.444 0.509 0.503 0.436 0.41 0.368 0.363 

3,1 0.265 0.260 0.553 0.540 0.618 0.612 0.534 0.501 0.453 0.447 

3,2 0.334 0.325 0.695 0.677 0.771 0.76 0.675 0.625 0.576 0.564 

3,3 0.419 0.426 0.872 0.887 0.96 0.969 0.851 0.824 0.732 0.749 

6.1.6.2 Problem B6.2 

In Problem B6.2, Young’s modulus of the functionally graded CNTs composites 

is determined by using the Eshelby-Mori Tanaka model, including the agglomeration 

effect to compare experimental results from the literature. The Hill’s moduli of the CNTs 

considered for this purpose are listed in Table 6.17. 

 

Table 6.17. Hill’s moduli of SWCNT  

 

Hill's Elastic Moduli of the SWCNT(GPa) 59 

kr 271 

lr 88 

mr 17 

nr 1089 

pr 442 

Density(kg/m3) 1400 

 

In this instance, the matrix's material's elastic characteristics are Em = 0.85 GPa 

and vm = 0.3. The results of experiments conducted by Odegard et al. 60, in which the 

material properties of the present materials were investigated for various values of volume 

fraction of the reinforcement, served as the basis for this research. 

The Eshelby Mori-Tanaka model is capable of estimating experimental results60 

of Young's modulus with good agreement, in which µ= 0.4 considering a complete 

agglomerated model where η = 1, as shown in Figure 6.4. It shows that the employed 
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agglomeration model based on the EMT method is in good agreement with the prior 

literature because all CNTs are found in inclusions. It is possible to see that as decreases, 

the increase in the CNT volume fraction does not correspond to the expected increase in 

mechanical performance due to the severity of the agglomeration effect, using the fully 

dispersed case as a reference, µ =1, where Young's modulus has the higher increase in 

function of the volume fraction.  
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Figure 6.4. Young’s modulus of the CNT reinforced matrix for different agglomeration        

                  agglomeration factor and comparison with experimental and analytical    

                  results60,61 

6.2. Single-Objective Problems 

In industrial applications such as automobiles, aircraft and construction, there is a 

demand for lightweight and cheaper materials having good mechanical properties like 

high natural frequency and sound reduction ability. To meet these requirements, there is 

general tendency in investigations on the usage of nanofillers with fiber reinforcement 

composites and hybridization of the different fiber (one is cheaper than) types in the same 

matrix materials.  
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In this chapter of the study, there are four main optimization problems which are 

solved by the Differential evolution algorithm to see the effect of the hybridization and 

nano reinforcement on natural frequency, weight and cost. Laminated composite plate 

under consideration is as shown in Figure 6.5 which has the length a, width b and a total 

thickness of D in the x, y and z-directions, respectively. 

 

 

 

Figure 6.5. Schematic illustration of a unidirectional fiber-reinforced composite laminate 

 

In the first problem, the Carbon, Glass and Flax fiber reinforced composites 

problems for maximum fundamental frequency are solved to find optimum stacking 

sequences without nano reinforcement in matrix materials and hybridization of the fibers. 

In the second problem, the natural frequencies of the composite plates are maximized in 

order to see the only hybridization of the fibers effect on the fundamental frequencies of 

the composite plates. As the third problem of this part of the study, the maximum 

fundamental frequencies of the fiber and graphene nanoplatelets reinforced 

nanocomposite plates are obtained by using the Differential Evolution algorithm to see 

the effects of the nano reinforcement on frequencies for fiber-reinforced composite plates. 

In the last problem, to see the total effects of the hybridization and nano reinforcement 



92 
 

on the natural frequencies of fiber-reinforced composites, the fundamental frequency is 

maximized as the objective function in each optimization problem.  

 

 

 

Figure 6.6. Illustration of the symbols for inter ply hybrid fiber/GPLs reinforced  

                   nanocomposites layer by layer 

 

Table 6.18. Material properties of the GPLs, matrix, flax carbon and glass fibers32,37,198 

 

Material E11  

(GPa) 

E22 

(GPa) 

G12 

(GPa) 

v12 Density 

(kg/m3) 

Cost 

($) 

GPL 1010 1010 425.80 0.186 1060 450 

Matrix 3 3 1.119 0.34 1200 10 

Carbon Fiber 263 19 27.60 0.20 1750 28 

Flax Fiber 70 70 29.58 0.183 1400 0.5 

Glass Fiber 72.4 72.4 30.66 0.20 2400 2 

 

For the dimensions of the GPLs, the following values are used: lGPL = 2.5 μm, wGPL = 1.5 

μm, hGPL = 1.5 nm. 

 

The symbols associated with these issues can be illustrated with reference to 

Figure 6.6. In this subsection, the following demonstration is employed for hybrid and 

non-hybrid single-objective optimization problems. A comprehensive summary of the 
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aforementioned issues is also presented in Table 6.18. The material properties and 

dimensions of the graphene nanoplatelets used in the single-objective problems are given 

in Table 6.19. 

 

Table 6.19. Description of the optimization problems 

 

Prob.

No 

Purpose Material Objective 

Function 

Design Variables 

1 Optimum Stacking 

Sequences Design of 

the fiber reinforced 

composite plates 

Carbon/Epoxy 

Glass/Epoxy 

Flax/Epoxy 

Fundamental 

Frequency 

[𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 
 

 

 

2  Optimum Stacking 

Sequences Design of 

the hybrid Natural 

Fiber Reinforced 

Composite Plates 

Carbon-Flax/Epoxy 

Glass- Flax /Epoxy 

Fundamental 

Frequency 

[𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 
 

 

3 Optimum Design of 

the Graphene 

Nanoplatelets Fiber 

Reinforced 

nanocomposite Plates 

Carbon/GPLs/Epoxy 

Glass /GPLs/Epoxy 

Flax/GPLs/Epoxy 

 

Fundamental 

Frequency 

[𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 
[WGPL1/𝑊𝐺𝑃𝐿2

/𝑊GPL3/𝑊GPL4]𝑠 
 

4 Optimum Design of 

the Graphene 

Nanoplatelets hybrid 

natural Fiber 

Reinforced 

nanocomposite Plates 

Carbon-

Flax/GPLs/Epoxy 

Carbon- 

Glass/GPLs/Epoxy         

Glass-

Flax/GPLs/Epoxy 

 

Fundamental 

Frequency 

[𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 
[WGPL1/𝑊𝐺𝑃𝐿2

/𝑊GPL3/𝑊GPL4]𝑠 
 

 

6.2.1. Problem 1 

In design Problem 1, non-dimensionalized natural frequencies of the fiber 

reinforced composite plates are maximized by using different stochastic algorithms 

(Differential Evolution Algorithm, Simulated Annealing Algorithm and Nelder Mead 

Algorithm) under the simply supported boundary conditions. The objective function is 

defined as non-dimensionalized natural frequency Ω included fiber orientation angle (θi) 

of each layer as design parameters. The aim of the problem is to propose the basic 

optimum design results of the Carbon/Glass and Flax reinforced composite plates in order 

to compare the next problem results for seeing the effect of hybridization and nano 

reinforcement on natural frequency. The laminate is composed of N=8 layers and the 

thickness of each ply is 12.5 mm.  
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Problem 1 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( 𝜃𝑖) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°, t= 12.5 mm, N= 8 ply 

                     Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                                                 𝜃𝑖  𝜖 {0°, 15°, 30°, 45°, 60°, 75°, 90°}  

In the definition, 𝜃𝑖 shows the fiber orientation angles for each layer. 

 

Table 6.20. Optimum stacking sequences results of the carbon, flax and glass fiber   

                    reinforced composite plates 

 

Fibre Composition Natural 

Frequency 

(Ω 𝑚𝑎𝑥) 

Optimum Stacking 

Sequence 

Weight 

(kg) 

Cost 

 ($) 

Carbon 0,166961 [-45/-45/-45/-45]s 136,500 2102,10 

Flax  0,113960 [-45/-45/-45/-45]s 126,000 900,00 

Glass  0,103555 [-45/-45/-45/-45]s 156,000 1185,00 

 

In a result of the optimization Problem 1, carbon fiber reinforced composite plate 

case provide the highest natural frequency for the same problem if it is compared with 

Flax and Glass fiber reinforcement cases. Nevertheless, the cost of the carbon fiber 

reinforced composite plate is more than others as seen in Table 6.20. The other result 

shows that Flax came forward as a more advantageous important material when it is 

compared with glass fiber reinforced case in the view of cost-to-weight ratio, price and 

biodegradability. Therefore, in Problems 3 and 4, in the outer layer carbon fiber is utilized 

at the top and bottom layers to achieve the maximum fundamental frequency of either 

glass or flax fibers with a hybridization effect. 

6.2.2. Problem 2 

In the optimization Problem 2, non-dimensionalized natural frequencies of the hybrid 

fiber reinforced composite plates are maximized by using different stochastic algorithms 

(Differential Evolution Algorithm) under the simply supported boundary conditions. The 

objective function is defined as non-dimensionalized natural frequency Ω included fiber 

orientation angle (θi) of each layer as design parameters. In the outer layers, carbon fibre 

is used, while in the inner layer, flax or glass fibre is considered due to the advantage of 



95 
 

the design, as discussed in the study30. It is related that the best option is to choose high 

volume content of fiber and weight content of GPLs at the top and bottom layers giving 

better natural frequencies. The laminate is composed of N=8 layers and the thickness of 

each ply is 12.5 mm. In the definition, 𝜃𝑖 shows the fiber orientation angles for each layer. 

Problem 2 can be defined mathematically as 

• Maximize: Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( 𝜃𝑖) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0° , t= 12.5 mm, N= 8 ply, 

                                           Symmetric stacking sequences;  [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                                           𝜃𝑖  𝜖 {0°, ±15°, ±30°, ±45°, ±60°, ±75°, ±90°}  

As a result of optimization Problem 2, the natural frequencies of the cases in which 

Carbon-Flax reinforced indicate better solutions than Carbon-Glass fiber reinforced 

plates in terms of weight and cost. For the [C/C/C/F]s case, it obtained higher fundamental 

frequency than the c-only carbon fiber reinforced case with low cost 14,2% and 

lightweight 2%. 

 

Table 6.21. Optimum stacking sequences results of the carbon-flax and carbon-glass fiber  

                   reinforced composite plates 

 

Fibre 

Composition 

Fiber Sequences 

for each layer 

Optimum Stacking 

Sequence 

Natural 

Frequency 

(𝛀 𝒎𝒂𝒙) 

Weight 

(kg) 

Cost 

($) 

Carbon-Flax [C/F/F/F]s [-45/45/-45/45]s 0.153797 128.625 1201.20 

Carbon-Flax [C/C/F/F]s [45/45/45/-45]s 0.166000 131.250 1501.50 

Carbon-Flax [C/C/C/F]s [45/45/-45/45]s 0.168395 133.875 1801.80 

Carbon-Glass [C/G/G/G]s [45/-45/-45/45]s 0.142385 151.125 1414.25 

Carbon-Glass [C/C/G/G]s [-45/-45/45/45]s 0.157526 146.250 1643.85 

Carbon-Glass [C/C/C/G]s [-45/-45/45/45]s 0.163990 141.375 1872.98 

 

In Table 6.21, it is also provided that the low cost 28.6% and lightweight 3.8% 

design can be achieved by sacrificing just 0.6% natural frequency for [C/C/F/F]s case. 

The other important issue is that Flax fiber might be applied more advantageously in the 

lightweight composite design with Carbon instead of Glass fiber for biodegradability and 

low carbon emissions in the structures. 
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6.2.3. Problem 3 

In the optimization Problem 3, non-dimensionalized natural frequencies of the 

hybrid fiber reinforced composite plates are maximized by using different stochastic 

algorithms (Differential Evolution Algorithm) under the simply supported boundary 

conditions. The objective function is defined as non-dimensionalized natural frequency 

Ω included fiber orientation angle (θi) of each layer as design parameters. In the outer 

layers, carbon fiber is used whereas in the inner layer flax or glass fiber is considered due 

to the being of results coming from the chapter 4 problems. It is related that the best option 

is to choose high volume content of fiber and weight content of GPLs at the top and 

bottom layers giving better natural frequencies. The laminate is composed of N=8 layers 

and the thickness of each ply is 1.25 mm.  

Problem 3 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( 𝜃𝑖 ,𝑊𝐺𝑃𝐿𝑖) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°, t= 1.25 mm, N= 8 ply 

                                Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                                Symmetric weight fraction of GPLs sequences;  

                                [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠,  

                                𝜃𝑖  𝜖 {0°, ±15°, ±30°, ±45°, ±60°, ±75°, ±90°}  

                                𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 1.25%, 
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 ,𝑊𝐺𝑃𝐿𝑖 ≥ 0, 

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 ,𝑊𝐺𝑃𝐿𝑚𝑎𝑥 and 𝜃𝑖 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer, maximum graphene weight for the laminate and the fiber 

orientation angles for each layer, respectively.  

As a result of optimization Problem 3, the natural frequencies of the cases in which 

Carbon/GPLs reinforced with the highest cost show better results than Glass and Flax 

GPLs reinforced plates, shown in Table 6.22. Flax Graphene nanoplatelets reinforced 

composite plate is also obtained with 18,2% higher frequency and lower 7.7% weight and 

31.3% cost than only carbon fiber reinforced composite plates. The other advantage of 

using Flax fiber ensures to the designer has the ability of biodegradable and low-cost 

structures. Although glass fibre/GPLs reinforced designs have 7% higher natural 

frequency than only carbon fibre reinforced composite plates, they are less advantageous 

as their weight is 11.7% higher. 
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Table 6.22. Optimum stacking sequences and weight content of GPLs results of the   

                   carbon, flax and glass fiber reinforced composite plates 

 

Fibre 

Composition 

Fiber 

Sequences 

for each 

layer 

Optimum 

Stacking 

Sequence 

Optimal WGPL per 

layer 

Natural 

Frequency 

(Ω 𝑚𝑎𝑥) 

Weight 

(kg) 

Cost 

($) 

Carbon with 

Graphene 

[C/C/C/C]s [45/45/-45/45]s [0.0465/0.0035/0/0]s 0.224 136.362 2689.44 

Flax with 

Graphene 

[F/F/F/F]s [-45/-45/45/45]s [0.0467/0.0033/0/0]s 0.197 125.862 1443.87 

Glass with 

Graphene 

[G/G/G/G]s [-45/-45/-45/45]s [0.05/0/0/0]s 0.178 155.862 1858.52 

6.2.4. Problem 4 

In the optimization Problem 3, non-dimensionalized natural frequencies of the 

hybrid fiber reinforced composite plates are maximized by using different stochastic 

algorithms (Differential Evolution Algorithm) under the simply supported boundary 

conditions. The objective function is defined as non-dimensionalized natural frequency 

Ω included fiber orientation angle (θi) of each layer as design parameters. In the outer 

layers, carbon fiber is used whereas in the inner layer flax or glass fiber is considered due 

to the being of results coming from the chapter 4 problems. It is related that the best option 

is to choose high volume content of fiber and weight content of GPLs at the top and 

bottom layers giving better natural frequencies. In the  

The laminate is composed of N=8 layers and the thickness of the each ply is 1.25 mm.  

Problem 4 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( 𝜃𝑖 ,𝑊𝐺𝑃𝐿𝑖) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°,
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0 

                                Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠  

                                Symmetric & Balanced weight fraction of GPLs sequences;   

                    [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠 

                                    𝜃𝑖 𝜖 {0°,±15°,±30°,±45°,±60°,±75°,±90°}  

                                𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 1.25% t= 1.25 mm, N= 8 ply 

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 ,𝑊𝐺𝑃𝐿𝑚𝑎𝑥 and 𝜃𝑖 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 
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platelets for the ith layer, maximum graphene weight for the laminate and the fiber 

orientation angles for each layer, respectively.  

Table 6.23 shows the comparison of the hybridization with nano-reinforcement 

effects on natural frequency of the simply supported plates. The natural frequency value 

is achieved of the [C/C/C/F]s case with 35.7% increment, 2% and  decreasing in weight. 

The best solution in terms of weight and natural frequency is [C/C/F/F]s design 

with %34.2 increase in frequency, a % 0.5 cost and %4 weight reduction as compared 

with only carbon reinforcement composite plate design. [C/F/F/F]s design is also another 

better design from the point of the natural frequency(%35.7 increment) with %15.2 cost 

and %5.8 weight reduction as compared with only carbon reinforcement composite in 

Problem 1. 

The other significant issue is that the glass hybridization with carbon fiber and 

GPLs reinforcement has not advantageous in regards to weight and cost. [G/F/F/F]s 

hybridization with respect to GPLs nano reinforcement can also be provide important 

advantageous in terms of the weight and cost, 2% and 6.4%. Additionally, using the flax 

fiber at one ply in fully carbon reinforcement GPLs laminated composite plate has the 

highest value of the natural frequency among all cases. 

The overall comparison of natural frequencies, costs, and weights for optimum 

designs of Problems 1–4 is shown in Figure 6.7 to see the total effect on three different 

parameters under the assumption that the total ply number constant is 8. In comparison 

to carbon fiber-reinforced designs frequently used in industry, hybridization of 

conventional carbon fiber-reinforced composite plates with natural fibers, such as flax 

fibers, clearly improves cost and price by 14 to 42 percent and 1.9 to 5.9 percent, 

respectively, provided the same natural frequency and constant total ply number. The 

graph also shows that, in comparison to the simple carbon fiber-reinforced composite 

design, adding GPLs to the conventional layered flax fiber-reinforced composite and 

optimizing the weight fraction of GPLs and orientation angle for each layer can result in 

much lower costs (31%), lightweight structures (7.8%) and superior natural frequency 

(18.3%). Therefore, to reduce weight, improve frequency, and save costs, multiscale flax 

fiber-reinforced nanocomposite structures can be utilized instead of that's frequently 

preferred carbon-reinforced composite structures. Similarly, in applications where weight 

is not a major concern, a simple glass-reinforced layered composite plate may also be 

reduced by 11% in price by promoting the frequency by 7% with optimum GPLs 

embedded each ply.  
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Table 6.23. Optimum stacking sequences and weight content of GPLs results of the  

                   carbon-flax and carbon-glass, glass-flax fiber reinforced composite plates. 

 

Fiber Sequences for 

each layer 

Optimum 

Stacking 

Sequence 

Optimal WGPL per 

layer 

Natural 

Frequency 

Weight 

(kg) 

Cost 

($) 

[C/F/F/F]s-GPLs [-45/-45/45/45]s [0.0404/0.0096/0/0]s 0.214 128.487 1781.11 

[C/C/F/F]s-GPLs [-45/-45/45/45]s [0.0465/0.0035/0/0]s 0.224 131.112 2089.96 

[C/C/C/F]s-GPLs [-45/-45/45/45]s [0.05/0/0/0]s 0.227 133.737 2390.26 

[C/G/G/G]s-GPLs [-45/-45/45/-

45]s 

[0.0397/0.0103/0/0]s 0.197 150.987 2019.69 

[C/C/G/G]s-GPLs [45/-45/45/-45]s [0.0476/0.0024/0/0]s 0.213 146.112 2232.31 

[C/C/C/G]s-GPLs [-45/-45/-45/-

45]s 

[0.0465/0.0035/0/0]s 0.220 141.237 2461.44 

[G/G/G/F]s-GPLs [-45/45/-45/45]s [0.05/0/0/0]s 0.183 148.362 2714.17 

[G/G/F/F]s-GPLs [45/45/45/-45]s [0.05/0/0/0]s 0.188 140.862 2353.07 

[G/F/F/F]s-GPLs [-45/45/45/-45]s [0.05/0/0/0]s 0.193 133.362 1967.00 

 

 

 

Figure 6.7. Comparison of natural frequencies, costs and weights for optimum designs  

                  formulated in Problems 1–4 

 

The graph additionally indicates that, in comparison to traditional carbon-

reinforced composite structures, the hybrid application of glass fiber and flax fiber with 
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GPLs, particularly for the [G/F/F/F]s case, can achieve a 15.5% frequency increase with 

a combined cost savings of 21.7% and a 2.2% weight benefit. However, in cases where 

frequency is at the forefront, the use of flax fiber and carbon fiber reinforced with GPLs 

hybrid nanocomposite structures is more advantageous in terms of cost and weight, as 

well as making the design more suitable for environmentally friendly approaches. 

6.2.5. Problem 5 

In design Problem 5, the Differential Evolution Algorithm is implemented to 

maximize the non-dimensionalized natural frequencies of the fiber 

reinforced nanocomposite plates for different aspect ratios (a/b) that range from 0.2 to 2. 

The objective function is defined as non-dimensionalized natural frequency Ω included 

weight content sequences (WGPLi) of the GPLs as well as fiber orientation angles of each 

ply (𝜃𝑖) as design parameters. The objective of the problem is to compare and analyze 

how different aspect ratios affect the best design results delivered by the Differential 

Evolution Algorithm solution.  

Problem 5 can be defined mathematically as 

• Maximize:  Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( W𝐺𝑃𝐿 , 𝑉𝐹) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°, t= 1.25 mm, N= 8 ply 

                                            Symmetric weight fraction of GPLs sequences;   

                                [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4]𝑠 

                                            Symmetric stacking sequences for fibers; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                          𝜃𝑖  𝜖 {0°, ±15°, ±30°, ±45°, ±60°, ±75°, ±90°} 

                                            
1

8
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0, 𝑊𝐺𝑃𝐿𝑚𝑎𝑥 = 1.25%  

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 ,𝑊𝐺𝑃𝐿𝑚𝑎𝑥 and 𝜃𝑖 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer, maximum graphene weight for the laminate and the fiber 

orientation angles for each layer, respectively 

The results achieved of Problem 5 point out that aspect ratios play a significant 

role in the optimal design of multiscale nanocomposites' maximum fundamental 

frequency problem. It is apparent from Table 6.24 and 6.25 that variation in aspect ratios 

resulted in several optimum designs, each of which consists of a different stacking 

sequence and GPL weight fraction. 
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Table 6.24. Comparison of optimum design for non-dimensionalized frequencies Ω of  

                   carbon, flax and glass fiber reinforced nanocomposite plates for different  

                   aspect ratios(a/b), 

 
 

Carbon/GPLs-Epoxy Flax/GPLs-Epoxy Glass/GPLs-Epoxy 

a/b Natural 

Frequency 

Cost($) Weight 

(kg) 

Natural 

Frequency 

Cost 

($) 

Weight 

(kg) 

Natural 

Frequency 

Cost 

($) 

Weight 

(kg) 

0,2 1.960 538.65 27.27 1.767 289.24 25.17 1.597 372.188 31.17 

0,4 0.758 1076.79 54.54 0.645 577.65 50.34 0.583 743.525 62.34 

0,6 0.414 1614.15 81.82 0.358 866.08 75.52 0.324 1119.72 93.52 

0,8 0.282 2151.78 109.09 0.249 1154.48 100.69 0.225 1492.62 124.69 

1 0.225 2689.44 136.36 0.198 1443.87 125.86 0.179 1858.52 155.86 

1,2 0.193 3227.09 163.64 0.169 1731.72 151.04 0.153 2229.13 187.03 

1,4 0.176 3764.52 190.91 0.151 2020.33 176.21 0.137 2600.68 218.21 

1,6 0.167 4302.49 218.18 0.140 2308.95 201.38 0.127 2972.21 249.38 

1,8 0.162 4840.47 245.45 0.133 2597.57 226.55 0.120 3343.74 280.55 

2 0.159 5378.16 272.72 0.128 2886.19 251.72 0.116 3715.26 311.72 

 

Regardless of the aspect ratios, the weight content pattern of the GPLs generally 

tends to produce outer layers with greater graphene contents and inner layers with lower 

graphene contents for the optimum maximum fundamental frequency designs.  

Additionally, a distinct and appropriate design for various aspect ratios also 

necessitates optimizing fiber orientation angles in addition to the weight percentage of 

the GPLs at each layer. It is obvious that among the fibers, flax fiber delivers superior 

design in terms of cost, weight, and environmental friendliness. The other result is that, 

if weight and cost are not taken into consideration, carbon fiber reinforced with GPLs 

suggests the highest fundamental frequency. In order to decrease the weight and cost of 

the designs, hybridizing flax fiber with carbon fiber could offer a successful strategy. 

The contour plots in terms of uniform distributed graphene content and fibre 

orientation angle of [C/C/F/F]s design are drawn as shown in Figure 6.8 to investigate the 

sensitivity of the frequency for different aspect ratios (a/b) of 0.4. 1. 1.4 and 2. The 

[+𝜃/−𝜃/+𝜃/−𝜃]𝑠 and [𝑊𝐺𝑃𝐿/𝑊𝐺𝑃𝐿/𝑊𝐺𝑃𝐿/𝑊𝐺𝑃𝐿]𝑠. are taken as the stacking order of 

the laminates and the weight content of each layer. respectively. The contours with zero 

graphene content are also plotted in each graph to show the difference between zero 

content and variable uniformly distributed GPLs on the natural frequency. 
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a) 

 

 

b) 

 

 

c) 

 

 

d) 

 

 

 

Figure 6.8. Contour plots of the frequency for hybrid [C/C/F/F]S composite plates with  

                   varying graphene weight and fibre orientation angles of each layer a) for  

                   aspect ratio 0.4 b) for aspect ratio 1 c)for aspect ratio 1.4 d) for aspect ratio 2 
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The two horizontal axes show the variation of the angle of the fibre orientation 

and the weight content of graphene in each layer. For each aspect ratio. not only the 

increase in the graphene weight content is a critical factor for the natural frequency. but 

also the fibre orientation angle has an effect on the natural frequency of the laminate. It 

can be seen from the figure that despite having fewer parameters such as equal graphene 

distribution and same fibre orientation angle in each layer. the natural frequency is 

affected differently by combining these two parameters. The behaviour of the surface in 

each graph is different due to the variable aspect ratios. It is also a statement of the 

requirements for which optimizing each orientation angle and weight content must be 

carried out to find the global maximum fundamental frequency for different aspect ratios. 

The comparison between graphene without and with added graphene surface also shows 

that the natural frequency is sensitive to changing with increasing weight fraction of GPLs 

for different aspect ratios. 

6.2.6. Problem 6 

In the optimization Problem 3, non-dimensionalized natural frequencies of the 

hybrid carbon/flax fiber reinforced nanocomposite plates are maximized for different flax 

layer numbers ranging from 0 to 16 by using Differential Evolution Algorithm in 

conjunction with simply supported boundary conditions. The objective function is 

defined as non-dimensionalized natural frequency Ω included fiber orientation angle (θi) 

and weight fraction of GPLs of each layer as design variables. Carbon fiber is used in the 

outside layers, whereas flax fiber is used in the interior layer since it is less expensive and 

heavier than carbon fiber. This problem aims to see how the quantity of flax fiber affects 

the natural frequency for a hybrid carbon/flax fiber reinforced nanocomposite plate. 

Problem 6 can be defined mathematically as 

• Maximize:   Non-dimensionalized Natural Frequency Ω 𝑚𝑎𝑥( 𝜃𝑖 ,𝑊𝐺𝑃𝐿𝑖) 

• Constraints: 90° ≥ 𝜃𝑖 ≥ 0°,
1

16
 ∑ 𝑊𝐺𝑃𝐿𝑖 ≤ 𝑊𝐺𝑃𝐿𝑚𝑎𝑥

16
𝑖=1 , 𝑊𝐺𝑃𝐿𝑖 ≥ 0 

                                            Symmetric stacking sequences;  

                                            [𝜃1, 𝜃2, 𝜃3, 𝜃4, 𝜃5, 𝜃6, 𝜃7, 𝜃8]𝑠  

                                            Symmetric weight fraction of GPLs sequences; 

         [WGPL1/𝑊GPL2/𝑊GPL3/𝑊GPL4/𝑊GPL5/…/ 𝑊GPL8]𝑠 
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                                             t= 12.5 mm, N= 16 𝑊𝐺𝑃𝐿𝑚𝑎𝑥=1.25%,    

                                                  𝜃𝑖  𝜖 {0°, ±15°, ±30°, ±45°, ±60°, ±75°, ±90°}  

In the definition, Ω0, 𝑊𝐺𝑃𝐿𝑖 ,𝑊𝐺𝑃𝐿𝑚𝑎𝑥 and 𝜃𝑖 shows the non-dimensionalized 

frequency with uniform graphene weight equal to 1.25% in all layers, weight of graphene 

platelets for the ith layer, maximum graphene weight for the laminate and the fiber 

orientation angles for each layer, respectively.  

 

 

Figure 6.9. Variation of the natural frequencies with increasing in flax ply for constant  

                   total ply thickness of the hybrid composite plate 

 

In Table 6.27, it is shown that the comparison effects of hybridization based on 

various flax fiber and carbon fiber reinforcing ply numbers on the natural frequency in 

the simply supported nanocomposite plates. The [C6/F2]s case achieves the optimal 

solution in terms of weight, cost, and natural frequency with a 0.88% increase as well as 

a decrease in 13% cost and 2% weight.  [C5/F3]s design is also another better design from 

the point of the natural frequency(%0.85 increment) with %19 cost and %2.88 weight 

reduction as compared with only carbon reinforcement composite in problem. It can be 

seen in Figure 6.9, the use of the ply number of flax layers, 4 and 6, in hybrid 

nanocomposite which are composed of a total of 16 layers, gives the highest frequencies. 

Another significant finding is that, assuming the condition that the total number of layers 
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remains constant, an increase in the flax ply number in hybrid multiscale nanocomposite 

structures tends to reduce the natural frequency as it is seen in Figure 6.9. 

 

Table 6.26. Optimum stacking sequences and weight content of GPLs results of the  

                   carbon-flax fiber reinforced composite plates according to variation of  

                   flax ply number 

 

Total 

Number 

of Layer 

Nf 

(Numbe

r of Flax 

Layer) 

Natural 

Frequency 

Ωmax 

Optimal WGPL per 

layer 

Optimum Stacking 

 Sequence 

Cost ($) Weight 

(kg) 

16 0 0.456 [0.0218/0.0119/0.0056/0.

073/0.026/0.008/0/0]s 

[45/-45/45/-45/ 

45/-45/45/-75]s 

3836 218.29 

2 0.459 [0.023/0.0104/0.0081/0.0

46/0.019/0/0.029/0]s 

[45/45/45/-45/-45/-

45/90/90]s 

3594 216.19 

4 0.460 [0.023/0.0104/0.0081/0.0

46/0.019/0/0.029/0]s 

[45/45/45/-45/-45/-

45/90/90]s 

3354 214.09 

6 0.460 [0.0199/0.0136/0.0092/0.

0033/0.0012/0.0028/0/0]s 

[45/-45/-45/-

45/45/60/-30/-30]s 

3113 211.99 

8 0.458 [0.0238/0.009/0.007/0.02

7/0.0057/0.0014/0/0.004] 

[45/45/45/45/45/45/

30/-60]s 

2869 209.89 

10 0.451 [0.0220/0.0093/0.0046/0.

0094/0.0029/0.0017/0/0]s 

[-45/-45/-45/-

45/45/-30/-45/-15]s 

2624 207.79 

12 0.439 [0.0194/0.0098/0.0139/0.

0065/0.0003/0/0/0] 

[-45/-45/-45/45/-

45/-45/45/90] 

2379 205.69 

14 0.421 [0,0143/0,0261/0,0088/0.

005/0.003/0/0/0]s 

[-45/45/-45/-45/-

45/45/-30/45]s 

2128 203.59 

16 0.395 [0.0335/0.0144/0.002  

/0/0/0/0/0]s 

[-45/-45/-45/-

45/45/45/-45/90]s 

1877 201.49 

6.3. Multi-Objective Optimization Problems 

In design Problems 1, 2, and 3 related to laminated composite plates, there are 

three main objectives as follows: (i) maximizing the fundamental frequency, (ii) 

minimizing the weight, and (iii) minimizing the cost. To optimize, these objectives are 

employed using the following combinations of two or three parameters: maximizing 

frequency while minimizing cost, maximizing frequency while minimizing weight, and 

maximizing frequency while minimizing both cost and weight. In relation to this, the 

linear combination of the squares of the values "frequency," "cost," and "weight" is 

introduced in three different functions like as m1+m2, m1+m3 and m1+m2+m3, 

respectively. Here, the functions establish the relationship between “frequency” (m1), 

“cost” (m2), and “weight” (m3) similarly to a multi-objective approach. The brief 

description of the problems can be seen in Table 6.27. 
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Table 6.27. Mathematical definitions of optimization problems for two-phase (fiber/   

                  matrix) composites and three phase (fiber/GPLs/matrix) nanocomposite plates 

 

 Two-Phase Composite Three-Phase Nanocomposite 

Minimize 𝐹1 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 + 𝑘4(𝛿 − 0.2)
2 + 𝑘5(𝛾 − 0.2)

2 (Problem 1) 

𝐹2 = 𝑘1𝑚1
2 + 𝑘3𝑚3

2 + 𝑘4(𝛿 − 0.2)
2 + 𝑘5(𝛾 − 0.2)

2  (Problem 2) 

𝐹3 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 + 𝑘3𝑚3
2 + 𝑘4(𝛿 − 0.2)

2 + 𝑘5(𝛾 − 0.2)
2 (Problem 3) 

𝑚1 = (
𝜔̅𝑚𝑎𝑥 − 𝜔̅𝑚𝑛

𝜔̅𝑚𝑎𝑥
) 

𝑚2 = (
𝑊𝑒𝑖𝑔ℎ𝑡

𝑊𝑒𝑖𝑔ℎ𝑡𝑚𝑎𝑥
) 

𝑚3 = (
𝐶𝑜𝑠𝑡

𝐶𝑜𝑠𝑡𝑚𝑎𝑥
) 

𝜔̅𝑚𝑛 (
𝜃1, 𝜃2, . . , 𝜃𝑁

𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁 ,
) 

𝑊𝑒𝑖𝑔ℎ𝑡(𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁) 

𝐶𝑜𝑠𝑡(𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁) 

 

 

𝜔̅𝑚𝑛 (

𝜃1, 𝜃2, . . , 𝜃𝑁 ,
𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁 ,

𝑊𝐶𝑁𝑇1 ,𝑊𝐶𝑁𝑇2 , ⋯ ,𝑊𝐶𝑁𝑇𝑁

) 

𝑊𝑒𝑖𝑔ℎ𝑡 (
𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁

𝑊𝐶𝑁𝑇1 ,𝑊𝐶𝑁𝑇2 ,⋯ ,𝑊𝐶𝑁𝑇𝑁
) 

𝐶𝑜𝑠𝑡 (
𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁

𝑊𝐶𝑁𝑇1 ,𝑊𝐶𝑁𝑇2 , ⋯ ,𝑊𝐶𝑁𝑇𝑁
) 

 

Find 𝜃𝑖, 𝑉𝐹𝑖  
Nho and Nhi (for hybrid structure) 

𝜃𝑖, 𝑉𝐹𝑘  , 𝑊𝐶𝑁𝑇𝑘
 

Nho and Nhi (for hybrid structure) 

Design 

Variables 

{𝜃1, 𝜃2, 𝜃3, . . , 𝜃𝑁}  {
𝜃1, 𝜃2, 𝜃3, . . , 𝜃𝑁 ,𝑊𝐶𝑁𝑇1 ,

𝑊𝐶𝑁𝑇2 ,𝑊𝐶𝑁𝑇3 , ⋯ ,𝑊𝐶𝑁𝑇𝑁

}  

Constraints 
𝜃𝑖  𝜖 {

0°, ±15°, ±30°, ±45°,
±60°, ±75°, ±90°

} 

𝑁ℎ𝑜 and 𝑁ℎ𝑖 (for hybrid structure) 

0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60 

 

𝜃𝑖  𝜖 {
0°, ±15°, ±30°, ±45°,
±60°, ±75°, ±90°

}  

1

𝑁
 ∑ 𝑊𝐶𝑁𝑇𝑘

≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥
𝑁
𝑖=1 ,  

𝑊𝐶𝑁𝑇𝑘 ≥ 0, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25% ,  

0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60 

𝑁ℎ𝑜 and 𝑁ℎ𝑖 (for hybrid structure) 

 

where 𝑁ℎ𝑜, 𝑁ℎ𝑖, 𝜃𝑖, 𝑉𝐹𝑘  , 𝑊𝐶𝑁𝑇𝑘
, are the number of outer and inner layers in hybrid 

composite structures, fiber orientation angle, volume fraction of fiber and weight content 

of CNT for each layer, respectively. The total number of layers for hybrid structures can 

be determined via the equation 𝑁 = 𝑁ℎ0 + 𝑁ℎ𝑖. For non-hybrid structures, N represents 

directly the total number of plies. For all the design problems, width/ length ratio (aspect 

ratio) is a/b=1. The lay-up of the hybrid and non-hybrid plies with synthetic and natural 

fibers are shown in Figure 6.10. The two-phase (fiber and matrix) and three phase (fiber, 

CNTs and matrix) composite structures can be written by using following style clearly. 
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Figure 6.10. Illustration of the symbols for inter ply hybrid and non-hybrid fiber/CNTs  

                    reinforced nanocomposites for two-phase and three-phase composites 

 

 The material properties of synthetic fibers (carbon, glass), natural fibers (flax, 

kenaf, ramie, jute), nano-reinforcement (Carbon nanotubes) and matrix used in the 

present problems are given in Table 6.28. 

 

Table 6.28.  Material properties of fibers, CNTs and matrix for Problem 1, 2  

                    and 338,80,86,182,199,200 

 
 

Jute Kenaf Ramie Flax Carbon  Carbon 

AS4 

Glass CNTs Matrix  

E1 (Gpa) 55,3 52,2 60,9 70 263 225 72,4 450 4,2 

E2,E3 (Gpa) 6,7 6,1 7,8 70 19 15 72,4 

G12,G13 (Gpa) 3,1 2,9 3,7 29,58 27,6 15-7 30,66 1,567 

v12,v13 0,32 0,32 0,32 0,183 0,2 0,2 0,2 0,34 

v23 0,14 0,13 0,17 
 

0,4 0,4 0,2 

Density(kg/m3

) 

1340 1300 1550 1400 1750 1800 2400 624,4 1250 

Cost ($/kg) 0,95 0,4 2 0,5 28 28 2 485 10 

  

The parameters 𝜔̅𝑚𝑛, cost, and weight, show optimum natural frequency, optimum 

cost and weight values. The parameters 𝜔̅𝑚𝑎𝑥, costmax and weightmax denote the maximum 
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fundamental frequency, maximum cost and the maximum weight for all layers consisting 

of carbon/epoxy material for 0.60 volume fraction of fiber value and optimum stackin 

sequences. In this study, the coefficient 𝑘1 is assumed to be equal to four, on the basis that 

the importance of the fundamental frequency is four times greater than that of weight and 

cost. The other 𝑘𝑖 parameters are equal to 1, which indicates that the importance of cost 

and weight are equal. The influence of bending-twisting coupling terms 𝛿  and  𝛾 is 

assumed as equal to 0.2.  

In accordance with the principles of a multi-objective approach for optimization, 

this part of study addresses the following issues: 

(1) Frequency–weight problems 

(2) Frequency–cost problems 

(3) Frequency–cost–weight problems.  

The followings are devoted to detailed descriptions and results of the multi-

objective optimization problems (Problems 1–3)  

6.3.1. Problem 1 

In design problem, multi-objective optimization problems of hybrid and non-

hybrid fibers/CNT reinforced composite plates are performed in terms of fundamental 

frequency and weight with non-uniform distribution of CNT and fiber reinforcements. 

Additionally, the same multi-objective optimzation problems are solved for two-phase 

fiber reinforced composite plate structures to compare efficiency of optimum design 

which are defined as penalty function values. The laminate is composed of N=8 layers 

and the length to thickness ratio a/h =100. The natural frequencies of fibre-reinforced 

nanocomposite plates are optimised through the utilisation of the Modified Differential 

Evolution Algorithm, while simultaneously minimizing weight for simply supported 

boundary conditions. The objective function F1 is defined as penalty function which is 

composed of non-dimensionalized natural frequency 𝜔̅𝑚𝑛 and weight. 𝜃𝑖 , 𝑊𝐶𝑁𝑇𝑘   and 𝑉𝐹𝑘 

are the design parameters. The objective of the problem is to make comparisons 

of multiobjective problem results for maximum natural frequency and minimum weight 

for Jute, Kenaf, Ramie, Flax, Carbon and Glass fiber reinforcement with and without 

CNT for hybrid and non-hybrid structures.  The first problem is a simple one that looks 
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at the results of two goals—maximum natural frequency and minimum weight with a 

couple. 

Problem 1 can be defined mathematically as 

• Minimize:    𝐹1 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 + 𝑘4(𝛿 − 0.2)
2 + 𝑘5(𝛾 − 0.2)

2  

𝑚1 = (
𝜔̅𝑚𝑎𝑥 − 𝜔̅𝑚𝑛

𝜔̅𝑚𝑎𝑥
)𝑚2 = (

𝑊𝑒𝑖𝑔ℎ𝑡

𝑊𝑒𝑖𝑔ℎ𝑡𝑚𝑎𝑥
) 

• Constraints: 
1

8
 ∑ 𝑊𝐶𝑁𝑇𝑖 ≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐶𝑁𝑇𝑖 ≥ 0 

         Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

         Symmetric weight fraction of GPLs sequences;   

         [WCNT1/𝑊CNT2/𝑊CNT3/𝑊CNT4]𝑠 

         Symmetric volume fraction of Fiber; [𝑉F1/𝑉F2/𝑉F3/𝑉F4]𝑠 

                    𝑎 𝐷⁄ = 100, 𝑎 𝑏⁄ = 1, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25%,  

                    0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60  

                    Algorithms: Differential Evolution 

In the definition, 𝑊𝐶𝑁𝑇𝑖 and 𝑊𝐶𝑁𝑇𝑚𝑎𝑥 show weight of carbon nanotubes for the 

ith layer and maximum graphene weight for the laminate. 

Table 6.29 indicates how different hybrid and non-hybrid designs affect the 

optimal stacking sequence, from fiber volume fraction, and CNT distribution weight 

fraction for the highest feasible fundamental frequency and the minimum achievable 

weight of the composite plates. Results show a tendency toward more efficient design 

outcomes when large volume fraction and weight content of CNT are placed at the outer 

layer instead of to the inner layer. In accordance with the benefits of density, CNTs are 

added to each layer of natural fiber reinforced designs to enhance the fiber volume content 

and reduce weight. F values also demonstrate the efficiency level of the optimal design 

in terms of frequency and weight. The minimum F values for [C/C/F/F]s-CNT, 

[C/C/C/F]s-CNT, [C/C/K/K]s-CNT, [C/C/C/K]s-CNT, [C/C/R/R]s-CNT, [C/C/C/R]s-

CNT, [C/C/J/J]s-CNT, and [C/C/C/J]s-CNT are less than 0.800. This indicates that the 

most efficient cases result from the hybridization of flax, jute, kenaf, and ramie fibers 

with carbon fibers through the addition of CNT into the matrix. Glass fiber reinforced 

[G/G/G/G]s-CNT and [G/G/G/G]s cases are less efficient than both three-phase and two-

phase composite designs, totally natural fiber reinforced cases [F/F/F/F]s-CNT, [J/J/J/J]s-

CNT, [K/K/K/K]s-CNT, [R/R/R/R]s-CNT, [F/F/F/F]s, [J/J/J/J]s, [K/K/K/K]s, 

[R/R/R/R]s, and their hybridizations each other. When two-phase designs of natural fiber 

reinforcement and their hybridizations are compared to three-phase natural fiber 



111 
 

reinforced designs with CNT, it can be shown that the natural frequency of the structure 

may increase by 10% by adding 1% CNT into the matrix. This finding supports the use 

of natural fibers with CNTs for applications where vibration and lightness control is 

important. Since cost is not considered an objective in the optimization problem, the fully 

carbon fiber reinforced [C/C/C/C] s-CNT case is the one of the most efficient design in 

terms of natural frequency and weight. However, despite the renowned strength and 

lightweight properties of carbon fiber and CNT, hybrid designs combining carbon fiber 

with flax, kenaf, ramie, and jute fibers with CNT are more efficient than the fully carbon 

fiber reinforced case [C/C/C/C] s-CNT. 

 

 Table 6.29. Comparison of optimum Stacking sequence, volume fraction of fiber and  

                    weight fraction of CNT distribution results for maximum fundamental  

                    frequency and minimum weight of composite plates 

 

 

Design 
F-

value 

Optimum Results 

Stacking 

Sequence 

Fiber Volume Fraction per 

layer 

Weight Content of 

CNT per layer 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 1.139 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0392/0.0108/0/0.0]s 

[G/G/G/G]s-CNT 1.655 [45/-45/45/45]s [0.600/0.100/0.100/0.100]s [0.05/0.0/0/0]s 

[J/J/J/J]s-CNT 1.455 [45/-45/-45/45]s [0.600/0.600/0.600/0.100]s [0.05/0.0/0/0]s 

[K/K/K/K]-CNT] 1.471 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.05/0.0/0/0]s 

[R/R/R/R]-CNT 1.200 [45/-45/45/-45]s [0.60/0.60/0.60/0.10]s [0.0472/0.0028/0/0.0]s 

[C/C/C/C]s-CNT 0.802 [45/-45/-45/-45]s [0.495/0.460/0.100/0.100]s [0.05/0.0/0/0]s 

[C/F/F/F]s-CNT 1.000 [90/45/45/45]s [0.60/0.60/0.10/0.10]s [0.05/0.0/0/0]s 

[C/C/F/F]s-CNT 0.784 [45/-45/-45/-45]s [0.488/0.483/0.10/0.10]s [0.50/0.0/0/0.0]s 

[C/C/C/F]s-CNT 0.791 [45/-45/-45/-45]s [0.492/0.460/0.100/0.100]s [0.50/0.0/0/0.0]s 

[C/G/G/G]s-CNT 1.228 [90/45/45/45]s [0.600/0.10/0.10/0.10]s [0.50/0/0/0]s 

[C/C/G/G]s-CNT 0.851 [45/-45/-45/-45]s [0.505/0.502/0.10/0.10]s [0.50/0/0/0]s 

[C/C/C/G]s-CNT 0.824 [45/-45/-45/-45]s [0.501/0.470/0.10/0.10]s [0.50/0/0/0]s 

[C/K/K/K]s-CNT 1.079 [90/45/45/45]s [0.60/0.60/0.60/0.10]s [0.50/0/0/0]s 

[C/C/K/K]s-CNT 0.780 [45/-45/-45/-45]s [0.477/0.499/0.10/0.10]s [0.50/0/0/0]s 

[C/C/C/K]s-CNT 0.789 [45/-45/-45/-45]s [0.482/0.475/0.10/0.10]s [0.50/0/0/0]s 

[C/R/R/R]s-CNT 1.078 [90/45/45/45]s [0.60/0.60/0.10/0.10]s [0.50/0/0/0]s 

[C/C/R/R]s-CNT 0.796 [45/-45/-45/-45]s [0.484/0.503/0.100/0.100]s [0.50/0/0/0]s 

[C/C/C/R]s-CNT 0.798 [45/-45/-45/-45]s [0.484/0.474/0.100/0.100]s [0.50/0/0/0]s 

[C/J/J/J]s-CNT 1.016 [90/45/45/45]s [0.60/0.60/0.60/0.10]s [0.50/0/0/0]s 

[C/C/J/J]s-CNT 0.783 [45/-45/-45/-45]s [0.479/0.500/0.10/0.10]s [0.50/0/0/0]s 

[C/C/C/J]s-CNT 0.791 [45/-45/-45/-45]s [0.482/0.474/0.100/0.100]s [0.50/0/0/0]s 

(cont. on next page) 
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Table 6.29 (cont.) 

 [F/J/J/J]s-CNT 1.209 [45/-45/-45/45]s [0.60/0.60/0.10/0.10]s [0.500/0/0/0]s 

 [F/F/J/J]s-CNT 1.142 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s [0.381/0.119/0/0]s 

 [F/F/F/J]s-CNT 1.137 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.385/0.115/0/0]s 

[F/K/K/K]s-CNT 1.197 [45/-45/-45/45]s [0.60/0.60/0.10/0.10]s [0.500/0/0/0]s 

[F/F/K/K]s-CNT 1.133 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.377/0.123/0/0]s 

[F/F/F/K]s-CNT 1.136 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.385/0.115/0/0]s 

[F/R/R/R]s-CNT 1.261 [45/-45/45/45]s [0.60/0.477/0.10/0.10]s [0.500/0/0/0]s 

[F/F/R/R]s-CNT 1.178 [45/-45/45/45]s [0.60/0.60/0.10/0.10]s [0.344/0.156/0/0]s 

[F/F/F/R]s-CNT 1.141 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.385/0.115/0/0]s 

T
w

o
 P

h
as

e 
C

o
m

p
o

si
te

s 

[F/F/F/F]s 1.325 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s - 

[G/G/G/G]s 2.034 [45/-45/-45/-45]s [0.521/0.379/0.100/0.100]s - 

[J/J/J/J]s 1.564 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[K/K/K/K] 1.583 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[R/R/R/R] 1.640 [45/-45/45/45]s [0.60/0.60/0.10/0.10]s - 

[C/F/F/F]s 1.125 [90/45/45/45]s [0.60/0.60/0.60/0.10]s - 

[C/C/F/F]s 0.888 [45/-45/-45/45]s [0.419/0.432/0.60/0.60]s - 

[C/C/C/F]s 0.809 [45/-45/-45/-45]s [0.510/0.567/0.10/0.10]s - 

[C/G/G/G]s 1.410 [90/45/45/45]s [0.60/0.10/0.10/0.10]s - 

[C/C/G/G]s 0.870 [45/-45/-45/-45]s [0.514/0.60/0.10/0.10]s - 

[C/C/C/G]s 0.843 [45/-45/-45/-45]s [0.515/0.573/0.10/0.10]s - 

[C/K/K/K]s 1.143 [90/45/45/45]s [0.60/0.60/0.60/0.10]s - 

[C/C/K/K]s 0.797 [45/-45/-45/-45]s [0.502/0.594/0.10/0.10]s - 

[C/C/C/K]s 0.807 [45/-45/-45/-45]s [0.504/0.566/0.10/0.10]s - 

[C/R/R/R]s 1.223 [90/45/45/45]s [0.60/0.60/0.10/0.10]s - 

[C/C/R/R]s 0.814 [45/-45/-45/-45]s [0.508/0.599/0.10/0.10]s - 

[C/C/C/R]s 0.815 [45/-45/-45/-45]s [0.509/0.571/0.10/0.10]s - 

[C/J/J/J]s 1.153 [90/45/45/45]s [0.60/0.60/0.60/0.10]s - 

[C/C/J/J]s 0.800 [45/-45/-45/-45]s [0.505/0.597/0.10/0.10]s - 

[C/C/C/J]s 0.808 [45/-45/-45/-45]s [0.505/0.567/0.10/0.10]s - 

[F/J/J/J]s 1.400 [45/-45/-45/-45]s [0.60/0.60/0.60/0.10]s - 

[F/F/J/J]s 1.336 [45/-45/-45/-45]s [0.60/0.60/0.528/0.101]s - 

[F/F/F/J]s 1.333 [45/-45/45/-45]s [0.60/0.60/0.463/0.100]s - 

[F/K/K/K]s 1.391 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[F/F/K/K]s 1.327 [45/-45/45/45]s [0.60/0.60/0.547/0.10]s - 

[F/F/F/K]s 1.332 [45/-45/45/-45]s [0.60/0.60/0.453/0.102]s - 

[F/R/R/R]s 1.475 [45/-45/45/45]s [0.60/0.60/0.10/0.10]s - 

[F/F/R/R]s 1.377 [45/-45/45/45]s [0.60/0.60/0.10/0.10]s - 

[F/F/F/R]s 1.340 [45/-45/45/-45]s [0.60/0.60/0.491/0.10]s - 

 

Table 6.30 presents the optimum natural frequency and weight results for 

combinations of hybrid and non-hybrid cases with and without CNT. The cost results are 

provided as outputs to compare overall results with those of other multi-objective 
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optimization approaches. Weight and frequency value reductions are expressed as 

percentages in comparison to the [C/C/C/C] s reference optimum case. The [C/C/K/K]s-

CNT and [C/C/F/F]s-CNT cases are the most efficient, with the lowest F values of 0.780 

and 0.784, respectively. The results indicate that a 12.2% weight reduction can be 

achieved by sacrificing the frequency value by about 5.6%, while also using more eco-

friendly fibers, and gaining approximately 26% cost reduction advantages. The next most 

efficient designs after these are [C/C/C/F]s-CNT, [C/C/C/K]s-CNT, [C/C/R/R]s-CNT, 

[C/C/C/R]s-CNT, [C/C/J/J]s-CNT, and [C/C/C/J]s-CNT. These designs provide optimal 

solutions to the problem, achieving an 11.5% weight reduction and a 5.5% decrease in 

natural frequency.  

In addition to this, the two-phase hybrid designs [C/C/F/F]s, [C/C/C/F]s, 

[C/C/K/K]s, [C/C/C/K]s, [C/C/R/R]s, [C/C/C/R]s, [C/C/J/J]s, and [C/C/C/J]s also 

provide efficient designs with a 10% weight reduction and a 5.7% decrease in frequency. 

The results also indicate that using natural fiber hybridization without CNT is more 

efficient when weight reduction is less important. In multi-objective optimization 

problems where natural frequency and weight are used as objectives, hybrid and non-

hybrid natural fiber reinforced design cases with CNTs may provide a 15.5% weight 

reduction and a 69% cost reduction, albeit with a sacrifice of 31% in natural frequency. 

For the same design approaches using fully natural fiber reinforced cases in two-phase 

structures without CNT, it can be observed that less efficient designs with a 12% 

reduction in frequency values are achievable compared to multiphase designs with CNTs. 

However, these designs still offer 15% weight reduction and 76% cost savings. The 

[C/C/C/C] s-CNT design is also among the most efficient designs, leveraging the low 

density and high strength properties of carbon nanotubes. This is particularly 

advantageous when biodegradability and cost are not primary concerns for designers. 

This graph illustrates the optimal configurations of hybrid and non-hybrid fiber 

reinforced composites, both with and without the incorporation of carbon nanotubes 

(CNTs), focusing on achieving maximum natural frequency and minimizing weight. 

Among all the optimal designs that provide the highest fundamental frequency and lowest 

weight, the composite plate designs reinforced with carbon and natural fibers 

([C/C/N/N]s-CNTs and [C/C/C/N]s, where N represents natural fibers such as Kevlar, 

Flax, Jute, and Ramie) are the most effective. In general, hybrid synthetic carbon/natural 

fiber/CNTs reinforced nanocomposites offer a weight reduction of up to 15% and a cost 

saving of 47%, with a potential decrease of 6% in natural frequency. Although the design 
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of [C/C/C/F]s-cnt and [C/C/C/F]s indicates same maximum fundamental frequency, 

[C/C/C/F]s-cnt is more efficient with 0,791 efficiency factor while [C/C/C/F]s case. For 

fully natural fiber reinforced designs the addition of CNTs may be provide %12 increment 

in natural frequency at same weight. Although the designs [C/C/C/F]s-CNT and 

[C/C/C/F]s achieve the same maximum fundamental frequency, [C/C/C/F]s-CNT 

demonstrates greater efficiency with an efficiency factor of 0.791 compared to 

[C/C/C/F]s. 

 

Table 6.30. Comparison of optimum fundamental frequency and minimum weight with  

                   the related cost and comparing the results to the reference design 

 

 Design F-

value 

Objectives Output Comparison with [C/C/C/C]s design 

wmn Weight 

(Kg) 

Cost 

($) 

Cost 

Reduction 

(%) 

Weight 

Reduction 

(%) 

Frequency 

Reduction 

(%) 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 1.139 289.548 12.957 98.208 69.1 15.3 31.2 

[G/G/G/G]s-

CNT 

1.655 243.198 14.706 156.892 50.7 3.9 42.2 

[J/J/J/J]s-CNT 1.455 239.076 12.672 98.958 68.9 17.2 43.2 

[K/K/K/K]-CNT] 1.471 234.553 12.482 94.248 70.4 18.4 44.3 

[R/R/R/R]-CNT 1.200 236.123 13.232 123.478 61.2 13.5 43.9 

[C/C/C/C]s-CNT 0.802 397.473 13.596 249.757 21.5 11.1 5.6 

[C/F/F/F]s-CNT 1.000 321.989 13.232 181.632 42.9 13.5 23.4 

[C/C/F/F]s-CNT 0.784 397.376 13.444 232.814 26.8 12.1 5.6 

[C/C/C/F]s-CNT 0.791 397.713 13.505 240.252 24.5 11.7 5.5 

[C/G/G/G]s-CNT 1.228 294.878 13.732 203.317 36.1 10.3 30.0 

[C/C/G/G]s-CNT 0.851 395.448 13.990 240.561 24.4 8.6 6.1 

[C/C/C/G]s-CNT 0.824 396.857 13.781 244.172 23.3 9.9 5.7 

[C/K/K/K]s-CNT 1.079 319.062 13.156 166.295 47.7 14.0 27.9 

[C/C/K/K]s-CNT 0.780 397.064 13.400 233.461 26.6 12.4 5.7 

[C/C/C/K]s-CNT 0.789 397.518 13.487 241.075 24.2 11.8 5.6 

[C/R/R/R]s-CNT 1.078 312.858 13.532 187.377 41.1 11.6 28.9 

[C/C/R/R]s-CNT 0.796 397.209 13.540 236.148 25.8 11.5 5.7 

[C/C/C/R]s-CNT 0.798 396.923 13.550 242.100 23.9 11.4 5.7 

[C/J/J/J]s-CNT 1.016 319.151 13.286 169.180 46.8 13.2 27.7 

[C/C/J/J]s-CNT 0.783 397.336 13.425 234.125 26.4 12.3 5.6 

[C/C/C/J]s-CNT 0.791 397.279 13.495 241.241 24.2 11.8 5.6 

[F/J/J/J]s-CNT 1.209 277.221 12.586 112.174 64.8 17.7 34.2 

[F/F/J/J]s-CNT 1.142 287.300 12.852 98.684 69.0 16.0 31.8 

[F/F/F/J]s-CNT 1.137 289.489 12.942 98.205 69.1 15.4 31.2 

[F/K/K/K]s-CNT 1.197 276.544 12.506 110.346 65.3 18.3 34.3 

[F/F/K/K]s-CNT 1.133 287.480 12.782 97.111 69.5 16.5 31.7 

(cont. on next page) 
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Table 6.30 (cont.) 

 [F/F/F/K]s-CNT 1.136 289.590 12.932 97.949 69.2 15.5 31.2 

 [F/R/R/R]s-CNT 1.261 271.396 12.899 120.241 62.2 15.7 35.5 

 [F/F/R/R]s-CNT 1.178 280.687 12.782 113.206 64.4 16.5 33.3 

[F/F/F/R]s-CNT 1.141 288.969 12.994 99.008 68.9 15.1 31.4 

T
w

o
 P

h
as

e 
C
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m
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o
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s 

[F/F/F/F]s 1.325 256.767 12.950 70.173 77.9 15.4 39.0 

[G/G/G/G]s 2.034 206.979 15.300 116.170 63.5 0.0 50.8 

[J/J/J/J]s 1.564 225.782 12.665 71.613 77.5 17.2 46.4 

[K/K/K/K] 1.583 221.463 12.475 67.414 78.8 18.5 47.4 

[R/R/R/R] 1.640 222.052 13.225 93.470 70.6 13.6 47.3 

[C/F/F/F]s 1.125 300.128 13.475 135.543 57.4 11.9 28.7 

[C/C/F/F]s 0.888 362.266 13.770 154.999 35.8 11.1 5.5 

[C/C/C/F]s 0.809 398.128 13.668 211.986 33.4 10.7 5.4 

[C/G/G/G]s 1.410 265.028 13.725 170.640 46.4 10.3 37.1 

[C/C/G/G]s 0.870 393.362 14.130 211.642 33.5 7.6 6.6 

[C/C/C/G]s 0.843 396.182 13.933 215.785 32.2 8.9 5.9 

[C/K/K/K]s 1.143 290.972 13.150 133.618 58.0 14.1 31.5 

[C/C/K/K]s 0.797 397.615 13.557 203.916 35.9 11.4 5.6 

[C/C/C/K]s 0.807 397.065 13.634 211.077 33.7 10.9 5.7 

[C/R/R/R]s 1.223 284.987 13.525 154.700 51.4 11.6 32.8 

[C/C/R/R]s 0.814 397.742 13.697 207.077 34.9 10.5 5.5 

[C/C/C/R]s 0.815 397.737 13.710 213.079 33.0 10.4 5.5 

[C/J/J/J]s 1.153 291.358 13.280 136.503 57.1 13.2 31.4 

[C/C/J/J]s 0.800 399.164 13.585 205.000 35.6 11.2 5.4 

[C/C/C/J]s 0.808 397.240 13.647 211.523 33.5 10.8 5.7 

[F/J/J/J]s 1.400 245.314 12.755 71.132 77.6 16.6 41.7 

[F/F/J/J]s 1.336 253.394 12.820 72.588 77.2 16.2 39.8 

[F/F/F/J]s 1.333 254.482 12.866 74.085 76.7 15.9 39.6 

[F/K/K/K]s 1.391 244.316 12.625 68.248 78.6 17.5 42.0 

[F/F/K/K]s 1.327 253.721 12.762 70.622 77.8 16.6 39.7 

[F/F/F/K]s 1.332 254.404 12.852 74.050 76.7 16.0 39.6 

[F/R/R/R]s 1.475 238.379 13.000 89.330 71.9 15.0 43.4 

[F/F/R/R]s 1.377 247.603 12.775 85.190 73.2 16.5 41.2 

[F/F/F/R]s 1.340 254.449 12.933 74.101 76.7 15.5 39.6 
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6.3.2. Problem 2 

Problem 2 is similar to Problem 1 with one difference such that cost is utilized as 

second objective instead of weight together with natural frequency for multi-objective 

optimization problems of hybrid and non-hybrid fibers/CNT reinforced composite plates 

with non-uniform distribution of CNT and fiber reinforcements. Additionally, the same 

multi-objective optimization problems are solved for two-phase fiber reinforced 

composite plate structures to compare efficiency of optimum design which are defined as 

penalty function values. The effect of minimization approach for weight with 

maximization of natural frequency are investigated for optimum results. Number of plies 

and length to thickness ratio are same for Problem 2. The objective function F2 is also 

defined as penalty function which is composed of non-dimensionalized natural frequency 

𝜔̅𝑚𝑛 and cost. 𝜃𝑖 , 𝑊𝐶𝑁𝑇𝑘   and 𝑉𝐹𝑘 are the design parameters for multiphase composite 

plates. For two-phase fiber reinforced composites problems, 𝜃𝑖  and 𝑉𝐹𝑘 are also 

employed as design variables. The objective of the problem is to make comparisons 

of multiobjective problem results for maximum natural frequency and minimum cost for 

Jute, Kenaf, Ramie, Flax, Carbon and Glass fiber reinforcement with and without CNT 

for hybrid and non-hybrid structures.   

Problem 2 can be defined mathematically as 

• Minimize:   𝐹2 = 𝑘1𝑚1
2 + 𝑘3𝑚3

2 + 𝑘4(𝛿 − 0.2)
2 + 𝑘5(𝛾 − 0.2)

2   

𝑚1 = (
𝜔̅𝑚𝑎𝑥 − 𝜔̅𝑚𝑛

𝜔̅𝑚𝑎𝑥
) 𝑚3 = (

𝐶𝑜𝑠𝑡

𝐶𝑜𝑠𝑡𝑚𝑎𝑥
) 

• Constraints: 
1

8
 ∑ 𝑊𝐶𝑁𝑇𝑖 ≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐶𝑁𝑇𝑖 ≥ 0 

                    Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                    Symmetric weight fraction of CNTs sequences;   

                    [WCNT1/𝑊CNT2/𝑊CNT3/𝑊CNT4]𝑠 

                    Symmetric volume fraction of fiber; [𝑉F1/𝑉F2/𝑉F3/𝑉F4]𝑠 

                    𝑎 𝐷⁄ = 100, 𝑎 𝑏⁄ = 1, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25%,  

                    0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60  

                    Algorithms: Differential Evolution 

Table 6.31 illustrates the impact of various hybrid and non-hybrid designs on the 

optimal stacking sequence, fiber volume fraction, and CNT distribution weight fraction, 

aiming to achieve the highest possible fundamental frequency and the lowest achievable 
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cost of the composite plates. The findings suggest that designs tend to be more efficient 

when a larger volume fraction and weight content of CNTs are placed in the outer layer 

rather than the inner layer similar to multi-objective Problem 1.  

 

Table 6.31. Comparison of optimum Stacking sequence, volume fraction of fiber and  

                   weight fraction of CNT distribution results for maximum fundamental   

                   frequency and minimum cost of composite plates,  

 

 Design F-

value 

Optimum Results 

Stacking Sequence Fiber Volume Fraction per 

layer 

Weight Content of 

CNT per layer 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 0.501 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0397/0.0103/0/0.0]s 

[G/G/G/G]s-CNT 0.895 [45/-45/45/45]s [0.600/0.600/0.600/0.100]s [0.0473/0.0077/0/0]s 

[J/J/J/J]s-CNT 0.844 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.05/0.0/0/0]s 

[K/K/K/K]-CNT] 0.866 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.05/0.0/0/0]s 

[R/R/R/R]-CNT 0.885 [45/-45/45/-45]s [0.60/0.60/0.60/0.10]s [0.0484/0.0016/0/0.0]s 

[C/C/C/C]s-CNT 0.597 [45/-45/-45/-45]s [0.594/0.600/0.270/0.100]s [0.0004/0.0/0.0/0.0]s 

[C/F/F/F]s-CNT 0.559 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0392/0.00/0/0.0]s 

[C/C/F/F]s-CNT 0.306 [45/-45/-45/-45]s [0.463/0.486/0.60/0.60]s [0.0/0.0/0/0.0]s 

[C/C/C/F]s-CNT 0.389 [45/-45/-45/-45]s [0.453/0.491/0.100/0.600]s [0.0/0.0/0/0.0]s 

[C/G/G/G]s-CNT 0.738 [90/45/45/45]s [0.60/0.60/0.10/0.10]s [0.0356/0/0/0]s 

[C/C/G/G]s-CNT 0.443 [45/-45/-45/-45]s [0.449/0.520/0.10/0.10]s [0/0/0/0]s 

[C/C/C/G]s-CNT 0.454 [45/-45/-45/-45]s [0.443/0.485/0.10/0.10]s [0/0/0/0]s 

[C/K/K/K]s-CNT 0.551 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0181/0/0/0]s 

[C/C/K/K]s-CNT 0.301 [45/-45/-45/-45]s [0.458/0.499/0.60/0.60]s [0/0/0/0]s 

[C/C/C/K]s-CNT 0.384 [45/-45/-45/-45]s [0.448/0.491/0.10/0.60]s [0/0/0/0]s 

[C/R/R/R]s-CNT 0.594 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0173/0/0/0]s 

[C/C/R/R]s-CNT 0.351 [45/-45/-45/-45]s [0.471/0.507/0.600/0.600]s [0/0/0/0]s 

[C/C/C/R]s-CNT 0.412 [45/-45/-45/-45]s [0.455/0.498/0.100/0.600]s [0/0/0/0]s 

[C/J/J/J]s-CNT 0.522 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0175/0/0/0]s 

[C/C/J/J]s-CNT 0.312 [45/-45/-45/-45]s [0.459/0.497/0.60/0.60]s [0/0/0/0]s 

[C/C/C/J]s-CNT 0.390 [45/-45/-45/-45]s [0.446/0.488/0.100/0.600]s [0/0/0/0]s 

[F/J/J/J]s-CNT 0.599 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.0500/0/0/0]s 

[F/F/J/J]s-CNT 0.514 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0372/0.0128/0/0]s 

[F/F/F/J]s-CNT 0.498 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0394/0.0106/0/0]s 

[F/K/K/K]s-CNT 0.585 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.0500/0/0/0]s 

[F/F/K/K]s-CNT 0.503 [45/-45/45/-45]s [0.60/0.60/0.60/0.60]s [0.0369/0.0131/0/0]s 

[F/F/F/K]s-CNT 0.485 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0393/0.0107/0/0]s 

[F/R/R/R]s-CNT 0.673 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s [0.0500/0/0/0]s 

[F/F/R/R]s-CNT 0.552 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0391/0.0109/0/0]s 

[F/F/F/R]s-CNT 0,515 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0388/0.0112/0/0]s 

(cont. on next page) 
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Table 6.31 (cont.) 
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[F/F/F/F]s 0.648 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s - 

[G/G/G/G]s 1.166 [45/-45/-45/-45]s [0.521/0.379/0.100/0.100]s - 

[J/J/J/J]s 0.914 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s - 

[K/K/K/K] 0.943 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s - 

[R/R/R/R] 0.934 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[C/F/F/F]s 0.505 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/F/F]s 0.306 [45/-45/-45/-45]s [0.463/0.486/0.60/0.60]s - 

[C/C/C/F]s 0.389 [45/-45/-45/-45]s [0.453/0.491/0.10/0.60]s - 

[C/G/G/G]s 0.773 [90/45/45/45]s [0.60/0.60/0.10/0.10]s - 

[C/C/G/G]s 0.443 [45/-45/-45/-45]s [0.449/0.520/0.10/0.10]s - 

[C/C/C/G]s 0.454 [45/-45/-45/-45]s [0.443/0.485/0.10/0.10]s - 

[C/K/K/K]s 0.563 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/K/K]s 0.301 [45/-45/-45/-45]s [0.458/0.499/0.60/0.60]s - 

[C/C/C/K]s 0.383 [45/-45/-45/-45]s [0.448/0.491/0.10/0.60]s - 

[C/R/R/R]s 0.635 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/R/R]s 0.351 [45/-45/-45/-45]s [0.472/0.507/0.60/0.60]s - 

[C/C/C/R]s 0.412 [45/-45/-45/-45]s [0.455/0.498/0.10/0.60]s - 

[C/J/J/J]s 0.571 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/J/J]s 0.312 [45/-45/-45/-45]s [0.406/0.431/0.60/0.60]s - 

[C/C/C/J]s 0.390 [45/-45/-45/-45]s [0.446/0.488/0.10/0.60]s - 

[F/J/J/J]s 0.742 [45/-45/-45/-45]s [0.60/0.60/0.60/0.60]s - 

[F/F/J/J]s 0.665 [45/-45/45/-45]s [0.60/0.60/0.60/0.60]s - 

[F/F/F/J]s 0.646 [45/-45/45/-45]s [0.60/0.60/0.598/0.600]s - 

[F/K/K/K]s 0.745 [45/-45/45/45]s [0.596/0.60/0.594/0.60]s - 

[F/F/K/K]s 0.658 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s - 

[F/F/F/K]s 0.668 [45/-45/45/-45]s [0.596/0.60/0.594/0.60]s - 

[F/R/R/R]s 0.796 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[F/F/R/R]s 0.709 [45/-45/45/-45]s [0.60/0.60/0.60/0.489]s - 

[F/F/F/R]s 0.668 [45/-45/45/-45]s [0.60/0.60/0.60/0.448]s - 

 

This approach leverages the benefits of density and strength properties, 

integrating CNTs into each layer of natural fiber reinforced designs to increase fiber 

volume content and lower costs. In hybrid carbon and natural fiber reinforced designs, 

algorithms often favour two-phase designs without CNTs due to their lower cost 

compared to incorporating CNTs. The F values also indicate the efficiency level of the 

optimal design concerning both frequency and cost. The minimum F values for 

[C/C/F/F]s-CNT, [C/C/C/F]s-CNT, [C/C/K/K]s-CNT, [C/C/C/K]s-CNT, [C/C/R/R]s-

CNT, [C/C/C/R]s-CNT, [C/C/J/J]s-CNT, [C/C/C/J]s-CNT are identical to those of the 

two-phase design cases [C/C/N/N]s and [C/C/C/N]s, all below 0.400. In these designs, 

where cost is prioritized over weight in a multi-objective approach, there is no distinction 



120 
 

between optimal hybrid carbon-natural fiber reinforced composite [C/C/N/N] s and 

[C/C/C/N] s designs. The glass fiber reinforced [G/G/G/G]s-CNT and [G/G/G/G]s cases 

are less efficient compared to optimal designs among two-phase and three-phase 

composite structures. Among the non-hybrid fiber/CNT reinforced optimal designs, the 

most efficient case is [F/F/F/F]s-CNT, which achieves a design efficiency factor of 0.500. 

The efficiency of [F/F/F/F]s-CNT arises from the synergistic combination of the 

relatively economical flax fiber and the strategic incorporation of a small, yet impactful, 

amount of 1% CNT, despite its higher cost. In completely natural fiber reinforced cases 

such as [F/F/F/F]s, [J/J/J/J]s, [K/K/K/K]s, [R/R/R/R]s, and their hybridizations, the 

strategic addition and optimization of CNT at each ply result in a 10% increase in 

frequency, a 70% reduction in cost, and a 15% weight savings. This finding supports the 

use of hybridizing natural fibers with carbon fibers in applications where vibration control 

and cost efficiency are critical, especially in scenarios where carbon nanotubes (CNTs) 

are not utilized. Given that the price of carbon fiber is lower than that of CNTs, 

incorporating CNTs may not be feasible for achieving maximum natural frequency and 

minimizing costs in multi-objective optimization problems. In contrast to the previous 

problem, where weight was not considered in the objective function of the optimization 

problem, the fully carbon fiber reinforced [C/C/C/C]s-CNT case is not an efficient design 

in terms of natural frequency and cost. However, for achieving a cost-effective and high 

natural frequency design, combining flax, kenaf, ramie, and jute fibers with CNTs proves 

more advantageous compared to [G/G/G/G]s designs.  

Table 6.32 provides the optimum outcomes for natural frequency and cost across 

different hybrid and non-hybrid scenarios, including configurations with and without 

CNT. It also includes weight values to facilitate comparisons with other approaches in 

multi-objective optimization. Reductions in cost and frequency are expressed as a 

percentage compared to the [C/C/C/C/C] s reference optimal case. The two-phase cases 

of [C/C/K/K]s, [C/C/J/J]s, and [C/C/F/F]s are the most efficient, achieving the lowest F 

values of 0.301, 0.312, and 0.306, respectively. The results suggest that by accepting a 

9.9% reduction in frequency, a cost reduction of 48.8% is achievable, while at the same 

time using greener fibres and achieving a weight reduction of approximately 9%. The 

[C/C/C/F]s, [C/C/C/K]s, and [C/C/C/J]s designs also exhibit F values of 0.389, 0.384, 

and 0.390, respectively. These designs offer a 41% cost reduction and 11% weight 

savings, achieved by sacrificing 11% of the natural frequency, making them the second 

feasible designs. C/F/F/F]s-CNT, [C/R/R/R]s-CNT, [C/J/J/J]s-CNT, and [C/R/R/R]s-
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CNT are the next most efficient designs. With a 53% reduction in cost and a 23% 

reduction in natural frequency, these designs offer optimal solutions. Additionally, three-

phase hybrid designs fully reinforced with natural fibers—such as [F/J/J/J]s-CNT, 

[F/F/J/J]s-CNT, [F/F/F/J]s-CNT, [F/K/K/K]s-CNT, [F/F/K/K]s-CNT, [F/F/F/K]s-CNT, 

[F/R/R/R]s-CNT, [F/F/R/R]s-CNT, and [F/F/F/R]s-CNT—offer efficient solutions. 

These designs achieve a 72% cost reduction, albeit with a 31% decrease in frequency. 

 

Table 6.32. Comparison of optimum fundamental frequency and minimum cost with the  

                   related weight and comparing the results to the reference design 

 

 Design F-

value 

Objectives Output Comparison with [C/C/C/C]s design 

Fundamental 

Frequency  

Cost Weight Cost 

Reduction 

(%) 

Weight 

Reduction  

(%) 

Frequency 

Reduction 

(%) 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 0.501 288.180 84.790 13.207 73.4 13.7 31.6 

[G/G/G/G]s-

CNT 

0.895 251.381 146.017 17.706 54.1 -15.7 40.3 

[J/J/J/J]s-CNT 0.844 238.568 86.024 12.847 73.0 16.0 43.3 

[K/K/K/K]-CNT] 0.866 234.622 80.258 12.606 74.8 17.6 44.3 

[R/R/R/R]-CNT 0.885 240.639 113.406 13.669 64.4 10.7 42.8 

[C/C/C/C]s-CNT 0.597 421.000 245.918 14.151 22.7 7.5 0.0 

[C/F/F/F]s-CNT 0.559 320.408 147.708 13.730 53.6 10.3 23.9 

[C/C/F/F]s-CNT 0.306 378.031 163.826 13.904 48.5 9.1 10.2 

[C/C/C/F]s-CNT 0.389 375.262 186.214 13.735 41.5 10.2 10.9 

[C/G/G/G]s-CNT 0.738 295.061 188.457 15.223 40.8 0.5 29.8 

[C/C/G/G]s-CNT 0.443 371.135 198.052 13.932 37.8 8.9 11.9 

[C/C/C/G]s-CNT 0.454 371.418 200.933 13.714 36.9 10.4 11.8 

[C/K/K/K]s-CNT 0.551 302.671 131.402 13.277 58.7 13.2 29.9 

[C/C/K/K]s-CNT 0.301 379.476 162.903 13.616 48.8 11.0 9.9 

[C/C/C/K]s-CNT 0.384 375.822 184.930 13.579 41.9 11.3 10.7 

[C/R/R/R]s-CNT 0.594 294.124 145.802 14.402 54.2 5.9 30.0 

[C/C/R/R]s-CNT 0.351 374.201 174.863 14.390 45.1 5.9 11.1 

[C/C/C/R]s-CNT 0.412 373.187 191.180 13.973 39.9 8.7 11.4 

[C/J/J/J]s-CNT 0.522 302.070 134.952 13.457 57.6 12.0 28.3 

[C/C/J/J]s-CNT 0.312 378.239 165.436 13.735 48.0 10.2 10.2 

[C/C/C/J]s-CNT 0.390 374.270 185.788 13.632 41.6 10.9 11.1 

[F/J/J/J]s-CNT 0.599 281.124 86.307 12.937 72.9 15.4 33.2 

[F/F/J/J]s-CNT 0.514 286.076 85.746 13.026 73.1 14.9 32.0 

[F/F/F/J]s-CNT 0.498 288.665 85.276 13.117 73.2 14.3 31.4 

[F/K/K/K]s-CNT 0.585 281.368 82.366 12.757 74.1 16.6 33.2 

[F/F/K/K]s-CNT 0.503 287.030 83.120 12.906 73.9 15.6 31.8 

[F/F/F/K]s-CNT 0.485 289.523 83.962 13.057 73.6 14.7 31.2 

(cont. on next page) 
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Table 6.32 (cont.) 

 

[F/R/R/R]s-CNT 0.673 278.459 107.363 13.444 66.3 12.1 33.9 

 
[F/F/R/R]s-CNT 0.552 284.696 103.150 13.219 67.6 13.6 32.4 

 
[F/F/F/R]s-CNT 0.515 289.282 99.008 12.994 68.9 15.1 31.3 

T
w

o
 P

h
as

e 
C

o
m

p
o

si
te

s 

[F/F/F/F]s 0.648 255.760 56.760 13.200 82.2 13.7 39.3 

[G/G/G/G]s 1.166 206.979 116.158 15.300 63.5 0.0 50.8 

[J/J/J/J]s 0.914 225.431 58.678 12.840 81.6 16.1 46.5 

[K/K/K/K] 0.943 221.518 53.424 12.600 83.2 17.6 47.4 

[R/R/R/R] 0.934 227.307 83.395 13.662 73.8 10.7 46.0 

[C/F/F/F]s 0.505 298.565 135.725 13.725 57.4 10.3 29.1 

[C/C/F/F]s 0.306 378.031 163.826 13.905 48.5 9.1 10.2 

[C/C/C/F]s 0.389 375.262 186.214 13.735 41.5 10.2 10.9 

[C/G/G/G]s 0.773 275.311 165.240 15.225 48.1 0.5 34.6 

[C/C/G/G]s 0.443 371.135 198.052 13.932 37.8 8.9 11.9 

[C/C/C/G]s 0.454 371.418 200.933 13.714 36.9 10.4 11.8 

[C/K/K/K]s 0.563 287.775 119.628 13.275 62.4 13.2 31.7 

[C/C/K/K]s 0.301 379.476 162.903 13.616 48.8 11.0 9.9 

[C/C/C/K]s 0.383 375.822 184.930 13.578 41.9 11.3 10.7 

[C/R/R/R]s 0.635 281.741 134.550 14.400 57.7 5.9 33.1 

[C/C/R/R]s 0.351 374.416 174.863 14.396 45.1 5.9 11.1 

[C/C/C/R]s 0.412 373.187 191.180 13.972 39.9 8.7 11.4 

[C/J/J/J]s 0.571 287.840 123.569 13.455 61.2 12.1 31.6 

[C/C/J/J]s 0.312 378.239 165.436 13.570 48.0 11.3 10.2 

[C/C/C/J]s 0.390 374.270 185.788 13.632 41.6 10.9 11.1 

[F/J/J/J]s 0.742 244.738 58.190 12.930 81.7 15.5 41.9 

[F/F/J/J]s 0.665 253.560 57.719 13.050 81.9 14.7 39.8 

[F/F/F/J]s 0.646 256.110 57.298 13.109 82.0 14.3 39.2 

[F/K/K/K]s 0.745 243.571 56.217 13.045 82.3 14.7 42.2 

[F/F/K/K]s 0.658 254.084 55.092 12.900 82.7 15.7 39.7 

[F/F/F/K]s 0.668 256.078 56.217 13.045 82.3 14.7 39.2 

[F/R/R/R]s 0.796 242.859 79.255 13.437 75.1 12.2 42.4 

[F/F/R/R]s 0.709 249.399 67.578 13.553 78.8 11.4 40.8 

[F/F/F/R]s 0.668 254.177 64.333 13.292 79.8 13.1 39.6 

 

In multi-objective optimization problems where natural frequency and cost serve 

as objectives, hybrid and non-hybrid natural fiber reinforced designs with CNTs may also 

achieve a 15.5% weight reduction. It can be seen that less efficient designs with a 10% 

reduction in frequency values are disadvantageous compared to multiphase designs with 

CNTs for the same design approaches using fully natural fibre-reinforced cases in two-

phase structures without CNTs. Nevertheless, these designs still achieve an 82% 

reduction in cost and a 17% decrease in weight. 
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This graph presents the optimal design in terms of maximum natural frequency 

and minimum cost for both hybrid and non-hybrid fiber reinforced composites, including 

configurations with and without carbon nanotubes (CNTs). The most effective designs in 

terms of both cost and natural frequency are [C/C/N/N]s and [C/C/C/N]s (where N 

represents natural fibres such as Kevlar, flax, jute and ramie). Of all the cases, [C/C/K/K]s 

emerges as the most efficient design both in terms of cost and in terms of natural 

frequency. In general, two-phase composite designs using carbon and natural fibers can 

achieve up to a 48% cost reduction and a 10% weight reduction, while potentially 

experiencing an 11% decrease in natural frequency. This is because the optimization aims 

to strike a balance between minimizing costs and maximizing fundamental frequency 

objectives. For the hybrid natural fiber reinforced [F/F/F/K]s-CNT design, it is possible 

to achieve a 48% weight reduction and a 15% cost saving, albeit with a sacrifice of 31% 

in natural frequency compared to traditional carbon fiber reinforced composite structures. 

6.3.3. Problem 3 

Problem 3 examines the effect of three different objectives; natural frequency, 

weight and cost in multi-objective optimization approach for hybrid and non-hybrid 

fibers/CNT reinforced nanocomposite plates with non-uniform distribution of CNT and 

fiber reinforcements. The alternative hybrid and non-hybrid natural fiber reinforced 

composite designs with and without carbon nanotubes are proposed in terms of optimum 

fundamental frequency, cost and weight to traditional carbon and glass fiber reinforced 

composite structures. The effect of minimization approach for weight and cost while 

maximizing of natural frequency are investigated for optimum results. The efficiency 

factor F (penalty function values) values and increment and decreasing in frequency, 

weight and cost values are compared with Problem 1 and Problem 2 results in order to 

investigate the effect of different multi-objective optimization approach for three and two 

phase fiber reinforced composite structures. Number of plies and length to thickness ratio 

are same with Problem 1 and 2. The objective function F3 is also defined as penalty 

function which is composed of non-dimensionalized natural frequency 𝜔̅𝑚𝑛 , weight and 

cost. 𝜃𝑖 , 𝑊𝐶𝑁𝑇𝑘   and 𝑉𝐹𝑘 are the design parameters for multiphase composite plates. For 

two-phase fiber reinforced composites problems, 𝜃𝑖  and 𝑉𝐹𝑘 are also employed as design 

variables. The objective of the problem is to make comparisons of multiobjective problem 
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results for maximum natural frequency and minimum cost and weight for Jute, Kenaf, 

Ramie, Flax, Carbon and Glass fiber reinforcement with and without CNT for hybrid and 

non-hybrid structures.   

Problem 3 can be defined mathematically as 

• Minimize:  

     𝐹3 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 + 𝑘3𝑚3
2 + 𝑘4(𝛿 − 0.2)

2 + 𝑘5(𝛾 − 0.2)
2 

𝑚1 = (
𝜔̅𝑚𝑎𝑥 − 𝜔̅𝑚𝑛

𝜔̅𝑚𝑎𝑥
)𝑚2 = (

𝑊𝑒𝑖𝑔ℎ𝑡

𝑊𝑒𝑖𝑔ℎ𝑡𝑚𝑎𝑥
) 𝑚2 = (

𝐶𝑜𝑠𝑡

𝐶𝑜𝑠𝑡𝑚𝑎𝑥
) 

• Constraints: 
1

8
 ∑ 𝑊𝐶𝑁𝑇𝑖 ≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥

8
𝑖=1 , 𝑊𝐶𝑁𝑇𝑖 ≥ 0 

                   Symmetric stacking sequences;  [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                   Symmetric weight fraction of CNTs sequences;   

                   [WCNT1/𝑊CNT2/𝑊CNT3/𝑊CNT4]𝑠 

                   Symmetric volume fraction of Fiber; [𝑉F1/𝑉F2/𝑉F3/𝑉F4]𝑠 

                    𝑎 𝐷⁄ = 100, 𝑎 𝑏⁄ = 1, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25%, 

                      0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60  

                    Algorithms: Differential Evolution 

Table 6.33 shows the influence of different hybrid and non-hybrid designs with 

CNT on the optimal stacking sequence, fibre volume fraction and CNT weight fraction 

distribution. The aim is to achieve the maximum possible fundamental frequency and the 

minimum possible cost and weight of the two phase and three phase composite plates. 

The results suggest that, similar to the multi-objective Problems 1 and 2, designs tend to 

be more efficient when a high weight content of CNTs is placed in the outer layer rather 

than the inner layer. To achieve optimum designs for three different objectives—

maximum frequency, minimum cost, and minimum weight—variable fiber volume 

content and CNT weight content are proposed according to different fiber types and their 

hybridizations. The [C/C/F/F]s CNT, [C/C/K/K]s CNT, [C/C/J/J]s CNT, [C/C/C/J]s 

CNT, [C/C/C/K]s and [C/C/K/K]s designs have the minimum F values below the 1,200 

value and thus provide the optimum solutions in terms of natural frequency, cost and 

weight. However, the frequency, cost and weight values of the designs differ from each 

other due to the variable material properties, which are advantageous for natural fibres 

and CNTs. For instance, although the F values of [C/C/F/F]s-CNT, [C/C/C/K]s-CNT, 

[C/C/K/K]s-CNT, [C/C/K/K]s, [C/C/F/F]s, and [C/C/C/K]s are identical, the frequency 

values, costs, and weights of these designs vary significantly. This variation allows 
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designers to select the optimal design based on the specific priorities of their application 

areas. 

 

Table 6.33. Comparison of optimum Stacking sequence, volume fraction of fiber and  

                   weight fraction of CNT distribution results for maximum fundamental  

                   frequency and minimum weight of composite plates  

 

 Design F-value Optimum Results 

Stacking 

Sequence 

Fiber Volume Fraction per 

layer 

Weight Content of 

CNT per layer 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 1.235 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.039/0.0110/0/0.0]s 

[G/G/G/G]s-

CNT 

1.893 [45/-45/45/45]s [0.600/0.100/0.100/0.100]s [0.05/0.0/0/0]s 

[J/J/J/J]s-CNT 1.549 [45/-45/45/45]s [0.600/0.100/0.100/0.100]s [0.05/0.0/0/0]s 

[K/K/K/K]-

CNT] 

1.546 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.05/0.0/0/0]s 

[R/R/R/R]-CNT 1.200 [45/-45/45/-45]s [0.60/0.60/0.60/0.10]s [0.0472/0.0028/0/0.0]s 

[C/C/C/C]s-

CNT 

1.412 [45/-45/-45/-45]s [0.578/0.600/0.100/0.100]s [0.0190/0.0/0.0027/0.0]

s 

[C/F/F/F]s-CNT 1.272 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0388/0.00/0/0.0]s 

[C/C/F/F]s-

CNT 

1.134 [45/-45/-45/-45]s [0.424/0.425/0.60/0.60]s [0.0060/0.0/0/0.0]s 

[C/C/C/F]s-

CNT 

1.212 [45/-45/-45/-45]s [0.411/0.422/0.100/0.600]s [0.0080/0.0/0.0027/0.0]

s 

[C/G/G/G]s-

CNT 

1.635 [90/45/45/45]s [0.60/0.10/0.10/0.10]s [0.0457/0/0/0]s 

[C/C/G/G]s-

CNT 

1.279 [45/-45/-45/-45]s [0.406/0.450/0.10/0.10]s [0.0080/0/0/0]s 

[C/C/C/G]s-

CNT 

1.261 [45/-45/-45/-45]s [0.404/0.424/0.10/0.10]s [0.0060/0/0/0]s 

[C/K/K/K]s-

CNT 

1.265 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0178/0/0/0]s 

[C/C/K/K]s-

CNT 

1.100 [45/-45/-45/-45]s [0.415/0.431/0.60/0.60]s [0.0072/0/0.0028/0]s 

[C/C/C/K]s-

CNT 

1.404 [45/-45/-45/-45]s [0.439/0.386/0.60/0.60]s [0.01/0/0/0]s 

[C/R/R/R]s-

CNT 

1.434 [90/45/45/45]s [0.60/0.60/0.10/0.10]s [0.0136/0/0/0]s 

[C/C/R/R]s-

CNT 

1.206 [45/-45/-45/-45]s [0.40/0.444/0.101/0.100]s [0.0100/0/0/0]s 

[C/C/C/R]s-

CNT 

1.222 [45/-45/-45/-45]s [0.398/0.421/0.100/0.100]s [0.0060/0/0/0]s 

[C/J/J/J]s-CNT 1.296 [90/45/45/45]s [0.60/0.60/0.60/0.60]s [0.0172/0/0/0]s 

[C/C/J/J]s-CNT 1.118 [45/-45/-45/-45]s [0.417/0.433/0.60/0.60]s [0.0058/0/0.0002/0]s 

[C/C/C/J]s-

CNT 

1.187 [45/-45/-45/-45]s [0.404/0.424/0.100/0.600]s [0.0059/0/0/0.0001]s 

[F/J/J/J]s-CNT 1.315 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.0500/0/0/0]s 

[F/F/J/J]s-CNT 1.232 [45/-45/45/45]s [0.60/0.60/0.60/0.306]s [0.0382/0.0118/0/0]s 

[F/F/F/J]s-CNT 1.226 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0384/0.0116/0/0]s 

[F/K/K/K]s-

CNT 

1.282 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s [0.0500/0/0/0]s 

(cont. on next page) 
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Table 6.33 (cont.) 

 

[F/F/K/K]s-

CNT 

1.211 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0382/0.0118/0/0]s 

[F/F/F/K]s-CNT 1.214 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s [0.0390/0.0110/0/0]s 

[F/R/R/R]s-

CNT 

1.386 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0500/0/0/0]s 

[F/F/R/R]s-

CNT 

1.300 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0388/0.0112/0/0]s 

[F/F/F/R]s-CNT 1.238 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s [0.0385/0.0115/0/0]s 

T
w

o
 P

h
as

e 
C

o
m

p
o

si
te

s 

[F/F/F/F]s 1.373 [45/-45/45/45]s [0.60/0.60/0.60/0.10]s - 

[G/G/G/G]s 2.166 [45/-45/-45/-45]s [0.521/0.379/0.100/0.100]

s 

- 

[J/J/J/J]s 1.615 [45/-45/-45/45]s [0.60/0.60/0.60/0.10]s - 

[K/K/K/K] 1.621 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s - 

[R/R/R/R] 1.734 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s - 

[C/F/F/F]s 1.306 [90/45/45/45]s [0.60/0.60/0.60/0.10]s - 

[C/C/F/F]s 1.125 [45/-45/-45/45]s [0.419/0.432/0.60/0.60]s - 

[C/C/C/F]s 1.187 [45/-45/-45/-45]s [0.410/0.438/0.10/0.60]s - 

[C/G/G/G]s 1.697 [90/45/45/45]s [0.60/0.10/0.10/0.10]s - 

[C/C/G/G]s 1.265 [45/-45/-45/-45]s [0.406/0.467/0.10/0.10]s - 

[C/C/C/G]s 1.250 [45/-45/-45/-45]s [0.404/0.437/0.10/0.10]s - 

[C/K/K/K]s 1.300 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/K/K]s 1.085 [45/-45/-45/-45]s [0.415/0.445/0.60/0.60]s - 

[C/C/C/K]s 1.164 [45/-45/-45/-45]s [0.404/0.436/0.10/0.60]s - 

[C/R/R/R]s 1.473 [90/45/45/45]s [0.60/0.60/0.10/0.10]s - 

[C/C/R/R]s 1.187 [45/-45/-45/-45]s [0.40/0.464/0.10/0.10]s - 

[C/C/C/R]s 1.210 [45/-45/-45/-45]s [0.40/0.435/0.10/0.10]s - 

[C/J/J/J]s 1.345 [90/45/45/45]s [0.60/0.60/0.60/0.60]s - 

[C/C/J/J]s 1.110 [45/-45/-45/-45]s [0.406/0.431/0.60/0.60]s - 

[C/C/C/J]s 1.177 [45/-45/-45/-45]s [0.406/0.438/0.10/0.60]s - 

[F/J/J/J]s 1.450 [45/-45/-45/-45]s [0.60/0.60/0.60/0.10]s - 

[F/F/J/J]s 1.386 [45/-45/-45/-45]s [0.60/0.60/0.60/0.396]s - 

[F/F/F/J]s 1.380 [45/-45/45/-45]s [0.60/0.60/0.598/0.598]s - 

[F/K/K/K]s 1.434 [45/-45/-45/45]s [0.60/0.60/0.60/0.60]s - 

[F/F/K/K]s 1.369 [45/-45/45/45]s [0.60/0.60/0.60/0.60]s - 

[F/F/F/K]s 1.371 [45/-45/45/-45]s [0.60/0.60/0.574/0.60]s - 

[F/R/R/R]s 1.553 [45/-45/45/-45]s [0.60/0.60/0.257/0.10]s - 

[F/F/R/R]s 1.448 [45/-45/45/45]s [0.60/0.60/0.385/0.10]s - 

[F/F/F/R]s 1.395 [45/-45/45/-45]s [0.60/0.60/0.491/0.10]s - 

 

Integrating CNTs into each layer of natural fiber reinforced designs can enhance 

the optimal design in terms of cost, weight, and frequency. The results indicate that 

algorithms tend to use a very low level of CNT addition to improve efficiency. This 

approach also enables more efficient designs compared to two-phase optimal results for 

multi-objective optimization problems focused on achieving maximum frequency and 
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minimizing cost and weight. In these designs, where cost and weight are equally 

prioritized in a multi-objective approach, there is a distinction between the optimal hybrid 

carbon-natural fiber reinforced composite three-phase [C/C/N/N]s-CNT and two-phase 

[C/C/C/N]s designs. When considering the CNT addition difference in the multi-

objective approach, the designs achieve a 5% higher natural frequency compared to the 

two-phase designs by incorporating just 2% CNT into the outer layer of the structures. 

The glass fiber reinforced [G/G/G/G]s-CNT and [G/G/G/G]s cases are also less efficient 

compared to optimal designs among two-phase and three-phase composite structures. 

Among the fully hybrid and non-hybrid natural fiber/CNT reinforced optimal 

designs, [F/F/K/K]s-CNT, [F/F/F/K]s-CNT, [F/F/J/J]s-CNT, and [F/F/F/J]s-CNT 

represent the second most efficient cases, offering approximately 70% cost savings and a 

15% weight reduction, albeit with a 30% frequency reduction. Optimal distribution of 5% 

CNTs in natural fiber reinforced composite designs provides a 13% increase in frequency 

at the expense of a 9% cost increase. It is possible to achieve a design with 1.369 F values 

by reducing the cost by 82% and the weight by 15% for the optimal two-phase fully 

natural fibre reinforced composite designs [F/F/K/K]s. In fully natural fibre reinforced 

cases such as [F/F/F/F]s CNT, [J/J/J/J]s CNT, [K/K/K/K]s CNT, [R/R/R/R]s CNT, the 

strategic addition and optimization of CNT at each ply results in up to 13.2% increase in 

frequency with 1.235 F value compared to two-phase cases; [F/F/F/F]s, [J/J/J/J]s, 

[K/K/K/K]s, [R/R/R/R]s. 

The results supports that the use of CNTs in mutiphase hybrid and non-hybrid 

fully natural fiber reinforced composites are more beneficial in multiobjective optimum 

solution for applications where minimum weight, cost and maximum natural frequency 

are requested. For carbon/natural fiber and CNT reinforced nanocomposite cases, 

algorithm tend to give optimum results by decreasing volume content of fiber in inner 

layer by adding CNT into outer layers.  

Table 6.34 outlines the optimal results for natural frequency, cost, and weight 

across various hybrid and non-hybrid configurations, including those with and without 

CNT. Reductions in weight, cost, and frequency are quantified as percentages relative to 

the baseline [C/C/C/C]s reference case. Among the configurations evaluated, the 

[C/C/K/K]s-CNT, [C/C/F/F]s-CNT, [C/C/J/J]s-CNT, [C/C/K/K]s, and [C/C/F/F]s cases 

emerged as the most efficient, recording the lowest F values of 1.100, 1.134, 1.118, 1.085, 

and 1.125 respectively. The findings suggest that a cost reduction of up to 50% and a 

weight reduction of 12.8% are achievable by allowing a frequency reduction of about 



129 
 

13%, while also incorporating more eco-friendly fibers. In terms of natural frequency, the 

fully carbon fiber reinforced [C/C/C/C] s-CNT case has the highest natural frequency 

which is capable of giving reference optimal design behaviour with more advantageous 

that by decreasing 23% cost and 10% weight. It also shows that by using CNT fillers in 

the outer layers of carbon fiber reinforced structures, the price and weight may be 

decreased of traditional carbon fiber reinforced composite structures for the same natural 

frequency value. 

 

Table 6.34. Comparison of optimum fundamental frequency, minimum cost and  

                   weight and comparing the results to the reference design 

 

 Design F-

value 

Objectives Output Comparison with [C/C/C/C]s design 

wmn Weight cost Cost 

Reduction 

(%) 

Weight 

Reduction 

(%) 

Frequency 

Reduction 

(%) 

T
h

re
e 

P
h

as
e 

C
o

m
p
o

si
te

s 

[F/F/F/F]s-CNT 1.235 289.503 12.956 98.200 69.1 15.3 31.2 

[G/G/G/G]s-CNT 1.893 243.198 14.706 156.892 50.7 3.9 42.2 

[J/J/J/J]s-CNT 1.549 210.356 12.322 124.825 60.8 19.5 50.0 

[K/K/K/K]-CNT] 1.546 234.478 12.606 80.258 74.8 17.6 44.3 

[R/R/R/R]-CNT 1.200 240.642 13.669 113.396 64.4 10.7 42.8 

[C/C/C/C]s-CNT 1.412 420.007 13.898 243.971 23.3 9.2 0.2 

[C/F/F/F]s-CNT 1.272 320.220 13.730 147.446 53.7 10.3 23.9 

[C/C/F/F]s-CNT 1.134 365.014 13.768 160.073 49.7 10.0 13.3 

[C/C/C/F]s-CNT 1.212 361.115 13.584 186.597 42.4 11.2 14.2 

[C/G/G/G]s-CNT 1.635 292.925 13.731 200.488 37.0 10.3 30.4 

[C/C/G/G]s-CNT 1.279 356.621 13.778 194.982 38.7 9.9 15.3 

[C/C/C/G]s-CNT 1.261 357.920 13.577 197.363 38.0 11.3 15.0 

[C/K/K/K]s-CNT 1.265 302.488 13.277 131.206 58.8 13.2 29.9 

[C/C/K/K]s-CNT 1.100 365.091 13.465 160.763 49.5 12.0 13.3 

[C/C/C/K]s-CNT 1.404 379.770 14.111 225.850 29.0 7.8 9.8 

[C/R/R/R]s-CNT 1.434 294.487 13.527 163.541 48.6 11.6 31.3 

[C/C/R/R]s-CNT 1.206 360.543 13.337 191.780 39.7 12.8 14.4 

[C/C/C/R]s-CNT 1.222 358.916 13.352 194.658 38.8 12.7 14.8 

[C/J/J/J]s-CNT 1.296 301.887 13.457 134.756 57.7 12.0 29.9 

[C/C/J/J]s-CNT 1.118 363.958 13.590 161.106 49.4 11.2 13.6 

[C/C/C/J]s-CNT 1.187 359.725 13.487 181.725 42.9 11.8 14.6 

[F/J/J/J]s-CNT 1.315 281.124 12.937 86.307 72.9 15.4 33.2 

[F/F/J/J]s-CNT 1.232 286.900 12.924 93.547 70.6 15.5 31.9 

[F/F/F/J]s-CNT 1.226 289.466 12.942 98.205 69.1 15.4 31.3 

[F/K/K/K]s-CNT 1.282 281.094 12.757 82.366 74.1 16.6 33.2 

(cont. on next page) 
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Table 6.34 (cont.) 

 [F/F/K/K]s-CNT 1.211 287.063 12.906 83.123 73.9 15.6 31.8 

[F/F/F/K]s-CNT 1.214 289.168 13.057 83.960 73.6 14.7 31.3 

[F/R/R/R]s-CNT 1.386 278.196 13.444 107.363 66.3 12.1 33.9 

[F/F/R/R]s-CNT 1.300 284.351 13.219 103.149 67.6 13.6 32.5 

[F/F/F/R]s-CNT 1.238 288.924 12.994 99.008 68.9 15.1 31.4 

T
w

o
 P

h
as

e 
C

o
m

p
o

si
te

s 

[F/F/F/F]s 1.373 256.767 12.950 70.127 78.0 15.4 39.0 

[G/G/G/G]s 2.166 206.979 15.300 116.158 63.5 0.0 50.8 

[J/J/J/J]s 1.615 225.782 12.665 71.613 77.5 17.2 46.4 

[K/K/K/K] 1.621 221.518 12.600 53.424 83.2 17.6 47.4 

[R/R/R/R] 1.734 223.180 13.319 91.608 71.2 12.9 47.0 

[C/F/F/F]s 1.306 300.128 13.475 135.543 57.4 11.9 28.7 

[C/C/F/F]s 1.125 362.266 13.770 154.999 51.3 10.0 14.0 

[C/C/C/F]s 1.187 359.500 13.604 177.573 44.2 11.1 14.6 

[C/G/G/G]s 1.697 265.028 13.725 170.640 46.4 10.3 37.1 

[C/C/G/G]s 1.265 355.367 13.800 189.343 40.5 9.8 15.6 

[C/C/C/G]s 1.250 356.966 13.590 193.126 39.3 11.2 15.2 

[C/K/K/K]s 1.300 290.435 13.275 119.628 62.4 13.2 31.7 

[C/C/K/K]s 1.085 363.678 13.483 154.141 51.6 11.9 13.6 

[C/C/C/K]s 1.164 359.436 13.443 176.033 44.7 12.1 14.6 

[C/R/R/R]s 1.473 282.780 13.525 154.700 51.4 11.6 32.8 

[C/C/R/R]s 1.187 358.825 13.363 184.635 42.0 12.7 14.8 

[C/C/C/R]s 1.210 358.547 13.373 190.642 40.1 12.6 14.8 

[C/J/J/J]s 1.345 287.840 13.455 123.569 61.2 12.1 31.6 

[C/C/J/J]s 1.110 358.786 13.570 154.723 51.4 11.3 14.8 

[C/C/C/J]s 1.177 359.400 13.508 177.701 44.2 11.7 14.6 

[F/J/J/J]s 1.450 245.315 12.755 71.133 77.6 16.6 41.7 

[F/F/J/J]s 1.386 253.826 12.948 63.187 80.1 15.4 39.7 

[F/F/F/J]s 1.380 256.113 13.108 57.353 82.0 14.3 39.2 

[F/K/K/K]s 1.434 244.151 12.750 54.258 83.0 16.7 42.0 

[F/F/K/K]s 1.369 254.084 12.900 55.092 82.7 15.7 39.7 

[F/F/F/K]s 1.371 256.189 13.037 56.682 82.2 14.8 39.2 

[F/R/R/R]s 1.553 239.785 13.137 86.544 72.8 14.1 43.1 

[F/F/R/R]s 1.448 249.934 13.024 79.876 74.9 14.9 40.6 

[F/F/F/R]s 1.395 254.449 12.933 74.101 76.7 15.5 39.6 

 

For fully natural fiber reinforced cases, 82% weight saving is enhanced by 

decreasing 39% natural frequency with 15% cost reduction. [C/C/N/N]s-CNT, 

[C/C/C/N]s-CNT and [C/C/N/N]s cases are the other most efficient optimal designs in 

terms of cost and weight by achieving an 45-80% weight reduction and 11-12% cost 

reduction with decrease in frequency between the range of 13-14.6%. In addition to this, 

among the two-phase designs [C/C/J/J]s, [C/C/K/K]s, [C/C/C/K]s, [C/C/R/R]s, 
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[C/C/C/R]s, [C/C/J/J]s, and [C/C/C/J]s also provide more efficient designs with a 12% 

weight and 51% cost savings with a about the 14.8% decrease in frequency. Generally, 

the efficiency of multi-objective optimal designs for multiphase composite structures for 

maximum natural frequency, minimum weight and cost, it can be seen that to use optimal 

non-uniform volume content of fiber and weight content of cnt distributions enable to be 

use more cost and weight effective engineering structures in terms of natural frequency. 

The multi-objective optimization approaches also illustrate that by using CNT in hybrid 

and nonhybrid natural fiber reinforced structures, the cost and weight may be decreased 

up to 80% and 16%, respectively. 

This graph shows the optimal configuration for hybrid and non-hybrid fiber 

reinforced composites with and without carbon nanotubes (CNTs), taking into account 

the maximum natural frequency as well as the minimum possible cost and weight. 

Considering cost, weight, and natural frequency, the [C/C/F/F]s-CNT, [C/C/K/K]s-CNT 

and [C/C/J/J]s-CNT designs are the most effective out of all the scenarios. By using these 

design, 49% weight and 13% cost savings can be achieved by sacrificing 9% in natural 

frequency in spite of CNT utilization as nanofillers. Of all the cases, [C/C/C/K]s emerges 

as the most efficient design both in terms of decreasing cost and weight with maximum 

natural frequency. For Hybrid natural fiber reinforced [F/F/F/K]s-CNT design,14% 

weight and 73% cost saving can be provided with sacrificing 31% natural frequency 

compared to traditional carbon fiber reinforced composite structures. Hybrid natural fiber 

reinforced composites come forward with more cost effective designs up to 83% 

decreasing cost. In this graph, it is obviously seen that  [C/C/K/K]s-CNT and [C/C/C/K]s-

CNT are the most optimal design in terms of cost, weight and natural frequency. 
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6.3.3.1 Finite Element Analysis of the Optimum Cases  

In this study, the Finite Element Method (FEM) is applied to conduct a free 

vibration analysis of optimized hybrid nanocomposite designs reinforced with 

Carbon/Kenaf and Carbon/Flax/CNTs. The FEM simulations are performed using 

Autodesk Inventor NASTRAN Commercial Software under an Educational License. To 

perform the vibration analysis of the hybrid fiber-reinforced nanocomposite plates, an 

appropriate mesh is generated. Given that the composite plate has a side-to-thickness ratio 

greater than 10, linear quadrilateral 4-node shell elements are chosen as an effective 

meshing option for the model. The plates are composed of eight unidirectional layers, 

with the square plate dimensions being 1 m × 1 m and a total laminate thickness of 10 

mm. 

Fully simply supported boundary (SSSS) conditions are applied to multiscale 

nanocomposite plates. The boundary conditions (BCs) for displacement constraints on 

the simply supported plate are defined as follows: 

 

 𝑣 = 𝑤 = 0 at 𝑥 = 0 and 𝑥 = 𝑎, 𝑢 = 𝑤 = 0 at 𝑦 = 0 and 𝑦 = 𝑏 

𝑀𝑥 = 0 at 𝑥 = 0 and 𝑥 = 𝑎, 𝑀𝑦 = 0 at 𝑦 = 0 and 𝑦 = 𝑏 

 

The model has undergone convergence testing with respect to mesh density, 

leading to the selection of a mesh consisting of 20 elements per side, each with a 

dimension of 50 mm. This configuration results in a total of 1,281 nodes and 400 elements 

being employed to achieve the final solution. 

The optimum non-uniform weight content of CNTs, fiber orientation angles, and 

fiber volume fraction for each layer of the hybrid Carbon/Flax/CNTs and 

Carbon/Kenaf/CNT nanocomposite plates are provided in the accompanying Table 6.35. 

These values are derived from the results of a multi-objective optimization problem aimed 

at maximizing natural frequency while minimizing both cost and weight. 

Using the optimum volume fraction and CNT weight content for each layer, non-uniform 

material properties are calculated as shown in Table 6.36. The analysis considers two 

different symmetric designs, [C/C/K/K]s and [C/C/F/F]s, where each layer exhibits 

distinct properties, mirrored symmetrically across the laminate(Figure 6.14). 
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Table 6.35. Optimum design results of the Problem 3. 

 

    Design Variables 

Design F-value Stacking 

Sequence 

Fiber Volume Fraction Weight Content of 

CNTs 

[C/C/K/K]s-CNTs 1.100 [45/-45/-45/-45]s [0.415/0.431/0.60/0.60]s [0.0072/0/0.0028/0]s 

[C/C/F/F]s-CNTs 1.134 [45/-45/-45/-45]s [0.424/0.425/0.60/0.60]s [0.0060/0.0/0/0.0]s 

 

 

 

Figure 6.14. Representation of the designs 

 

Table 6.36. Optimum material properties for layer by layer 

[C/C/K/K]s-

CNTs 

Carbon/CNTs[1] Carbon/CNTs[2] Kenaf/CNTs[3] Kenaf/CNTs[4] 

E1 (Mpa) 112081.00 115345.00 32956.20 32720.00 

E2 (Mpa) 7638.20 5799.41 5130.47 4753.81 

G12 (Mpa) 3033.42 2199.66 2123.65 1939.98 

V12 0.29 0.29 0.33 0.33 

qq 1428.81 1437.05 1260.15 1260.00 

[C/C/F/F]s-

CNTs 

Carbon/CNTs[1] Carbon/CNTs[2] Flax/CNTs[3] Flax/CNTs[4] 

E1 (Mpa) 114257.00 113788.00 43400.00 43400.00 

E2 (Mpa) 7402.16 5755.16 9090.26 9090.26 

G12 (Mpa) 2927.07 2927.07 3040.85 3040.85 

V12 0.29 0.29 0.25 0.25 

qq 1433.66 1433.75 1320.00 1320.00 
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In the Table 6.37, a strong agreement can be observed between the FEM results 

and analytical results for the optimum designs' angular frequencies (𝜔). Angular 

frequency (𝜔) can be converted to frequency (𝑓) in Hertz by using equality 𝜔 = 2𝜋𝑓.  

The optimum inter-ply hybrid fiber/CNT-reinforced nanocomposite designs were derived 

using the Halpin-Tsai model and Classical Lamination Plate Theory (CLPT), with the 

FEM results demonstrating an error margin of only 1.6%. By using the present approach, 

FEM analysis of fiber-reinforced nanocomposite plates can effectively account for the 

non-uniform material properties of each ply when assessing vibration behavior. By 

integrating multiscale modelling with micromechanical equations, Finite Element 

Methods are accurately applied to three-phase fiber/CNT-reinforced nanocomposite 

structures using Autodesk NASTRAN. 

 

Table 6.37. Comparison of the FEM results with analytical method for optimum cases 

 

Design F-

value 

FEM 

(NASTRAN)  

Analytical Error 

(%) 

Cost Weight 

[C/C/K/K]s-CNTs 1.100 359.341 365.091 1.6 160.763 13.465 

[C/C/F/F]s-CNTs 1.134 359.379 365.014 1.6 160.073 13.768 

 

The natural frequencies and mode shapes of composite plates can be numerically 

calculated, with a focus on several fundamental bending mode shapes of rectangular 

plates. The structure of the first three fundamental modes is primarily determined by the 

plate's geometric and stiffness characteristics. The first ten fundamental bending mode 

shapes of the square plate are illustrated in the accompanying Figure 6.15. 

Using the stochastic optimization algorithm Differential Evolution (DE) in 

conjunction with multiscale modelling, the vibration behaviour of hybrid fiber/CNT-

reinforced nanocomposite plates is optimized, aiming to maximize performance while 

minimizing cost and weight. 

The proposed FEM analysis procedure integrates multiscale modelling with the 

inclusion of CNTs within the matrix. Dispersion of CNT particles in the matrix is a 

significant challenge, with a practical limit to CNT addition (maximum 10 wt%) due to 

agglomeration formation. Consequently, the present approach serves as an effective 

design tool for low volume fractions. It is able to identify the optimum vibrational 

performance, taking into account the non-uniform distribution of nanoparticles in the 

matrix. 
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Figure 6.15. Mode shapes of vibration of [C/C/K/K]s-CNT multiscale nanocomposite  

                     plate with SSSS boundary condition 

(cont. on next page) 
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Figure 6.15 (cont.) 

  

  
 

 

 

 

 

 



138 
 

CHAPTER 7 

BUCKLING PROBLEMS 

 

In this section of the thesis, the critical buckling load factors of three-phase, 

graphene or carbon nanotubes (CNTs)/fiber-reinforced nanocomposite laminates have 

been maximized. This was achieved through the use of various design variables and load 

cases. Both single-objective and multi-objective optimization problems were addressed 

to identify solutions that provide the maximum critical buckling loads while minimizing 

weights. This section is organized into three main parts: i) benchmark problems, which 

set the baseline for comparisons, ii) single-objective optimization problems focusing 

solely on optimizing one parameter, and iii) multi-objective optimization problems that 

balance conflicting objectives to derive an optimal solution. 

7.1. Benchmark Problem 

In the benchmark problems section, the design and optimization of fiber-

reinforced composite plates are undertaken to assess various optimization approaches for 

maximizing critical buckling loads and to evaluate multiphase material models. This 

portion of the study comprises four verification problems: 

Problem B1: Stacking sequence design and optimization challenges are addressed 

for different load cases (LC) as reported in the literature. The solutions are compared with 

the maximum critical buckling loads from recent studies to gauge their effectiveness. 

Problem B2: The critical buckling load analysis for composite plates under biaxial 

and uniaxial loadings is performed using the First-order Shear Deformation Theory 

(FSDT) and Navier's solution. The outcomes are benchmarked against results obtained 

from both analytical methods and Finite Element Method (FEM) to ensure consistency 

and accuracy. 

Problem B3: Material properties of MWCNT-reinforced nanocomposite laminae 

are calculated using the modified Halpin-Tsai Model. This problem aims to validate the 

calculation approach by comparing it with documented results from the literature, 

ensuring the model's relevance and reliability. 
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Problem B4: This involves examining how the agglomeration and waviness of 

MWCNTs affect the mechanical properties and critical buckling loads of nanocomposite 

plates. The findings from these analyses are juxtaposed with experimental results from 

existing studies to verify theoretical predictions and understand material behaviour under 

practical conditions. 

Each of these problems serves to validate the theoretical approaches used, 

ensuring that the optimization strategies are grounded in practical, verifiable outcomes. 

7.1.1. Problem B1 

The design and optimization of the stacking sequence for a 64-layer 

symmetrically balanced graphite/epoxy composite are focused on maximizing the critical 

buckling load, which serves to validate the current optimization methods against 

documented results in the literature 201. In this subsection, the primary objective is to 

enhance the buckling load factor of a laminated composite plate comprised of 

graphite/epoxy layers. This effort involves considering various load cases, which are 

detailed in the specified Table 7.1, ensuring a comprehensive approach to evaluating the 

structural capabilities of the composite under different stress scenarios. The schematic 

view of the problem can be seen in Figure 7.1. 

 

Table 7.1. Different load cases, lengths, and widths considered for 64-layer laminated  

                 composite plate. 

 

Load cases a(m) b(m) Nx (N/m) Ny (N/m) 

LC1 0.508 0.254 1 1 

LC2 0.508 0.508 1 1 

LC3 0.508 1.016 1 1 

LC4 0.508 0.254 1 0.5 

LC5 0.508 0.508 1 0.5 

LC6 0.508 1.016 1 0.5 

LC7 0.508 0.254 1 2 

LC8 0.508 0.508 1 2 

LC9 0.508 1.016 1 2 

 

Problem B1 can be defined mathematically as 

• Maximize:  Buckling Load Factor λ(𝑚,𝑛) ( 𝜃𝑖 ) 

• Design Variables:  𝜃𝑖 
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• Constraints:  𝜃𝑘 ϵ {0, 45, 90} , N=64 ply 

                                             Symmetric & balanced stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠   

 

 

Figure 7.1. Laminated composite plate with 64 layers Structure (Source: Jalili 2021201) 

 

 

Table 7.2. Optimum stacking sequences and buckling load factors obtained for 64-layer  

                laminated composite plate with graphite/epoxy layers under different load cases 

 
 

Stacking Sequence Critical Buckling Load 

Load 

Cases 

Present Study (DE) Jalili et al.(PSO)201 Present 

Study 

Jalili et al 
201 

LC1 [90
4
/±45/90

4
/±45

2
/90

4
/±45/90

6
/±45/90

2
]s [±45/90

8
/±45/90

18
/±45]s 685822 695781,3 

LC2 [±45
16

]s [±45
16

]s 242823 242823 

LC3 [0
2
/±45/0

10
/±45

2
/0

6
/±45/0

4
/±45]s [0

10
/±45

2
/0

2
/±45

3
/0

2
/±45

4
]s 173956 173945,3 

LC4 [±45/90
4
/±45/90

4
/±45

6
/90

4
/±45/90

2
]s [±45/90

6
/±45

5
/90

8
/±45

2
/90

2
]s 1057950 1057648 

LC5 [±45
16

]s [±45
16

]s 323792 323764 

LC6 [0
16

/±45/0
6
/±45/0

2
/±45/0

2
]s [0

16
/±45/0

6
/±45/0

2
/±45/0

2
]s 206492,9 206492,9 

LC7 [90
16

/±45/90
6
/±45/90

2
/±45/90

2
]s [90

16
/±45/90

6
/±45/90

2
/±45 

/90
2
]s 

412985 412985 

LC8 [±45
16

]s [±45
16

]s 161896 161882 

LC9 [0
2
/±45/0

2
/±45/0

2
/±45

4
/0

6
/±45/0

2
/±45

2
]s [±45/0

4
/(±45/0

2
)
2
/±45

4
/0

6
/±45 

/0
2
]s 

132245 132243,5 
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The design variables are limited to fiber orientations. To validate the analytical 

model, the optimal orientations and buckling load factors obtained through the 

Differential Evolution algorithm are compared with those reported by Jalili et al. 201. The 

comparison in Table 7.2 reveals a strong agreement between the maximum buckling load 

factors (λmax) obtained in this study and those reported by Jalili et al. 201 using PSO 

algorithm. However, the stacking sequences optimized by DE and PSO differ for some 

load cases, indicating the existence of multiple optimal stacking sequences with the same 

buckling load factors. 

7.1.2. Problem B2 

To validate analytical solution in determining the critical buckling load by FSDT, 

it was compared against both analytical and numerical results from the existing literature. 

The results were specifically contrasted with findings from studies by various researchers 

including Anish et al.202, Nguyen-Van et al.203, Liu et al.204, Reddy and Phan205 ,Khdeir 

and Librescu206, Singh et al.207 , Sayyad and Ghugal208, Noor209 and Vescovini and 

Dozio210. These comparisons were made across different theoretical frameworks and 

methodologies. 

The analysis focused on a simply supported (SSSS) cross-ply laminated square 

plate configured in stacking sequences [0°/90°/90°/0°] and [0°/90°/0°], subjected to 

uniaxial compression. In this example, the analysis of a square plate was performed by 

using an a/h ratio equal to 10; an a/b ratio equal to 1, G12 = G13= 0.6E2, G23 = 0.5E2, υ12 

= 0.25; and an E1/E2 elastic modulus ratio equal to 3/10/20/30 and 40, respectively. The 

method can deal with any material. The mechanical properties specified in this example 

were selected purely for benchmarking purposes to facilitate comparison with results 

cited in references202–210. The outcomes from the current FE model, as detailed in Table 

7.3, show excellent consistency with the analytical findings documented in the 

aforementioned studies. 

Furthermore, effect of thickness ratio an analysis for a simply supported cross-ply 

laminated square plate stacked as [0◦/90◦/0◦] under the effect of biaxial compression was 

conducted. 

In this comparison example, the buckling analysis of a rectangular plate was performed 

with a thickness ratio, a/h, equal to 10/20/50; an a/b ratio equal to 1, G12 = G13= 0.6E2, 
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G23 = 0.5E2, υ12 = 0.25; and an E1/E2 elastic modulus ratio equal to 10 and 25. The results 

from the present FE model, presented in Table 7.4, are in very good agreement compared 

with the results provided by studies from the literature. 

 

Table 7.3. Comparison of nondimensional buckling loads, N = Ncrα
2/E2h

3, for simply  

                 supported cross-ply laminated rectangular plates under uniaxial compressions  

                 (G12 = G13 = 0.6E2, G23 = 0.5E2, υ12 = 0.25, α/b = 1, α/h = 10). 

 

(Nx, Ny) Lamination Studies 3 10 20 30 40 

(1, 0)  [0◦/90◦/90◦/0◦] Present 5.399 9.965 15.352 19.756 23.453 

    182 4.997 9.580 14.950 19.303 22.919 

    202 5.319 9.808 15.103 19.419 23.056 

    203 5.321 9.809 15.064 19.339 22.912 

    204 5.412 10.01 15.309 19.778 23.412 

    204 5.401 9.985 15.374 19.537 23.154 

    205 5.114 9.774 15.298 19.957 23.340 

    206 5.442 10.26 15.418 19.813 23.489 

(1, 0)   [0◦/90◦/0◦] Present 5.396 9.871 14.985 19.026 22.315 

    182 4.994 9.486 14.567 18.548 21.764 

    202 5.314 9.698 14.692 18.634 21.841 

    207 5.379 9.827 14.970 19.099 22.513 

    207 5.410 9.895 15.032 19.122 22.488 

    208  - 9.923 15.002 19.001 22.329 

    209 5.304 9.762 15.019 19.304 22.881 

 

 

Table 7.4. Comparison of nondimensional buckling loads, N = Ncrα
2/E2h

3, for simply  

                 supported cross-ply laminated rectangular plates under biaxial compressions 

                 (G12 = G13 = 0.6E2, G23 = 0.5E2, υ12 = 0.25, α/b = 1, α/h = 10, [0◦/90◦/0◦]) 

 

(Nx, Ny) E1/E2 Studies 10 20 50 

(1, 1)  10 Present 4.9355 5.5175 5.7079 

    182 4.7421 5.4192 5.6901 

    202 4.8441 5.489 5.7084 

    210 4.9095 5.5082 5.7063 

(1, 1)  25 Present 8.305 10.584 10.7285 

    182 7.864 9.8656 10.7262 

    202 7.9066 10.0852 10.704 

    210 8.682 10.8768 11.732 
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7.1.3. Material Model Verification 

The material properties of the MWCNT-reinforced nanocomposite lamina were 

determined using the modified Halpin-Tsai equations including agglomeration and 

waviness effects. The volume fractions of the fiber and the matrix in the composite were 

set at 60% and 40%, respectively. Utilizing the methodology outlined in the previous 

section, the engineering constants derived from this analysis and comparison with result 

available in the literature are presented in Table 7.5. 

Using the modified H–T equation, a parametric study was carried out to determine 

Young’s modulus of CNT/polymer nanocomposites for agglomeration factors. The varia- 

tion of Young’s modulus with the CNT agglomeration factor is presented in Figure 7.2. 

The CNT/polymer nanocomposite mechanical property is shown to be significantly 

sensitive to the CNT agglomeration. It is observed that the elastic modulus of the 

CNT/polymer nanocomposite increases when the CNT agglomeration factor increases. 

The presence of CNT agglomeration in the matrix results in a negative effect on its 

reinforcement role. 

 

Table 7.5. Comparison of the modified Halpin Tsai Model results for variable Vcnt,  

Mechanical properties of MWCNT-reinforced nanocomposite matrix. 

 

Volume 

Fraction 

of MCNT 

Present Ref182 Present Ref182 Present Ref182 

E1 E1 E2 E2 G12 G12 

0 136.680   136.680   9.026   9.026   4.537   4.537  

0.25 136.751   136.751   9.194   9.194  4.676   4.676  

0.5 136.818   136.818   9.345   9.345 4.803   4.803 

1 136.938   136.938   9.606   9.606 5.025   5.025  

1.5 137.042   137.042   9.823   9.823  5.213   5.213 

2 137.133   137.133   10.003   10.003   5.372   5.372 

3 137.279   137.279   10.281   10.281  5.619   5.619 

4 137.385   137.385   10.473   10.473  5.792   5.792 

6 137.505   137.505   10.682   10.682  5.982   5.982 

8 137.535   137.535   10.734   10.734  6.029   6.029 

10 137.506   137.506   10.655   10.685 5.985   5.985  

 

(cont. on next page) 
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Table 7.5 (cont.) 

  

Volume 

Fraction 

of 

MCNT 

Present  Ref182 Present Ref182 Present Ref182 Present Ref182 

G23  G23 v12 v12 v23 v23 ρ ρ 

0 3.492    3.492  0.257   0.260   0.374   0.370   1.580  1.580  

0.25 3.577    3.577  0.257   0.260   0.374   0.370   1.581  1.581  

0.5 3.654    3.654  0.257   0.260   0.374   0.370   1.582  1.582  

1 3.786    3.786  0.257   0.260   0.374   0.370   1.584  1.584  

1.5 3.896    3.896  0.257   0.260   0.374   0.370   1.586  1.586  

2 3.989    3.989  0.257   0.260   0.375   0.370   1.588  1.588  

3 4.131    4.131  0.257   0.260   0.374   0.370   1.592  1.592  

4 4.229    4.229  0.257   0.260   0.374   0.370   1.596  1.596  

6 4.336    4.336  0.257   0.260   0.374   0.370   1.604  1.604  

8 4.363    4.363  0.256   0.260   0.374   0.370   1.612  1.612  

10 4.338    4.338  0.257   0.260   0.374   0.370   1.620  1.620  

 

 

 

 

Figure 7.2. Young’s modulus of CNT-reinforced matrix as a function of Vcnt (vol%) for  

                   various fA agglomeration factors 

 

It is observed that the elastic modulus of the CNT/polymer nanocomposite 

increases when the CNT agglomeration factor decreases. The presence of CNT 

agglomeration in the matrix results in a negative effect on its reinforcement role. 

Using the modified H–T equation, a parametric study was carried out to determine 

Young’s modulus of CNT/polymer nanocomposites for various waviness efficiency 

factors. The variation of Young’s modulus with the CNT waviness efficiency factor is 
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presented in Figure 7.3. The CNT/polymer nanocomposite mechanical property is shown 

to be significantly sensitive to the CNT waviness. It is observed that the elastic modulus 

of the CNT/polymer nanocomposite increases when the CNT waviness correction factor 

in- creases. The presence of CNT waviness in the matrix results in a negative effect on 

its reinforcement role. 

 

 

Figure 7.3. Young’s modulus of CNT-reinforced matrix as a function of Vcnt (vol%) for  

                   various fw waviness factors 

 

It is observed that the elastic modulus of the CNT/polymer nanocomposite 

increases when the CNT waviness correction factor increases. The presence of CNT 

waviness in the matrix results in a negative effect on its reinforcement role.  

The Figure 7.4 (a) shows the the influence of volume fraction increment on Ncr. 

Using the modified H–T model, parametric study of fiber reinforced nanocomposite plate 

was carried out to determine agglomeration effects on critical buckling load. This graph 

shows how increasing the agglomeration coefficient beyond a certain point causes the 

critical buckling load to decrease. At 0.08 volume percent of CNTs, the critical buckling 

load increment begins to decrease for a low agglomeration factor. 

For the design with the same fibre orientation angle of each ply, the effect of 

varying the angle between 0° and 90° on the critical buckling load is shown in Figure 

7.4(b). It is also seen that even if angle optimization is made, the addition of CNT to the 

matrix material increases the critical buckling load in spite of uniform addition. It can be 



146 
 

concluded that the optimization process of fiber volume fraction and Vcnt for each ply is 

crucial to increase efficiency of design. 

 

 

 

(a) 
 

 

 

 

 

(b) 

Figure 7.4. (a) Agglomeration effects on Critical Buckling Load for [90/90/90/90]s plates  

                  with 0.60 volume fraction of fiber and a/b=0.5.  (b) comparison of how   

                  variations in fiber orientation angle and volume fraction affect Ncr  
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7.2. Single-objective Optimization Problem 

In this part of the study, the critical buckling load behaviours of 16-layer 

carbon/epoxy, glass/epoxy, and flax/epoxy composites were compared, and the effect of 

CNTs weight content optimization on the critical buckling load of multiphase laminated 

nanocomposites was examined. Fiber angle orientation and CNTs weight ratio in each 

layer were considered design parameters and aimed to obtain designs that would 

maximize the critical buckling load. In this process, a modified version of Differential 

Evolution, one of the stochastic optimization methods, was used. The results showed that 

The addition of CNTs significantly improved the critical buckling load of carbon/epoxy, 

glass/epoxy, and flax/epoxy laminated composites. 

7.2.1. Problem 1 

Considered laminated composite has 16 layered symmetric-balanced stacking 

sequences, and each edge is simply supported. The non-dimensional buckling load was 

computed for the number of half waves m=1, n=1, and the compression ratio was Nx/Ny=1 

(Figure 7.5). The thickness of each composite plate is h=0.508mm, while the length and 

width values are taken as Problem B1 for nine different load cases LC1 to LC9. The 

material properties of materials in optimization problem are given in Table 7.6. 

 

 

 

 

Figure 7.5. Layered symmetric-balanced laminated composite (Source: Reddy 2003176) 

 

Problem can be defined mathematically as 

• Maximize:  Buckling Load Factor λ (𝑚, 𝑛) (𝜃𝑖, 𝑊𝑐𝑛𝑡𝑖) 

• Design Variables:  𝜃𝑖, 𝑊𝑐𝑛𝑡𝑖 
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• Constraints: Symmetric & balanced stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠   

                                           Symmetric weight fraction of CNT sequences; 

                                           [WCNT1/𝑊CNT2/𝑊CNT3/𝑊CNT4]𝑠 

                                    𝜃𝑖  𝜖 {
0°, ±15°, ±30°, ±45°,
±60°, ±75°, ±90°

} 
1

𝑁
 ∑ 𝑊𝐶𝑁𝑇𝑘 ≤ 𝑊𝐶𝑁𝑇𝑚𝑎𝑥

𝑁
𝑖=1 ,   

                               𝑊𝐶𝑁𝑇𝑘 ≥ 0, 𝑊𝐶𝑁𝑇𝑚𝑎𝑥=1.25% , 0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60,  b/a =1 

 

Table 7.6. Material Properties of the CNT, matrix, flax carbon and glass fibers 32,38 

 

Material   E11  

(GPa) 

E22 

(GPa) 

G12 

(GPa) 

v12 Density 

(kg/m3) 

Matrix   3 3 1.119 0.34 1200 

CarbonNanotube  640 640 251.96 0.27 1350 

Carbon Fiber   263 19 27.60 0.20 1750 

Flax Fiber   70 70 29.58 0.183 1400 

Glass Fiber   72.4 72.4 30.66 0.20 2400 

 

Table 7.7 shows the optimum designs of carbon/epoxy-CNTs, glass/epoxy-CNTs, 

and flax/epoxy-CNTs laminated composites regarding critical buckling load. Each layer's 

fiber orientation and CNTs weight ratio were considered design parameters. When the 

results are examined, it can be seen that the obtained stacking sequences for the maximum 

critical buckling load are distinct. However, the optimum CNTs ratio in each layer is the 

same, and adding 0.05 CNTs only to the first layer is sufficient for optimum design. 

The critical buckling load value of [C/C/C/C]s is achieved with CNTs cases with 

6.6% and 8% increment at the same weight compared to carbon fibre only cases for two 

different load cases. The addition of 1% CNTs to the matrix material increased the critical 

buckling load by 19.50% and 23.52% for glass and flax fiber reinforced composite 

laminates for the same weight. It can be shown that the anti-buckling performance of the 

natural fiber reinforced design may be improved by adding a very little quantity of CNTs 

without increasing weight. 

Adding CNTs to composites improved critical buckling load of 10%, 20%, and 

24% compared to the carbon/epoxy, glass/epoxy, and flax/epoxy laminated composites 

without CNTs. This improvement was achieved without any increase in the weight of the 

composites. In this respect, it is seen that the addition of CNTs has a remarkably positive 

effect on the critical buckling behavior of the layered composite. Another significant 

result is that flax, as a natural material, can be an alternative to glass material in critical 
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buckling load problems. Although the critical buckling load of the flax/epoxy-CNTs 

layered composite is 2% lower than glass/epoxy-CNTs, it is also 28% lighter, making 

flax stand out as an alternative material to glass. 

 

Table 7.7. Comparison of critical buckling load capacity, stacking sequences and weight  

                 for 16 layered symmetric-balanced CNTs added laminated composites 

 
 

Fiber Sequences 

for each layer 

Critical 

Buckling 

Load 

Cost($) Weight 

(kg) 

Optimal 

WGPL per 

layer 

Optimum Stacking Sequence 

LC1 [C/C/C/C]s 439807 20.915 1.358 [0/0/0/0]s [±75/±60/±90/±60]s 

[F/F/F/F]s 149751 8.923 1.248 [0/0/0/0]s [902/±75/902/±60]s 

[G/G/G/G]s 153666 12.211 1.606 [0/0/0/0]s [902/±752/902]s 

[C/C/C/C]s-GPLs 468819 23.601 1.359 [0.05/07]s [-75/75/602/904]s 

[F/F/F/F]s-GPLs 178853 11.383 1.249 [0.05/07]s [908]s 

[G/G/G/G]s-GPLs 183119 15.369 1.608 [0.05/07]s [908]s 

LC2 [C/C/C/C]s 150926 41.831 2.716 [0/0/0/0]s [±454]s 

[F/F/F/F]s 51954 17.847 2.496 [0/0/0/0]s [45/45/-45/-45]s 

[G/G/G/G]s 53211 24.422 3.123 [0/0/0/0]s [45/45/-45/-45]s 

[C/C/C/C]s-GPLs 162862 47.200 2.719 [0.05/07]s [±45/45/45]s 

[F/F/F/F]s-GPLs 64175 22.767 2.499 [0.05/07]s [-45/45/-45/-45]s 

[G/G/G/G]s-GPLs 65449 30.739 3.216 [0.05/07]s [45/-45/45/-45/-45/45/-45/45]s 

LC3 [C/C/C/C]s 109952 83.663 5.432 [08]s [15/-15/30/-30/0/0/30/-30]s 

[F/F/F/F]s 37437 35.693 4.992 [08]s [0/0/15/-15/0/0/30/-30]s 

[G/G/G/G]s 38416 48.844 6.423 [08]s [0/0/15/-15/15/-15/0/0]s 

[C/C/C/C]s-GPLs 117205 94.404 5.438 [0.05/07]s [-15/15/-30/30/0/0/0/0]s 

[F/F/F/F]s-GPLs 44713 45.534 4.997 [0.05/07]s [08]s 

[G/G/G/G]s-GPLs 45783 61.479 6.432 [0.05/07]s [08]s 

LC4 [C/C/C/C]s 686543 20.915 1.358 [08]s [60/60/90/90/75/75]s 

[F/F/F/F]s 235511 8.923 1.248 [08]s [60/-60/75/-75/90/90/90/90]s 

[G/G/G/G]s 241364 12.211 1.606 [08]s [60/-60/75/-75/90/90/60/-60]s 

[C/C/C/C]s-GPLs 736437 23.601 1.359 [0.05/07]s [-60/60/60/-60/90/90/90/90]s 

[F/F/F/F]s-GPLs 286651 11.383 1.249 [0.05/07]s [-60/60/90/90/90/90/90/90]s 

[G/G/G/G]s-GPLs 293069 15.369 1.608 [0.05/07]s [-60/60/90/90/90/90/90/90]s 

LC5 [C/C/C/C]s 201234 41.833 2.716 - [±454]s 

[F/F/F/F]s 69273 17.847 2.496 - [±454]s 

[G/G/G/G]s 70948 24.420 3.213 - [±454]s 

[C/C/C/C]s-GPLs 217149 47.200 2.719 [0.05/07]s [45/-45/-45/45/45/-45/45/-45]s 

[F/F/F/F]s-GPLs 85567 22.767 2.498 [0.05/07]s [-45/45/45/-45/-45/45/-45/45]s 

[G/G/G/G]s-GPLs 87265 30.739 3.216 [0.05/07]s [45/-45/45/-45/-45/45/-45/45]s 

(cont. on next page) 
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Table 7.7 (cont.) 

LC6 [C/C/C/C]s 127395 83.660 5.432 - [15/-15/0/0/0/0/30/-30]s 

[F/F/F/F]s 41947 35.690 4.992 - [908]s 

[G/G/G/G]s 43092 48.844 6.426 - [908]s 

[C/C/C/C]s-GPLs 136507 94.400 5.438 [0.05/07]s [0/0/15/-15/0/0/0/0]s 

[F/F/F/F]s-GPLs 49681 45.534 4.997 [0.05/07]s [908]s 

[G/G/G/G]s-GPLs 50870 61.479 6.432 [0.05/07]s [908]s 

LC7 [C/C/C/C]s 254789 20.915 1.358 - [75/-75/90/90/90/90/60/-60]s 

[F/F/F/F]s 83894 8.923 1.248 - [908]s 

[G/G/G/G]s 86158 12.211 1.606 - [908]s 

[C/C/C/C]s-GPLs 273015 23.600 1.359 [0.05/07]s [0/0/-75/75/0/0/0/0]s 

[F/F/F/F]s-GPLs 99363 11.383 1.249 [0.05/07]s [908]s 

[G/G/G/G]s-GPLs 101733 15.369 1.608 [0.05/07]s [908]s 

LC8 [C/C/C/C]s 100617 41.831 2.716 [0/0/0/0]s [±454]s 

[F/F/F/F]s 34636 17.847 2.496 [0/0/0/0]s [±454]s 

[G/G/G/G]s 35474 24.422 3.213 [0/0/0/0]s [±454]s 

[C/C/C/C]s-GPLs 108574 47.200 2.719 [0.05/07]s [±454]s 

[F/F/F/F]s-GPLs 42784 22.767 2.499 [0.05/07]s [±452/-45/45/-45/45]s 

[G/G/G/G]s-GPLs 43633 30.739 3.216 [0.05/07]s [±452/-45/45/-45/45]s 

LC9 [C/C/C/C]s 85818 83.663 5.432 - [30/-30/30/-30/0/0/15/-15]s 

[F/F/F/F]s 29439 35.695 4.992 - [30/-30/15/-15/0/0/0/0]s 

[G/G/G/G]s 30170 48.844 6.427 - [30/-30/15/-15/0/0/30/-30]s 

[C/C/C/C]s-GPLs 92055 94.405 5.438 [0.05/07]s [-30/30/30/-30/0/0/0/0]s 

[F/F/F/F]s-GPLs 36010 45.534 4.997 [0.05/07]s [-15/15/30/-30/0/0/0/0]s 

[G/G/G/G]s-GPLs 36636 61.479 6.432 [0.05/07]s [-30/30/0/0/0/0/0/0/0/0]s 

 

In results of the problem, the critical buckling load behaviors of 16-layer 

carbon/epoxy, glass/epoxy, and flax/epoxy composites were compared, and the effect of 

CNTs addition on the critical buckling load of multiphase laminated composites was 

examined. Fiber angle orientation and CNTs weight ratio in each layer were considered 

design parameters and aimed to obtain designs that would maximize the critical buckling 

load. In this process, a modified version of Differential Evolution, one of the stochastic 

optimization methods, was used. The results showed that the highest critical buckling 

load was obtained using carbon/epoxy and carbon/epoxy- CNTs laminated composites. 

The main focus here was to determine whether nano-reinforced natural materials can be 

used as an alternative to synthetic materials to optimize the critical buckling load 

behavior.  

The following inferences can be made about the study: 

• For both natural and synthetic composite plates, the addition of CNTs 

provided a remarkable increase in the critical buckling load. 
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• Considering only the critical buckling load as an objective, using 

multiphase carbon/epoxy and carbon/epoxy-CNTs nanocomposites allows 

the highest critical buckling load. 

• When weight is considered as a parameter in addition to the critical 

buckling load, it is more advantageous to use flax/epoxy composite instead 

of glass/epoxy composite and flax/epoxy-CNTs instead of glass/epoxy-

CNTs. 

• The addition of CNTs improved the critical buckling load of carbon/epoxy, 

glass/epoxy, and flax/epoxy laminated composites by 10%, 20%, and 24%, 

respectively. 

In line with all these results, it has been observed that natural composites with 

CNTs addition do not have as high a critical buckling load as carbon fiber-reinforced 

laminated composites. Still, they can be an excellent alternative to glass fiber-reinforced 

laminated composites. As a further study, examining the critical buckling behavior of 

hybrid composites with CNTs on this subject may be useful. 

7.3. Multi-objective Optimization Problem 

In this section, the multi-objective optimization of hybrid and non-hybrid 

fiber/CNTs reinforced composite plates focuses on achieving maximum critical buckling 

loads and minimum weights, utilizing a non-uniform distribution of CNTs and fiber 

reinforcements. The primary objectives in the design process are: (i) maximizing critical 

buckling loads, and (ii) minimizing weight. Optimization involves these objectives by 

strategically balancing the two parameters: enhancing critical buckling loads while 

simultaneously reducing weights. A penalty function is used which is a linear 

combination of the squares of the "critical buckling loads" and "weight", denoted as m1 

and m2 respectively. This function describes the relationship between "buckling" (m1) 

and "weight" (m2). It reflects the principles of multi-objective optimization and brief 

summary of problem are given in Table 7.8. This approach makes it possible to evaluate 

the trade-offs between these main goals in the design. 

In the defined framework, 𝑁ℎ𝑜 and 𝑁ℎ𝑖, represent the number of outer and inner 

layers, respectively, in hybrid composite structures. 𝜃𝑖 denotes the fiber orientation angle, 

𝑉𝐹𝑘 indicates the volume fraction of fiber, and 𝑉𝐶𝑁𝑇𝑘 refers to the volume fraction of CNT 
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for each layer. The total number of layers in hybrid structures is calculated using the 

equation 𝑁 = 𝑁ℎ0 + 𝑁ℎ𝑖. For non-hybrid structures, N directly represents the total 

number of plies. Across all design scenarios, the width-to-length ratio (aspect ratio) is 

maintained at a/b=0.5. 

 

Table 7.8. Mathematical definitions of optimization problems for two-phase (fiber 

                 /matrix) composites and three phase (fiber/GPLs/matrix) nanocomposite plates 

 

 Three-Phase Nanocomposite 

Minimize 𝐹1 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 

𝑚1 = (
𝜆𝑚𝑎𝑥 − 𝜆𝑚𝑛

𝜆𝑚𝑎𝑥
) 

𝑚2 = (
𝑊𝑒𝑖𝑔ℎ𝑡

𝑊𝑒𝑖𝑔ℎ𝑡𝑚𝑎𝑥
) 

𝜆𝑚𝑛(

𝜃1, 𝜃2, . . , 𝜃𝑁,
𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁,

𝑉𝐶𝑁𝑇1 , 𝑉𝐶𝑁𝑇2 ,⋯ , 𝑉𝐶𝑁𝑇𝑁

) 

𝑊𝑒𝑖𝑔ℎ𝑡 (
𝑉𝐹1, 𝑉𝐹2, . . , 𝑉𝐹𝑁

𝑉𝐶𝑁𝑇1 , 𝑉𝐶𝑁𝑇2 ,⋯ , 𝑉𝐶𝑁𝑇𝑁
) 

 

Find 𝜃𝑖, 𝑉𝐹𝑘 , 𝑉𝐶𝑁𝑇𝑘 

Nho and Nhi (for hybrid structure) 

 

Design Variables 
{

𝜃1, 𝜃2, 𝜃3, . . , 𝜃𝑁,
𝑉𝐶𝑁𝑇1 , 𝑉𝐶𝑁𝑇2 , 𝑉𝐶𝑁𝑇3 , ⋯ , 𝑉𝐶𝑁𝑇𝑁

} 

Constraints 
𝜃𝑖 𝜖 {

0°,±15°,±30°,±45°,
±60°,±75°, ±90°

} 

1

𝑁
 ∑ 𝑉𝐶𝑁𝑇𝑘 ≤ 𝑉𝐶𝑁𝑇𝑚𝑎𝑥

𝑁
𝑖=1 , 

𝑉𝐶𝑁𝑇𝑘 ≥ 0,  

𝑉𝐶𝑁𝑇𝑚𝑎𝑥=5% ,  

0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60 

𝑁ℎ𝑜 and 𝑁ℎ𝑖 (for hybrid 

structure) 

 

The material properties of synthetic (glass, carbon) and natural (flax, kenaf, ramie, 

jute) fibers, CNTs and matrix material used in the present study are given in Table 7.9. 
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Table 7.9.  Material properties of fiber and matrix for buckling Problem 138,80,86,182,199,200 

 
 

Jute Kenaf Ramie Flax Carbon AS4 Glass CNTs Matrix  

E1 (Gpa) 55.3 52.2 60.9 70 225 72.4 450 4.2 

E2, E3 (Gpa) 6.7 6.1 7.8 70 15 72.4 

G12, G13 (Gpa) 3.1 2.9 3.7 29.58 15-7 30.66 1.567 

v12, v13 0.32 0.32 0.32 0.183 0.2 0.2 0.34 

v23 0.14 0.13 0.17 
 

0.4 0.2 

Density(kg/m3) 1340 1300 1550 1400 1800 2400 624.4 1250 

Cost ($/kg) 0.95 0.4 2 0.5 28 2 485 10 

7.3.1. Problem 1 

In this study, the determination of the mechanical properties of CNT-reinforced 

nanocomposites is conducted using a combination of theoretical models. Specifically, the 

modified Halpin–Tsai (H–T) equations and the rule of mixtures are utilized, which 

incorporate the effects of CNT agglomeration within the matrix materials. This approach 

allows for a comprehensive understanding of the composite behavior under various 

loading conditions. First-order shear deformation theory (FSDT) is implemented in the 

solution of the problem 

In this analysis, the parameters 𝜆𝑚𝑛 and weight, represent the maximum critical 

buckling load and minimum weight values, respectively. The parameters 𝜆𝑚𝑎𝑥 and 

weightmax denote the highest critical buckling loads and the lowest weight across all 

layers, which consist of carbon/epoxy material at a 0.60 volume fraction of fiber and with 

optimized stacking sequences. For the purposes of this study, the coefficients 𝑘1and 𝑘2 

are set to one, reflecting the assumption that the importance of critical buckling load and 

weight are considered equally. 

The laminate structure is configured with 8 layers and features a length to 

thickness ratio (a/h) of 15 and aspect ratio (a/b) of 0.5.  Optimization of the critical 

buckling loads in fiber-reinforced nanocomposite plates is achieved through the 

application of the Modified Differential Evolution Algorithm. This optimization effort 

aims to minimize the weight of the plates while adhering to simply supported boundary 
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conditions. The objective function F1 is formulated as a penalty function that incorporates 

non-dimensionalized critical buckling load 𝜆𝑚𝑛  and weight as its components.  

The design parameters include the fiber orientation angle (𝜃𝑖), volume fraction of 

CNT (𝑉𝐶𝑁𝑇𝑘), and volume fraction of fiber (𝑉𝐹𝑘). 

The multi-objective optimization problem for multiphase hybrid/non-hybrid 

fiber/CNT reinforced nanocomposites targets two primary objectives: achieving the 

maximum critical buckling load and minimizing weight. This optimization employs a 

coupled approach to simultaneously address these goals. 

Problem 1 can be defined mathematically as 

• Minimize:    𝐹1 = 𝑘1𝑚1
2 + 𝑘2𝑚2

2 

𝑚1 = (
𝜆𝑚𝑎𝑥 − 𝜆𝑚𝑛

𝜆𝑚𝑎𝑥
)𝑚2 = (

𝑊𝑒𝑖𝑔ℎ𝑡

𝑊𝑒𝑖𝑔ℎ𝑡𝑚𝑎𝑥
) 

• Constraints:  
1

8
 ∑ 𝑉𝐶𝑁𝑇𝑖 ≤ 𝑉𝐶𝑁𝑇𝑚𝑎𝑥

8
𝑖=1 , 𝑉𝐶𝑁𝑇𝑖 ≥ 0,  

                        𝑁𝑥 = 𝑁𝑦 = 1   (biaxial      compression) 

                     Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                                 Symmetric weight fraction of GPLs sequences;   

                                 [VCNT1/𝑉CNT2/𝑉CNT3/𝑉CNT4]𝑠 

                                 Symmetric volume fraction of Fiber; [𝑉F1/𝑉F2/𝑉F3/𝑉F4]𝑠 

                                 𝑎 ℎ⁄ = 15, 𝑎 𝑏⁄ = 0.5, N= 8 ply, 

                                 𝑉𝐶𝑁𝑇𝑚𝑎𝑥=5%, 0.10 ≤ 𝑉𝐹𝑘 ≤ 0.60  

                                 Algorithm; Differential Evolution Algorithm 

Table 7.10 demonstrates how various hybrid and non-hybrid designs influence the 

optimal stacking sequence, fiber volume fraction, and distribution of CNT volume 

fraction, aimed at achieving the highest possible critical buckling load and the lowest 

achievable weight of the composite plates. This Table provides a detailed comparison of 

how design variations impact the mechanical performance objectives. Optimal designs 

for various synthetic/natural fiber/CNT-reinforced multiphase composite structures 

display variations in fiber orientation angles, fiber volume fractions, and CNT weight 

content. This variability underscores the necessity for a unique optimization approach for 

each design case, focusing on non-uniform distribution of fibers and CNTs to maximize 

critical buckling load and minimize weight. F values effectively reflect the efficiency 

level of the optimal design, particularly in terms of critical buckling load and weight. 
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Table 7.10. Comparison of optimum Stacking sequence, volume fraction of fiber and  

                   weight fraction of CNT distribution results for maximum critical buckling  

                   load and minimum weight of composite plates 

 

Design F-

value 

Design Variables 

Stacking 

Sequence 

Fiber Volume Fraction Volume Content of CNT 

[F/F/F/F]s-CNT 0.836 [0/0/0/0]s [0.600/0.100/0.600/0.100]s [0.049/0.043/0.037/0.071]s 

[G/G/G/G]s-CNT 1.213 [0/0/0/0]s [0.600/0.100/0.100/0.100]s [0.048/0.055/0.050/0.047]s 

[J/J/J/J]s-CNT 1.042 [0/15/0/0]s [0.600/0.600/0.600/0.100]s [0.044/0.038/0.033/0.085]s 

[K/K/K/K]-CNT 1.045 [0/-15/0/0]s [0.600/0.600/0.600/0.100]s [0.044/0.038/0.033/0.085]s 

[R/R/R/R]-CNT 1.097 [0/0/0/0]s [0.600/0.600/0.100/0.100]s [0.038/0.032/0.065/0.065]s 

[C/C/C/C]s-CNT 0.826 [-15/15/15/0]s [0.600/0.515/0.100/0.100]s [0.037/0.038/0.063/0.062]s 

[C/F/F/F]s-CNT 0.753 [15/15/30/15]s [0.600/0.600/0.600/0.100]s [0.030/0.036/0.034/0.100]s 

[C/C/F/F]s-CNT 0.772 [15/-15/-30/-30]s [0.600/0.100/0.600/0.600]s [0.032/0.100/0.035/0.033]s 

[C/C/C/F]s-CNT 0.793 [-15/-15/15/30]s [0.600/0.117/0.100/0.600]s [0.037/0.061/0.063/0.039]s 

[C/G/G/G]s-CNT 0.897 [-15/-30/30/-30]s [0.600/0.100/0.100/0.100]s [0.042/0.054/0.052/0.052]s 

[C/C/G/G]s-CNT 0.861 [-15/-30/30/-30]s [0.600/0.100/0.100/0.100]s [0.042/0.054/0.052/0.052]s 

[C/C/C/G]s-CNT 0.843 [15/15/15/-30]s [0.600/0.500/0.100/0.100]s [0.037/0.039/0.062/0.062]s 

[C/K/K/K]s-CNT 0.808 [-15/-15/15/0]s [0.600/0.600/0.600/0.100]s [0.053/0.032/0.030/0.085]s 

[C/C/K/K]s-CNT 0.805 [15/-15/-15/0]s [0.600/0.600/0.100/0.100]s [0.036/0.034/0.065/0.065]s 

[C/C/C/K]s-CNT 0.814 [-15/15/-15/0]s [0.600/0.600/0.100/0.100]s [0.036/0.036/0.064/0.064]s 

[C/R/R/R]s-CNT 0.843 [-15/15/-15/0]s [0.600/0.100/0.100/0.100]s [0.044/0.053/0.052/0.051]s 

[C/C/R/R]s-CNT 0.817 [-15/-15/-15/0]s [0.600/0.600/0.100/0.100]s [0.035/0.034/0.066/0.065]s 

[C/C/C/R]s-CNT 0.821 [-15/15/15/0]s [0.600/0.548/0.100/0.100]s [0.036/0.037/0.064/0.063]s 

[C/J/J/J]s-CNT 0.816 [-15/-15/-15/0]s [0.600/0.600/0.600/0.100]s [0.052/0.032/0.030/0.086]s 

[C/C/J/J]s-CNT 0.806 [15/15/15/0]s [0.600/0.600/0.100/0.100]s [0.036/0.034/0.065/0.065]s 

[C/C/C/J]s-CNT 0.815 [15/-15/-15/0]s [0.600/0.557/0.100/0.100]s [0.036/0.036/0.064/0.064]s 

 

The designs [C/F/F/F]s-CNT, [C/C/F/F]s-CNT, and [C/C/C/F]s-CNT exhibit the 

lowest F values, below 0.800, indicating that they are the most efficient cases among the 

considered designs. This suggests that the most efficient outcomes are achieved through 

the hybridization of flax and carbon fibers with the integration of CNTs into the matrix. 

The glass fiber reinforced [G/G/G/G]s-CNT case, with an F value of 1.213, is less 

efficient compared to other three-phase composite designs. It also underperforms relative 

to totally natural fiber reinforced cases like [F/F/F/F]s-CNT, [J/J/J/J]s-CNT, [K/K/K/K]s-

CNT, [R/R/R/R]s-CNT, and their various hybridizations. This finding indicates that the 

use of CNTs in conjunction with natural fibers is advantageous for applications where 

controlling buckling load and weight is critical. Given that weight is a key objective in 

the optimization problem, the fully carbon fiber reinforced [C/C/C/C]s-CNT case 



156 
 

emerges as one of the most efficient designs in terms of critical buckling load and weight. 

However, despite the well-known strength and lightweight properties of carbon fiber and 

CNTs, hybrid designs that combine carbon fiber with natural fibers such as flax, kenaf, 

ramie, and jute, along with CNTs, prove to be more efficient than the solely carbon fiber 

reinforced [C/C/C/C]s-CNTs configuration. 

Table 7.11 presents the optimal critical buckling load and weight results for 

various hybrid and non-hybrid configurations that include CNTs. Reductions in weight 

and critical buckling load are quantified as percentages, providing a comparative analysis 

against the [C/C/C/C]s reference optimum case. The [C/F/F/F]s-CNT, [C/C/F/F]s-CNT, 

[C/C/C/F]s-CNT, and [C/C/K/K]s-CNT designs are the most efficient, achieving the 

lowest F values of 0.75, 0.77, 0.79, and 0.80, respectively. 

 

Table 7.11. Comparison of optimum critical buckling loads and minimum weights and  

                   comparing the results to the reference design 

 

  Objective Function     

Design F-value 𝜆𝑚𝑛  Weight Weight 

Reduction 

Buckling 

Load 

Reduction 

[F/F/F/F]s-CNT 0.84 106.21 65.16 17.52 39.50 

[G/G/G/G]s-CNT 1.21 74.67 74.22 6.05 57.47 

[J/J/J/J]s-CNT 1.04 65.51 63.68 19.39 62.68 

[K/K/K/K]-CNT] 1.04 62.60 62.73 20.60 64.34 

[R/R/R/R]-CNT 1.10 66.46 66.62 15.68 62.14 

[C/C/C/C]s-CNT 0.83 144.13 70.40 10.88 17.90 

[C/F/F/F]s-CNT 0.75 157.23 68.05 13.87 10.43 

[C/C/F/F]s-CNT 0.77 150.66 68.55 13.23 14.18 

[C/C/C/F]s-CNT 0.79 136.49 68.14 13.75 22.25 

[C/G/G/G]s-CNT 0.90 115.09 69.69 11.78 34.44 

[C/C/G/G]s-CNT 0.86 117.34 68.94 12.73 33.16 

[C/C/C/G]s-CNT 0.84 143.10 71.04 10.08 18.48 

[C/K/K/K]s-CNT 0.81 120.21 66.48 15.85 31.53 

[C/C/K/K]s-CNT 0.80 147.69 69.74 11.72 15.87 

[C/C/C/K]s-CNT 0.81 146.50 70.08 11.29 16.55 

[C/R/R/R]s-CNT 0.84 111.21 66.51 15.81 36.65 

[C/C/R/R]s-CNT 0.82 148.23 70.36 10.93 15.56 

[C/C/C/R]s-CNT 0.82 145.88 70.32 10.99 16.90 

[C/J/J/J]s-CNT 0.82 121.77 67.13 15.03 30.63 

[C/C/J/J]s-CNT 0.81 147.87 69.84 11.59 15.77 

[C/C/C/J]s-CNT 0.82 146.40 70.12 11.25 16.60 
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The results indicate that a 14% reduction in weight is possible with a 10% 

decrease in critical buckling load, while also benefiting from the use of more eco-friendly 

fibers. The next most efficient designs after these are [C/C/R/R]s-CNT, [C/C/C/R]s-CNT, 

[C/C/J/J]s-CNT, [C/C/C/J]s-CNT and [C/C/C/K]s-CNT. These designs provide optimal 

solutions to the problem, achieving up to 11.72% weight reduction and a 15% decrease 

in critical buckling load. 

For the highly efficient [C/F/F/F]s design, it is evident that using flax fiber in the 

inner layers, combined with non-uniformly distributed CNT nanofillers, is the most 

effective strategy for achieving maximum critical buckling loads and minimum weights. 

Additionally, leveraging the beneficial properties of CNTs enables a more biodegradable 

design with potential weight savings of up to 14%. In contrast to the [C/F/F/F]s design, 

the [C/C/N/N]s-CNT configurations, which utilize Kenaf, Ramie, and Jute fibers, prove 

to be more efficient for hybrid optimal designs in terms of weight and buckling loads. 

These designs also facilitate the creation of optimal structures that achieve a weight 

saving of 11.50% while accepting a decrease in critical buckling load of about 15%.The 

[C/C/C/C] s-CNT design is also among the most efficient designs, leveraging the low 

density and high strength properties of carbon nanotubes. It gives up to 11% weight 

saving with 18% decrease in critical buckling load. 

This graph displays the optimal configurations of multiphase hybrid and non-

hybrid fiber/CNT reinforced nanocomposites, aimed at maximizing critical buckling load 

and minimizing weight. In Figure 7.6, it can be seen that integrating carbon nanotubes 

(CNTs) into the matrix material enhances the hybridization of natural and carbon fibers, 

leading to improved outcomes in terms of F-value design parameters within the multi-

objective optimization problem. The carbon/natural fiber reinforced composite plate 

designs are more efficient than the optimal designs that only employ natural fiber 

reinforcement for the highest critical buckling load. The [C/F/F/F] design, which exhibits 

the lowest F-value of 0.376, is identified as the most suitable in terms of weight and 

buckling loads. Compared to the [C/C/C/C]s reference design, it is evident that a 14% 

weight reduction can be achieved by sacrificing 11% of the critical buckling load in the 

[C/F/F/F]s case. The [C/C/K/K]s case also facilitates a more eco-friendly design 

compared to the [C/C/C/C]s design, achieving up to a 12% weight reduction and a 15% 

decrease in critical buckling load.  
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Figure 7.6. Comparison of the optimum design results for maximum critical buckling load  

                  and minimum weight 

 

In conclusion, despite the potential for agglomeration, the inclusion of CNTs in 

material models enhances the efficiency and eco-friendliness of synthetic natural fiber 

reinforced composites. This approach effectively compensates for the lower strength 

properties of natural fibers, leading to more robust and sustainable design outcomes 

thanks to stochastic optimization approaches. 
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CHAPTER 8 

NANOCOMPOSITE DRIVESHAFT PROBLEM 

Driveshafts are crucial components in vehicle transmission systems, responsible 

for transmitting motion from the differential to the wheels. During operation, driveshafts 

are subjected to various types of stress, including torsional, bending, and normal forces. 

These forces are integral to the functioning of the driveshaft but also present challenges 

in terms of durability and performance, necessitating careful design and material selection 

to ensure reliability and efficiency in power transmission. The picture of driveshaft can 

be seen in Figure 8.1. 

 

 

Figure 8.1. General visual representation of the placement and role of the driveshaft in   

                   the vehicle's transmission system (Source: Markel 2024211) 

 

In the current chapter of the thesis, the analysis and optimization of non-hybrid 

and hybrid fiber/CNTs reinforced nanocomposite driveshafts are thoroughly investigated. 

Initially, a benchmark problem involving Carbon/Epoxy, Carbon/CNTs/Epoxy, and 

Basalt/bio-epoxy composites is addressed to determine fundamental frequency, torsional 

critical buckling load, and the factor of safety. These parameters are evaluated according 

to Tsai-Wu and Puck failure theories using analytical methods, specifically classical 

lamination theory, and the Finite Element Method (FEM) utilizing NASTRAN software. 

The results of problem are compared with available results from the literature. 

Subsequently, the original optimization problem for multiphase hybrid carbon/flax fiber 

Nanocomposite Driveshaft 
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/CNTs reinforced nanocomposite driveshafts is addressed using a modified differential 

evolution algorithm, aimed at refining the design and enhancing the mechanical 

properties requirements of the driveshafts. This two-fold approach allows for a 

comprehensive assessment and optimization of driveshaft designs under varied material 

compositions and structural conditions. 

8.1. Benchmark Problem 

In this comprehensive study, the structural behaviour of a laminated composite 

driveshaft reinforced with multi-walled carbon nanotubes (MWCNTs) was meticulously 

analysed through modal and linear buckling analysis, coupled with detailed failure 

analysis employing both Tsai-Wu and Puck failure theories. The investigation was 

conducted using both an analytical approach and the finite element method (FEM), 

providing a robust comparison with existing literature on similar studies. Two distinct 

methodologies were implemented for the analyses: the Classical Laminate Theory (CLT) 

served as the analytical method, while FEM calculations were executed using the 

Autodesk NASTRAN software. These methods were utilized to precisely calculate 

critical torsional buckling loads, determine fundamental frequencies, and evaluate failure 

indices. Stress analysis was carried out for various composite driveshaft configurations 

including Carbon/Epoxy, Carbon/CNTs/Epoxy, and Basalt/bio-epoxy, aiming to 

understand the enhancement in mechanical performance and failure resistance offered by 

the integration of MWCNTs into traditional and bio-based epoxy composites. 

The foundational example of a composite driveshaft used in this study is drawn 

from Kaw's authoritative text, "Mechanics of Composite Materials." In this reference, 

Kaw introduces a composite driveshaft to illustrate the analysis, design, and failure of 

composite laminates using classical laminate theory. The specific example provided 

describes a single-piece driveshaft typically found in civil vehicles, measuring 1480 mm 

in length and 100 mm in outside diameter, and it is shown in Figure 8.2. 

Key design constraints include a maximum torque capacity of 550 N m, a 

minimum bending natural frequency above 80 Hz (corresponding to 4800 rpm), and a 

minimum factor of safety (FoS) of 3. Detailed design specifications for this driveshaft are 

outlined in Table 8.1. 
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Figure 8.2. General dimension of the composite driveshaft (Source: Baltimoreaircoil  

                  2024212) 

 

In this study, three critical evaluation criteria were considered to assess the 

performance and safety of the composite driveshaft. These criteria include: (i) the factor 

of safety, calculated based on the stress limit to ensure durability and reliability under 

operational conditions; (ii) the critical torsional buckling load, which determines the 

shaft's ability to withstand torsional loads without failure; and (iii) the natural frequency, 

important for avoiding resonance and ensuring stability at operational speeds. These 

parameters are essential for the comprehensive evaluation of the driveshaft's design and 

functionality. For benchmark and original optimization problems, these parameters are 

utilized to achieve designs with minimum weight for different fiber materials and their 

combinations. 

 

Table 8.1. Design specification of the driveshaft 

 

Torque (Nm) 550 

Minimum natural frequency (Hz) 80 

FoS 3 

Length (mm) 1480 

Outside radius (mm) 50 
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8.1.1. Finite Element Analysis of Composite Driveshafts 

The performance evaluation of the driveshaft utilized both Finite Element 

Analysis (FEA) and Classical Laminate Theory (CLT). Autodesk Inventor NASTRAN is 

used for the FEA modelling, while the CLT analysis was conducted using Wolfram 

Mathematica. Additionally, Autodesk Inventor NASTRAN in-CAD was employed to 

develop the driveshaft model, defining the composite layup and executing the simulation. 

Given that the ratio of the radius to thickness of the hollow tube is greater than 10, shell 

theory was deemed appropriate and consequently, shell elements were utilized for the 

FEA modelling. This approach provides a comprehensive framework for assessing the 

structural integrity and response of the driveshaft under operational loads. Then, 2D 

geometric model of the composite tube is created. The second step involves meshing of 

2D surface and the creating laminate under idealizations command by defining 

mechanical properties of composite plies given in Table 8.2 as orthotropic shell element 

material. The 2D finite element model of the composite tube (Figure 8.3) was created. In 

total, 4526 SHELL 3 elements having 13640 nodes were used.  

 

Table 8.2. Mechanical Properties of the Carbon/Epoxy, Carbon/CNT/Epoxy and Basalt  

                 /bio-epoxy composite materials213 

 

 B/E C/E C/CNT/E 

E1 (GPa) 54.9 139 140 

E2=E3 (GPa) 8.9 6.4 8.3 

𝝊𝟏𝟐 = 𝝊𝟏𝟑  0.26 0.31 0.32 

𝝊𝟐𝟑 0.35 0.45 0.47 

G12=G13 (GPa) 4.9 3.7 4.4 

G23(GPa) 2.2 2.4 2.8 

S1 (MPa) 1310 2172 2389 

S1
c (MPa) 776 1448 1593 

S2 (MPa) 50 44 49 

S2
c (MPa) 135 199 219 

S12 (MPa) 51  86 95 

𝝆(kg/m3) 2072 1490 1490 

  

Then, the boundary and loading conditions were applied to the 3D finite element 

model by creating two cylindrical coordinate systems (r, Ɵ, z) at the ends of the composite 

tube.  
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Figure 8.3. Mesh used in FEA model 

 

Figure 8.4. Boundary conditions and loadings of static and buckling analysis in Autodesk  

                  Inventor NASTRAN Software 
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Figure 8.4 shows the boundary and loading conditions used for the torsional 

buckling of the composite tube. One end is fixed in both translation and rotation in r, Ɵ, 

and z axes, whereas the translation is fixed in the r-axis for static stress analysis and 

buckling analysis. The other end of the driveshaft, which connects to the engine, was 

subjected to a torque of 550 N m around the axis of the shaft to simulate the driving force 

typically transmitted during operation. 

In Figure 8.5. The boundary conditions of normal modes analysis in commercial 

software are given as; both ends are fixed for radial and circumferential translation. 

 

 

Figure 8.5. Boundary conditions and loadings of normal modes analysis in Autodesk  

                   Inventor NASTRAN Software 

 

Mesh properties and set up are given in Table 8.3 for running analysis of the 

composite driveshafts. Stress components equalise when element size is above 10 mm, 

as shown in ref213. Therefore, an element size of 10 mm was chosen for the composite 

model. 

 The results for fundamental frequency, critical buckling torque, and safety factor 

calculations, derived from both finite element analysis and analytical methods for various 

fiber orientation angles and material combinations, align well with each other and 

corroborate existing findings in the literature as seen in Table 8.4. 
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Table 8.3. Mesh Set up in Autodesk NASTRAN 

 

Mesh Type Quad Shell Element 

Element Size (mm) 10 

Max Element Growth Rate 1.5 

Refinement Ratio 0.6 

Max and Min Triangle Angle 20 - 30 

 

The factor of safety is calculated using the Tsai-Wu failure theory in analytical 

approaches, while the Puck failure theory is applied in Finite Element Software to 

determine the FoS. Additionally, four-node shell elements, based on plate theory, are 

employed in the commercial software NASTRAN to enhance the accuracy and reliability 

of the simulations. 

 

Table 8.4. A summary of comparison for composite driveshaft design parameters 

                       calculations; critical torsional buckling load, fundamental frequency and  

                       factor of safety (Tsai-Wu for CLT and Puck for FEA) 

 

    Carbon/Epoxy C/CNTs/Epoxy B/Bepoxy 

    Present Searle et 

al.213 

Present Searle et 

al. 
213

 

Present Searle 

et al. 

213
 

Tc (Nm) CLT 575.67 580.00 591.00 572.00 595.84 598.00 

FEA  591.70 612.00 660.00 762.00 674.00 823.00 

Difference 

(FEA/CLT)% 

0.03 0.05 0.10 0.25 0.12 0.27 

fn (Hz) CLT 106.75 107.00 109.77 109.00 80.65 80.00 

FEA  125.00 123.00 134.58 135.00 82.50 99.00 

Difference 

(FEA/CLT)% 

0.15 0.13 0.18 0.19 0.02 0.19 

FoS CLT 5.32 5.17 5.30 5.34 4.82 5.47 

FEA  6.68 6.67 6.37 6.58 4.60 4.76 

Difference 

(FEA/CLT)% 

0.20 0.22 0.17 0.19 -0.05 -0.15 

 

Results of the failure index are also in good agreement with results of FEM by ref 

Searle et al. agreement with each other. The results were verified with data available in 

the open literature, where possible. 

In Figure 8.6, s12 (shear) and s2 (normal) stress components and biggest puck 

failure criterion indexes of matrix or fiber fault are given to compare results from the 

literature. The failure indexes indicate the potential failure of composite by matrix 
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dominated tensile failure, matrix dominated shear according to three failure modes. The 

stress component s1 was not presented in the figures because it was far lower than the 

unidirectional strength. 

 

 
(a) 

 
(b) 

 

Figure 8.6. Finite element analysis results for (a) stress components and (b) Puck failure  

                   indexes 

 

Figure 8.6 shows the comparison of stress components and failure index values of 

C/CNT/E composite driveshaft by FEM with (Autodesk NASTRAN) and available 

results (ANSYS) by ref. 213 In the Carbon/Epoxy (C/E) and Carbon/CNT/Epoxy 
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(C/CNT/E) shafts, the Interlaminar Failure (IRF) values in the 65° plies were found to be 

higher than in either the unidirectional or transverse plies. The stress components and 

failure indexes obtained from the present NASTRAN finite element analysis and those 

obtained from the literature81 using ANSYS are in good agreement. 

8.2. Nanocomposite Driveshaft Optimization Problem  

In this problem, weight minimization of hybrid and nonhybrid fiber/CNT 

reinforced nanocomposite driveshaft problems are obtained by using Modified 

Differential Evolution Algorithm by considering fundamental frequency(fn), critical 

buckling load (Tcr) and Tsai-Wu failure index (FoS(Tsai-Wu)i) as design constraints. The 

determination of the mechanical properties of CNTs-reinforced nanocomposites is 

conducted using a combination of theoretical models. Specifically, the modified Halpin–

Tsai (H–T) equations and the rule of mixtures are utilized, which incorporate the effects 

of CNTs agglomeration within the matrix materials. Flax, Carbon and Glass fibers, CNTs 

and matrix material properties are also given in Table 8.5. 

 

Table 8.5. Material Properties for driveshaft optimization problems 

 
 

Flax214 Carbon213,215 Glass215 Matrix213  CNTs213 

E1 (GPa) 50 230 85 3.45 450 

E2, E3 (GPa) 12 15.41 85 

G12, G13 (GPa) 3.4 10.04 35.42 1.26 

v12, v13 0.178 0.29 0.2 0.36 

v23 0.178 0.46 0.2 

Density(kg/m3) 1400 18 2400 1250 624.4 

S1
T (MPa) 750 3350 1550 68 150000 

 S1
C (MPa) 150 2500 1550 250 

S2
T (MPa) 150 0 1550 0 

S2
C (MPa) 150 0 1550 0 

S12 (MPa) 20 95 35 70 

 

Stacking sequences of fibers, volume fraction of carbon fiber and volume content 

of the CNT at each layer are selected as design variables. Additionally, carbon fiber 
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reinforced driveshaft without CNT inclusion is also optimized with constant volume 

fraction Vf = 0.60 to use basic design to see efficiency of design parameter increments.  

Problem can be defined mathematically as 

• Minimize:    W eight(𝑉𝐹𝑘,𝑊𝑁𝑇𝐶𝑘 ,  𝜃𝑘) 

• Constraints: 𝑇𝑐𝑟(𝑉𝐹𝑘,𝑊𝑁𝑇𝐶𝑘,  𝜃𝑘) ≥ 550 𝑁𝑚, 

                    𝑓𝑛(𝑉𝐹𝑘,𝑊𝑁𝑇𝐶𝑘,  𝜃𝑘) ≥ 80 𝐻𝑧 , 

                               𝐹𝑜𝑆(𝑇𝑠𝑎𝑖−𝑊𝑢𝑖) ≥ 3 

                    
1

𝑛
 ∑ 𝑉𝐶𝑁𝑇𝑖 ≤ 𝑉𝐶𝑁𝑇𝑚𝑎𝑥

𝑛
𝑖=1 , 𝑉𝐶𝑁𝑇𝑡𝑜𝑡𝑎𝑙 ≤ 0.20% or 0.30%, 

                    𝑉𝐹𝑘 ≤ 0.6, 𝑉𝐶𝑁𝑇𝑚𝑎𝑥=10%, 

                    𝜃𝑘 ϵ {0, 15, 30, 45, 60, 75, 90} 

                                            Symmetric stacking sequences; [𝜃1, 𝜃2, 𝜃3, 𝜃4]𝑠 

                                            Symmetric weight fraction of CNT sequences; 

                                            [WCNT1/𝑊CNT2/𝑊CNT3/𝑊CNT4]𝑠 

                                            Symmetric volume fraction of Fiber; [𝑉F1/𝑉F2/𝑉F3/𝑉F4]𝑠   

                                            Algorithm: Differential Evolution 

 

Table 8.6. Optimum stacking sequences, volume fraction of fiber and carbon nanotubes  

                 sequences for composite driveshaft 

 

Designs Stacking Sequence Volume Fraction of Fiber Volume Fraction of CNT 

[C/C/C/C]s [0/90/75/90]s [060/0.60/0.60/0.60]s - 

[C/C/C/C]s [75/90/90/0]s [0.31/0.60/0.40/0.60]s - 

[G/G/G/G/G]s [-30/-75/90/90 

/15]s 

[0.49/0.53/0.46/0.47/0.51]s - 

[C/C/C/C]s-CNT [90/90/90/0]s [0.60/0.54/0.10/0.60] [0.088/0.100/0.100/0.012]s 

[F/F/F/F/F/F]s-

CNT 

[90/90/0/0/90/90]s [0.53/0.40/0.57/0.54/0.29/0.50]s [0.043/0.067/0.043/0.090/0.035/0.017]s 

[G/G/G/G/G]s-

CNT 

[90/90/90/90/0]s [0.57/0.46/0.52/0.45/0.60]s [0.088/0.10/0.036/0.024/0.042]s 

[C/C/C/F]s-cnt [0/90/90/90]s [0.36/0.60/0.57/0.27]s [0.10/0.10/0.056/0.088]s 

[F/C/C/C]s-cnt [90/90/90/0]s [0.57/0.56/0.55/0.60]s [0.068/0.088/0.10/0.088]s 

 

In this problem, stacking sequences optimization of carbon fiber reinforced 

composite driveshaft problem are solved by using modified differential algorithm with 

constant fiber volume fraction 60% for each layer. The calculated weight of driveshaft is 

given as 0.774 kg. First of all, this result is utilized to compare weight minimization 

optimization approach results includes volume fraction of fiber and fiber orientation angle 
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as design variables for same carbon fiber reinforced composite driveshaft. The optimum 

stacking sequences, volume fraction of fibers and volume fraction of CNTs are given in 

Table 8.6. It is resulted that utilizing the volume fraction of carbon fibers as the sole 

design variable, the optimization of a composite driveshaft is achieved, resulting in a 

8.8% reduction in weight. In Table 8.7, it can be seen that the driveshaft weight may be 

reduced by 11.49% compared to traditional optimum fiber reinforced driveshaft with 

constant volume fraction of fiber, for [C/C/C/C]s-CNT case. In comparison to an 

optimally designed fiber-reinforced driveshaft without carbon nanotubes (CNTs), 

incorporating a typical 5% addition of CNTs to the matrix material led to a further weight 

reduction of approximately 2%. 

 

Table 8.7. Minimum weight, natural frequencies, critical torsional buckling loads and  

                 safety factor results of optimum multiphase fiber reinforced nanocomposite   

                 driveshafts 

 

Designs Weight fn Tcr FoS  Weight 

Reduction 

[C/C/C/C]s 0.774 123.062 694.777 3.195   

[C/C/C/C]s 0.706 96.438 551.171 4.489 8.786 

[G/G/G/G/G]s 1.028 83.884 556.047 3.014 -32.752 

[C/C/C/C]s-CNTs 0.685 99.523 550.117 3.065 11.499 

[F/F/F/F/F/F]s-CNTs 0.879 84.072 579.790 7.376 -13.566 

[G/G/G/G/G]s-CNTs 0.929 80.643 551.337 6.261 -20.052 

[C/C/C/F]s-CNTs 0.687 106.661 555.809 8.350 11.240 

[F/C/C/C]s-CNTs 0.683 101.138 550.049 4.680 11.757 

 

The [G/G/G/G/G]s case is the least efficient in terms of weight, with 1.028 kg, 

but it has been demonstrated that incorporating a maximum of 10% volume fraction of 

CNT into each ply can reduce the weight of the driveshaft by 9.65% in the [G/G/G/G/G]s-

CNT case. Moreover, using a fully flax fiber/CNT reinforced nanocomposite driveshaft 

([F/F/F/F/F/F]s-CNT) results in approximately 15% less weight compared to the glass 

fiber/CNTs reinforced design, showcasing significant weight savings and more 

ecofriendly design. For the [F/C/C/C]s-CNT design, incorporating flax fiber in the outer 

layers enhances the driveshaft by achieving a 12% weight saving compared to traditional 

carbon fiber reinforced composite driveshafts. This substitution effectively reduces the 

overall weight while maintaining the structural integrity necessary for performance. 
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Figure 8.7. Comparison of the optimum design results minimum weight design results for  

                  multiphase hybrid and non-hybrid fiber/CNTs reinforced nanocomposite   

                  driveshafts 

 

The Figure 8.7 shows the optimal configurations of multiphase hybrid and non-

hybrid fiber/CNTs reinforced nanocomposites driveshafts, aimed at minimizing weight 

providing critical buckling loads, fundamental frequency and safety factor for failure 

index design constraints limits. In this figure, it can be seen that integrating carbon 

nanotubes (CNTs) into the matrix material with the hybridization of natural and carbon 

fibers provides the optimum solution in terms of minimum weight. As can be seen from 

the Figure 8.7, just optimizing the fiber volume fraction non-uniformly can reduce the 

weight by 8.8 %, while optimizing by adding cnt provides a 11.5% percent weight 

advantage. Additionally, the fully flax fiber reinforced nanocomposite driveshaft 

([F/F/F/F/F/F]s-CNT) presents an eco-friendly alternative to the glass fiber/CNTs 

reinforced driveshaft ([G/G/G/G/G]s-CNT), offering a lighter and more biodegradable 

solution. 

In this section of the thesis, the Finite Element Method (FEM) is employed to 

conduct a comprehensive analysis of optimized hybrid flax/carbon/CNT-reinforced 

nanocomposite driveshaft designs. The analyses include free vibration analysis, torsional 

buckling analysis, and stress-strain analysis, all performed using the Autodesk 
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NASTRAN Solver. To perform the eigenvalue buckling, vibration, and stress-strain 

analyses of the optimum multiscale nanocomposite driveshaft design, an appropriate 

mesh is generated using linear quadrilateral 4-node shell elements, which serve as an 

effective meshing option for the structure. The composite driveshaft is composed of seven 

hybrid flax and carbon layers, with dimensions as previously outlined in Table 8.1. The 

boundary conditions (BCs) for displacement constraints, provided at the beginning of the 

section, are consistently applied across all analyses. These same BCs are used for the 

normal modes, eigenvalue buckling, and static analysis of the hybrid nanocomposite 

driveshaft. The model was subjected to a convergence test in terms of mesh density, 

which led to the selection of a mesh consisting of 13640 nodes and 4526 elements, which 

were used to obtain the final solution. 

The optimum non-uniform CNT weight content, fibre orientation angle and fibre 

volume fraction for each layer of the hybrid flax/carbon/CNT nanocomposite driveshaft 

are obtained by [F/C/C/C]s-cnt design and the properties of each layer for this design are 

given in Table 8.8. These values are derived from the results of an optimization problem 

designed to minimize weight while adhering to the specified constraints. 

 

Table 8.8. Material properties of each ply for optimum inter-ply hybrid flax/carbon/CNTs  

                 nanocomposite driveshafts with modified Halpin-Tsai model 

 
 

Flax Carbon1 Carbon2 Carbon3 

E1(MPa) 30422.20 130751.00 128472.00 139774.00 

E2(MPa) 7927.53 8943.66 8784.88 9385.65 

G12(MPa) 2457.62 3836.21 3740.14 4113.80 

G23(MPa) 2457.62 2999.65 2945.15 3142.84 

V12 0.32 0.32 0.32 0.32 

V23 0.26 0.41 0.41 0.42 

ρ(kg/m3) 1297.17 1849.71 1834.10 1899.74 

S1
T(MPa) 627.78 2086.56 2056.62 2201.42 

S2
T(MPa) 285.78 210.56 1666.63 1761.75 

S1
C(MPa) 363.97 1687.92 214.12 191.42 

S2
C(MPa) 363.97 287.92 291.63 261.75 

T12(MPa) 212.68 264.73 267.33 249.30 

 

Table 8.9 shows a strong agreement between the FEM results and analytical 

results for the optimum designs, particularly in terms of the fundamental frequency, 

critical torsional buckling load, and factor of safety values for the nanocomposite 

driveshaft. For the normal mode analysis results of the hybrid fiber/CNT-reinforced 
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nanocomposite driveshaft, a 14% difference is observed compared to the results 

calculated using the analytical method. Similarly, there is a 10% difference for the critical 

torsional buckling load values. The factor of safety can be determined using both 

analytical methods and FEA, with a 4% difference between the two approaches. 

 

Table 8.9. A comparison of the natural frequencies, critical torsional buckling load, and  

                 factor of safety results obtained from finite element analysis (FEA) and  

                 analytical methods for the optimum hybrid nanocomposite driveshaft 

 

[F/C/C/C]s-cnt fn (Hz) Tcr (Nm) FoS  

Analytical  101.138 550.049 4.680 

FEA (NASTRAN) 115.619 500.750 4.878 

Difference (%) 14  10  4.2 

 

The optimum interlayer hybrid fibre/CNT reinforced nanocomposite driveshaft 

was derived using the Halpin-Tsai model and Classical Lamination Plate Theory (CLPT), 

with the FEM results showing a maximum error margin of only 14%. The present 

approach allows the non-uniform material properties in each layer to be accurately 

considered in the FEM analysis of fibre-reinforced nanocomposite driveshafts. Using 

Autodesk NASTRAN, FEM is effectively applied to multi-scale hybrid fibre/CNT-

reinforced nanocomposites by combining multi-scale modelling with micromechanical 

equations. 

The factor of safety is calculated based on stress-strain analysis results using the 

Puck Failure Theory, applied layer by layer in Autodesk NASTRAN Software. The 

normal stresses and shear stress distributions are illustrated in Figure 8.9a. Additionally, 

the Puck failure values for the nanocomposite driveshaft are also depicted in Figure 8.9b. 

Figures 8.8a and 8.8b display the composite layups, stress components (s1, s2, 

and s12), and Puck failure index results for the [F/C/C/C]s nanocomposite driveshaft 

design. It is evident that the s2 stress components are significantly lower than the 

unidirectional strength due to the presence of 90° layers. The maximum shear stress (s12) 

and normal stress (s1) occur in the middle layer of the nanocomposite driveshaft, where 

the highest Puck failure index is also observed. The three failure states of the Puck 

criterion are also shown, indicating the potential failure of the composite by matrix 

dominated tensile failure, matrix dominated shear failure and matrix dominated 
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compression failure. Additionally, the shear stress (s12) and Puck failure index for matrix 

tension are illustrated in Figures 8.9 (a) and 8.9 (b). 

 

 

(a) 

 

(b) 

Figure 8.8. Finite element analysis results for a) stress components and b) puck failure  

                   indexes for multiphase hybrid flax/carbon/CNTs reinforced nanocomposite  

                   driveshafts 
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(a) 

 

(b) 

Figure 8.9. Finite element analysis results for 4th carbon/CNTs ply of hybrid  

                   nanocomposite driveshaft a) shear stress component (s12) and b)  

                   puck failure index  
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An eigenvalue buckling analysis was conducted to determine the deformation and 

critical buckling load, with the model fully fixed at one end and subjected to torsional 

loading at the other end. The analytical method yielded a corresponding buckling torque 

value of 550 N·m, while the FEA result was 500.75 N·m. The mode shape from the 

eigenvalue buckling analysis is illustrated in Figure 8.10. 

A set of the first ten mode shapes of the natural frequency for a simply supported 

nanocomposite driveshaft is presented in Figure 8.11, with the first mode excluded due 

to its value being zero. FEM analysis was conducted using Autodesk NASTRAN 

Software to detect deformation and natural frequencies. The corresponding frequency 

values were as follows: (a) 115.61 Hz, (b) 115.63 Hz, (c) 156.10 Hz, (d) 156.54 Hz, (e) 

224.13 Hz, (f) 224.36 Hz, (g) 289.54 Hz, and (h) 289.64 Hz. 

In conclusion, although there is a risk of agglomeration, incorporating CNT into material 

models significantly boosts the efficiency and environmental sustainability of synthetic 

natural fiber reinforced composites. This strategy effectively mitigates the inherent lower 

strength properties of natural fibers, resulting in more robust and sustainable designs. The 

utilization of stochastic optimization approaches for hybrid nanocomposite driveshaft 

design further enhances these outcomes, enabling the development of high-performance, 

eco-friendly composite structures. The FEA analysis approach, combined with the 

modified Halpin-Tsai method, can be effectively utilized for designing nanocomposite 

driveshafts with non-uniform material properties layer by layer. 

 

Figure 8.10 First buckling mode shape of a hybrid nanocomposite driveshaft 
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Figure 8.11. The first eight mode shapes of natural frequency of a simply supported  

                     composite driveshaft 
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CHAPTER 9 

CONCLUSION 

 

This thesis presents a study on designing a hybrid fiber-reinforced multiscale 

nanocomposite using stochastic optimization methods. The composite comprises 

multiscale components: a macroscale matrix, microscale fiber, and nanoscale CNTs or 

GPLs. The development of these multiscale nanocomposite structures aims to meet 

conditions of higher natural frequency, increased buckling load, reduced failure index, 

lower weight, and cost-effectiveness. These composites are intended for applications in 

automotive, aerospace, and aviation industries, offering environmentally friendly 

properties. Multiscale hybrid fiber-reinforced nanocomposites can satisfy the 

requirements of applications with appropriate stacking sequences, volume fraction of 

each ply and weight content of nanofillers (CNTs and GPLs). By using a comprehensive 

set of design variables in the optimal design of nanocomposite structures, more 

environmentally friendly hybrid natural fibre reinforced nanocomposite structures can be 

proposed for applications where vibration, buckling and failure behaviour are critical 

factors. These designs also offer minimum cost and weight compared to traditional fully 

synthetic fibre reinforced composite structures. 

The other concluding points of this thesis can be written as follows; 

• Optimum design of multiscale hybrid and non-hybrid natural/synthetic 

fibers-reinforced nanocomposite laminates has been proposed by using 

CLPT, FSDT, Navier solution, and stochastic optimization methods. 

• Halpin-Tsai and Modified Halpin-Tsai models were utilized to determine 

the elastic properties of each ply which is composed of fiber, nanofillers 

and matrix materials by considering agglomeration and waviness effects. 

• The weight fraction of the graphene nanoplatelets (GPLs), the stacking 

sequences, and the volume fraction of fibers have been optimized by using 

Differential Evolution (DE), Simulated Annealing (SA), and Nelder Mead 

(NM) algorithms for multiscale hybrid and non-hybrid nanocomposite 

plates. 

• The comparison of the different multi-objective approaches (natural 

frequency-cost, natural frequency-weight, and natural frequency-cost-
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weight) have been carried out for inter-ply hybrid/non-hybrid two-phase 

(fiber+matrix) and inter-ply hybrid/non-hybrid three-phase 

(fiber+nanofillers+matrix) composite structures. 

• Using inter-ply hybrid fibers with GPLs nano-reinforcement in composite 

structures, it is feasible to design high-frequency, low-cost, and low-weight 

multilayer composites with high stiffness-to-weight ratios. In this respect, 

as a substitute for carbon fiber composites and carbon/glass composites, the 

use of flax fiber with GPLs reinforcement in hybrid structures has a 

significant potential with 18.2% higher frequency, 7.7% lower weight and 

31.3% lower cost. 

• Regarding the effect of the aspect ratio on the optimal design of multiscale 

nanocomposites. it can be concluded that the weight content of GPLs is 

evenly distributed across both the outer and inner layers for aspect ratios 

between 0.2 and 0.6. However, for aspect ratios between 0.6 and 2 the 

weight content is more concentrated on the outer layers as compared to the 

inner layers.  

• For multi-objective designs of composite structures, while carbon fibers 

and CNTs or GPLs are commonly used, combining natural fibers (Flax, 

Kevlar, Jute, and Ramie) with CNTs and GPLs in interply hybrid designs 

can achieve superior results with 30% weight savings and 13% cost 

savings. 

• Considering only the critical buckling load as an objective, the use of 

multiphase carbon/epoxy and carbon/epoxy-CNTs nanocomposites allows 

the highest critical buckling load. 

• Multi-objective optimization of multiscale hybrid and non-hybrid 

fiber/CNTs reinforced nanocomposites was achieved for maximum critical 

buckling loads and minimum weights. Using Kenaf and Flax natural fibers 

with carbon fiber and adding CNTs can reduce weight by up to 14% with a 

10% decrease in critical buckling load, while also benefiting from more 

eco-friendly fibers. 

• As expected, placing fiber and CNTs reinforcements in or near the outer 

layers is more effective for minimizing weight due to their higher 

contribution to laminate stiffness. Numerical results indicated that 
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increasing the amount of CNTs reduces the amount of fiber to satisfy the 

frequency or buckling constraints in weight minimization problems.  

• For driveshaft design with minimum weight, using variable volume 

fraction of carbon fibers in addition to stacking sequences can achieve a 

8.8% weight reduction compared to traditional constant volume fraction 

designs. Moreover, incorporating flax fiber in the outer layers of the 

nanocomposite driveshaft enhances it by achieving a 12% weight saving 

compared to traditional carbon fiber-reinforced composite driveshafts 

• In conclusion, despite the risk of agglomeration, incorporating small 

amount of CNTs into material models significantly alters the efficiency and 

mechanical response of natural fiber-reinforced composites.  

• The approaches used in the thesis study increase the inherent low strength 

of natural fibres. The result is more robust and sustainable designs. Using 

stochastic optimization approaches for nanocomposite design further 

developing these outcomes, enabling the development of high-

performance, eco-friendly composite structures. 

For future research on multiscale inter-ply hybrid fiber-reinforced 

nanocomposites, the followings can be suggested: 

• Conduct experimental investigations of hybrid natural fiber/CNTs 

reinforced composite driveshafts and compare the results with optimization 

outcomes. 

• Extend the study by incorporating objective functions for hygrothermal 

effects using a multi-objective optimization approach tailored for aerospace 

applications. 

• Enhance material models for nano-reinforcement by incorporating more 

accurate agglomeration models that are better supported by experimental 

data. 

• Investigate the performance of hybrid natural fiber-reinforced composites 

in cryogenic environments, particularly for liquid hydrogen storage, using 

nanofillers such as CNTs and GPLs. 
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